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FOREWORD 


Dear Learner, 


We are very happy that you have joined NIOS and decided to become an Open and 
Distant Learner. 


NIOS has brought out its revised Senior Secondary Course material. This course 
has been designed in a modular format in the sense that the content is divided 
into different modules. These modules are made up of a number of lessons. The 
modules are self contained and you can pick up any of the modules first that interests 
you. However, we would like you to proceed as the modules have been arranged 
because there are references and cross references to other lessons. 


One of the main features of this course is the division of the modules into core and 
optional modules. The core modules are compulsory for all learners, but you can 
choose any one of the two optional modules. For example, in Geography, you can 
pick up either Local Area Planning or Tourism Geography; in Business Studies, you 
can study either Wage Employment in Business or Self Employment in Business. 
Each subject offers two optional modules. The idea is to allow you to study what 
interests you more even in one particular subject. This is something unique to the 
NIOS courses of study. You will not find such choice elsewhere. 


This course is revised on the lines of the guidelines contained in the National 
Curriculum Framework. 2005. We have tried to make the material as activity based 
as possible. We believe that you learn more when you do something with your own 
hands rather than just passive reading. We have made efforts to keep the language 
of the study material simple to facilitate you to understand the content easily. 


The examples that we have chosen and used in the course material are from daily 
life to enable you to relate easily what is new to what you already know. Through 
the Self Learning Materials, we are trying to help you to construct your own knowledge 
so that you learn by understanding and not just by memorising everything. 


Another important feature of this learning material is integration of Adolescence 
Education issues with the learning content. Realising that development of life 
skills like self awareness, critical thinking, negotiation and communication skills 
is important, we have used different opportunities to build desirable skills in the 
lessons. 


The study materials developed by NIOS are self-learning materials. You are supposed 
to read and work on your own. Unlike a textbook, you do not need a teacher to tell 
you what to do. 


With our good wishes, start studying, do what you are told to do, attempt all activities, 
answer the intext questions, check your answers from the answers given, learn 
each topic well and be a successful self learner. 


Chairman, NIOS 


A NOTE FROM THE DIRECTOR 


Dear Learner, 


The Academic Department at the National Institute of Open Schooling tries to bring 
you new programmes in accordance with your needs and requirements. After making a 
comprehensive study, we found that our curriculum is more functional, related to life 
situations and simple. The task now was to make it more effective and useful for you. We 
invited leading educationists of the country and under their guidance, we have been able 
to revise and update the Senior Secondary curriculum in the subject of Mathematics in 
the light of National Curriculum Framework (МСЕ)-2005. 


Alt the same time, we have also removed old, outdated information and added new, 
relevant things and tried to make the learning material attractive and appealing for you. 


- 
I hope you will find the new material interesting and exciting . Any suggestions 
for further improvement are welcome. 


Let me wish you all a happy and successful future. 


EX 


A Word With You 


Dear Learner, 


Congratulations! for successfully completing Book-1. 
In this book also you will be introduced to three core modules namely, Functions, Calculus and Statistics. 


Every branch of science and engineering offers abundant examples of variable quantities that are interrelated 
so that the value of one quantity determines the value of another variable. A relationship of this kind between 
two variables is called a functional relationship. The fourth module on Functions has been designed to highlight 
this concept in detail. Various trigonometric functions have also been discussed in this module. 


The fifth module will introduce you to a very important branch of mathematics viz. Calculus. К has wide 
applications in Natural and Social Sciences, Engineering, Commerce, Economics to name a few areas, Calculus 
can be broadly divided into two parts, namely Differential Calculus and Integral Calculus. 


In Differential Calculus, we will deal with limit, continuity and derivability of functions. We have tried to explain 
| these concepts using graphical illustrations. You will be introduced to the derivatives of algebraic, trigonometric, 
exponential and logarithmic functions. Then we shall take up the applications of derivatives in the problems of 
| tangents and normals, and maximizing or minimizing a given function. 


Lastly, you will learn about integral calculus. The definition of the integral calculus is motivated by the familiar 
notion of area. Although the method of plane geometry enables us to calculate the area of polygons, they do not 
| provide the ways of finding the area of plane region whose boundaries are curves other than circles. By means 
|| of integral calculus, we can find areas of such regions. 


The sixth module on Statistics enables you to make decisions in situations of uncertainties and risks. A decision 
| about the number of units of a product to be produced is based upon estimates of the number of units expected 
1 to be sold. If the number to be sold were known in advance, the decision would help the manufacturer to 
produce precisely that quantity incurring neither shortage nor excess. However in actual decision-making 
situations, exact information is not always available. We shall take up these kinds of uncertainties in the module 
on Statistics. 


| We would again suggest that you go through all the solved examples given in the learning material and then try 
to solve independently all questions included in *Check Your Progress" and "Terminal Exercise" given at 
the end of each lesson. 


This book also contains three “Questions For Practice" pages for self-check. Try to solve all ofthem and get 
it checked by the subject teacher at your study centre. 


If you face any difficulty, please do not hesitate to write to us. 


| 
| 


Your suggestions are also welcome. 


Wishing you all success. 


| (Suvendu Sekhar Das) 
| Academic Officer (Mathematics) 


An Overview of the Learning Material 


CORE MODULES 


ALGEBRA 


Complex Numbers 

Quadratic Equations 

Matrices 

Determinants and their Applications 
Inverse of a Matrix and its Application 
Linear Inequations and their Applications 
Permutations and Combinations 

Binomial Theorem 


SEQUENCES AND SERIES 
Arithmetic and Geometric Progressions 
Special Types of Series 


CALCULUS 

Limit and Continuity 

Differentiation 

Differentiation of Trigonometric Functions 


Differentiation of Exponential and Logarithmic.Functions 


Tangents and Normals 
Maxima and Minima 
Integration 

Definite Integrals 
Differential Equations 


COORDINATE GEOMETRY 


Cartesian System of Coordinates 
Straight Lines 

Circles 

Conic Sections 


FUNCTIONS 

Sets, Relations and Functions 

Trigonometric Functions-I 

Trigonometric Functions-l1 

Inverse Trigonometric Functions 

Relations between Sides and Angles of a Triangle 


STATISTICS 

Measures of Dispersion 
Random Experiments and Events 
Probability 


OPTIONAL MODULES 


(You have to choose any one of the following modules) 


VECTORS AND THREE DIMENSIONAL GEOMETRY 


Vectors 


Introduction.to Three Dimensional Geometry 


The Plane 
The Straight Line 
The Sphere 


MATHEMATICS FOR COMMERCE, ECONOMICS AND BUSINESS 


Shares and Debentures 


Index Numbers 
Insurance 
Indirect Taxes 


Application of Calculus in Commerce and Economics 


CONTENTS 


Lesson No. Title Page No. 

MODULE- IV FUNCTIONS 1-174 
15 Sets, Relations and Functions 1 

16 Trigonometric Functions-I 61 

17 Trigonometric Functions-II 99 

18 Inverse Trigonometric Functions 141 

19 Relations between Sides and Angles of a Triangle 159 

Questions For Practice- Functions 173 

MODULE -V CALCULUS 175 - 488 
20 Limit and Continuity : 175 

21 Differentiation 221 

2 Differentiation of Trigonometric Functions 251 

23 Differentiation of Exponential and Logarithmic Functions 27 

24 Tangents and Normals 299 

25 Maxima and Minima 315 

26 Integration 349 

27 Definite Integrals 413 

28 Differential Equations 449 

Questions For Practice-Calculus 487 

. 

MODULE -VI STATISTICS 489 - 568 
29 Measures of Dispersion 489 

30 Random Experiments and Events 515 

3l Probability 525 
3 Questions For Practice-Statistics 567 
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MODULE-IV 


FUNCTIONS 


Sets, Relations and Functions 

Trigonometric Functions-I 

Trigonometric Functions-II 

Inverse Trigonometric Functions 

Relations between Sides and Angles ofa Triangle 


SETS, RELATIONS AND FUNCTIONS 


Letus consider the following situation : 

One day Mrs. and Mr. Mehta went to the market. Mr. Mehta purchased the following objects/ 
items. 

"a toy, one kg sweets and a magazine". Where as Mrs. Mehta purchased the following objects/ 
items. 

"Lady fingers, Potatoes and Tomatoes". 

In both the examples, objects in each collection are well defined. What can you say about the 
collection of students who speak the truth ? Is it well defined? Perhaps not. 

A set is a collection of well defined objects. For a collection to be a set it is necessary that it 
should be well defined. 

The word well defined was used by the German Mathematician George Cantor (1845- 1918 
A.D) to define a set. He is known as father of set theory. Now-a-days set theory has become 
basic to most ofthe concepts in Mathematics. 

In our everyday life we come across different types of relations between the objects. The 
concept of relation has been developed in mathematical form. 

_ The word function was introduced by Leibnitz in 1694. Function is a special type of relation. 
Each function is a relation but each relation is not a function. In this lesson we shall discuss 
some basic definitions and operations involving sets, Cartesian product of two sets, relation 
between two sets, the conditions under when a relation becomes a function, different types of 
function and their properties. 


MODULE - IV 
Functions 


MATHEMATICS Ee 


Sets, Relations and Functions 


= 
©) 


After studying this lesson, you will be able to : 


define a set and represent the same in different forms; 


define different types of sets such as, finite and infinite sets, empty set, singleton set, 
equivalent sets, equal sets, sub sets and cite examples thereof; 


define and cite examples of universal set, complement ofa set and difference between 
two sets; 


define union and intersection oftwo sets; 


represent union and intersection oftwo sets, universal sets, complement ofa set, difference 
between two sets by Venn Diagram; 


solve real life problems using Venn Diagram; 
define Cartesian product of two sets; 

define relation, function and cite examples thereof; 
find domain and range ofa function; 


define and cite examples of diferent types of functions (one-one, many-one, onto, into 
and bijection); 


determine wheather a function is one-one, many-one, onto or into; 
draw the graph of functions; 

define and cite examples of odd and even functions; 

determine wheather a function is odd or even or neither; 


define and cite examples of functions like |x |, [x] the greatest integer function, polynomial 
functions, logarithmic and exponential functions; 


define composition oftwo functions; 
define the inverse ofa function; and 


state the conditions for the inverse to exist. 


EXPECTED BACKGROUND KNOWLEDGE 


Number systems, concept of ordered pairs. 


Sets, Relations and Functions 


15.14 SOME STANDARD NOTATIONS 
Before defining different terms of this lesson let us consider the following examples: 


0) collection of those students of your school 
whose height is more than 180.cm. 


0) collection of tall students in your school. 


(4) collection of those people in your colony 
who havenever been found involved in any 
theft case. 


(ii) collection of honest persons in your 
colony. 


(ii) collection of Mathematics books in your 
school library. 


(iv) collection ofthose students in your school 
who have secured more than 80% marks in 
annual examination. 


(ii) collection of interesting books in your 
school library. 


(iv) collection of intelligent students in your 
school. 


Inall collections written on left hand side ofthe vertical line the term tallness, interesting, honesty, 
intelligence are not well defined. In fact these notions vary from individual to individual. Hence 
those collections can not be considered as sets. 


While in all collections written on right hand side of the vertical line, 'height 'morethan 180 cm. 
‘mathematics books' 'never been found involved in theft case, ' marks more than 80%) are well 
defined properties. Therefore, these collections can be considered as sets. 


Ifa collectionis a set then each object of this collection is said to be an element of this set. A set 
is usually denoted by capital letters of English alphabet and its elements are denoted by small 
letters. 


For example, A= Toy elephant, packet of sweets, magazines. 
Some standard notations to represent sets : 

N:  thesetofnatural numbers 

ХУ:  thesetof whole numbers 

Zorl:  thesetof integers 

7:7! thesetofpositve integers 

Z:  thesetofnegative integers 

О: — the set ofrational numbers 

R: the set of real numbers 

C:  thesetofcomplex numbers 
Other frequently used symbols are : 

€:  'belongsto' 

е: ‘doesnot belong to’ 

3 : There exists, 7 : There does not exist. 


ee EEE eer 


Sets, Relations and Functions 


For example N is the set of natural numbers and we know that 2 is а natural number but —2 is 
nota natural number. It can be written in the symbolic form as 2 € N and —2# №. 


MODULE - IV 
Functions 


15. 2 REPRESENTATION OF A SET 

There are two methods to represent a set. 

15.2.1 (i) Roster method (Tabular form) 

In this method a set is represented by listing all its elements, separating these by commas and 

enclosing these in curly bracket. 

TFV be the set of vowels of English alphabet, it can be written in Roster formas : 
V={a,e,i,0, u} 

(ii) If A be the set of natural numbers less than 7. 

then А-41,2,3,4,5,6), is in the Roster form. 


15.2.2 Set-builder form 
In this form elements of the set are not listed but these are represented by some common 
property. 

Let V be the set of vowels of English alphabet then V can be written in the set builder form as: 
V={x:xisa vowel of English alphabet} 

(ii) Let A be the set of natural numbers less than 7. 

then A={x:xe Nand1<x<7} 


Example: 15.1 Write the following in set -builder form : 
(à А={-3,-2,-1,0,1,2,3) (b)B = {3,6,9,12} 
Solution: (а) A={x:xe Z and -3 <x<3} 


(b) В = {х:х =3п and neN,n<4} 


Write the following in Roster form. 
(a) С= (x:x € N and 50<х<60) 


Example 15.2 


(b) D= {x:xeR and х2 -5x+6=0| 

Solution : (а) C ={50, 51, 52,53,54,55,56,57,58,59,60} 
(b) x? -5x46-0 

N (x-3) (x-2)=0 


MODULE - IV 
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De {2,3} 
15.3 CLASSIFICATION OF SETS / 
15.3.1 Finite and infinite scts RON TT 


Let A and B be two sets where 
A= (x:xisanatural number) 
В = {x : xis a student of your school} 


Asitisclearthatthe number of elements in set A is not finite (infinite) while number of elements in 
set B is finite. A is said to be an'infinite set and В is said to be is finite set. 


A set is said to be finite if its elements can be counted and it is said to be infinite 
if it is not possible to count upto its last element. 
15.3.2 Empty (Null) Set : Consider the following sets. 
A= {x:xeR and x? +1=0} 


В = {х : x is number which is greater than 7 and less than 5} 


Set А consists of real numbers but there is no real number whose square is —1 . Therefore this 
set consists of'no element. Similiarly there is no such number which is less than 5 and greater 


than 7. Such a set is said to be a null (empty) set. It is denoted by the symbol void, ф or ( } 
A set which has no element is said to be a null/empty/void set, and is denoted by ф. 


15.3.3 Singleton Set : Consider the following set : 
А = (x:xisaneven prime number} 
As there is only one even prime number namely 2, so set A will have only one element. Such a 


set is said to be singleton. Here A = {2}. 


A set which has only one element is known as singleton. 
15.3.4 Equal and cquivalent sets : Consider the following examples. 


Q  A-(L23, в= {2,13}: &)  D- (1,23), E- {a,b,c} 


In example (i) Sets A and B have the same elements. Such sets are said to be equal sets and it 
is written аз А = B. In example (ii) set D and E have the same number of elements but elements 
are different. Such sets are said to be equivalent sets and are written as A. B. 


Two sets A and B are said to be equivalent sets if they have same number of elements but they 


are said to be equal ifthey have not only the same number of elements but elements are also the 
same. 


15.3.5 Disjoint Sets : Two sets are said to be disjoint if they do not have any common element. 
For example,sets А= ( 1,3,5} and B — ( 2,4,6 } are disjoint sets. 


Е uc. i бене, Relationsand Fumi 


xample15.3 |64240 


А={2,4} and B= (x:xisa solution of х2+6х+8=0} 


MODULE - IV 
Functions 


Are A and B disjoint sets ? 


Solution : If we solve х2 +6x + 8 = 0, we get 
х=-4,-2. 
В-(-4-2) and А={2,4} 


Clearly ‚А and B are disjoint sets as they do not have any common element. 


Ехатріе 15.4 т A- (x:xisa vowel of English alphabet) 


and В = {y:yeN and у<5} 

Is (i) А-В (ii) А«В ? 

Solution : A= (a, e, i, 0, U}, b= (1,2, 3, 4,5}. 
Each set is having five elements but elements are different 
А = B but A=B. 


Which ofthe following sets 
A= Ix: xisapointona line} 
В = {у:у eNandy < 50} 
are finite or infinite ? 
Solution : As the number of points on a line is uncountable (cannot be counted) so A is an 
infinite set while the number of natural numbers upto fifty can be counted so B isa finite set. 


Which ofthe following sets 


Example 15.6 
A= {x:xis irrational and x2 -1= 0}. 
B={x:xez and -2 <х «2j areempty? 


Solution : Set A consists of those irrational numbers which satisfy х2 — 1 = 0. If we solve 
x2 -1=0 weget x = £1. Clearly +] are not irrational numbers. Therefore A is an empty set. 


But B= {-2, -1, 0, 1, 2} . Bis notan empty set as it has five elements. 
Ехашре 15.7 Which of the following sets are singleton ? 
A={x:x eZandx-2=0}  B={y:yeR and у2-2-0). 


Solution : Set A contains those integers which are the solution of х-2-0 orx=2. ~. A- ( 2}. 
= Aisasingleton set. 


B is a set of those real numbers which are solutions of y? -2200ry- x2 


B = {-V2, V2 } Thus, B is notasingleton set. 
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1. Which ofthe following collections are sets ? 
()  Thecollection of days in a week starting with S. 
(i) _ The collection of natural numbers upto fifty. 
(ii) Thecollection of poems written by Tulsidas. 


Notes 


(iv) The collection of fat students of your school. 
(2) Insert the appropriate symbol in blank spaces. 


If A= (12,3). 
(i) TIAS A (1) 4...... А. 
3. Write each ofthe following sets in the Roster form : 


(i) A=-{x:xez and -5 <x <0}. 


(0) В- (x:xeR and x? -1=0}. 

(i) C= {x:xisa letter of the word banana}. 

(iv) | D={x:xisaprime number and exact divisor of 60}. 
4. Write each of the following sets are in the set builder form ? 

(i) А = {2, 4, 6,8, 10} (ii) B= {3, 6, 9,...... ©} 


Ga 1 29791571 (iv) D= (-/2,42] 
Are A and B disjoints sets ? 
5. Which of the following sets are finite and which are infinite ? 
(i)  Setoflines which are parallel to a given line. 
(ii) Set of animals on the earth. 
(ш) Set of Natural numbers less than or equal to fifty. 
(iv) Set ofpoints ona circle. 
6. Which of the following are null set or singleton ? 


() A={x:xeR and x is asolution of x? 42-0]. 

i) B={x:xe Z and x is asolution of x -3 = 0}. 

(0) C={x:xeZ and x is asolution of x2 -2=0}. 

(iv) D={x:xisastudent of your school studying in both the classes XI and XII } 
7. In the following check whether A=B or A x B- 


(0 А = {а}, В = (x:xisaneven prime number}. 
() А-11,2,3,4), B= {x : x isa letter of the word guava}. 


(й) ^ A-(x:xisasolutionof x? —5x+6=0},B= (2,3). 
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15.4 SUB- SET 


Let set A be a set containing all students of your school and B be a set containing all students of 
class XII ofthe school. In this example each element of set B is also anelement of set А. Sucha 


set B is said to be subset of the set A. It is writtenas B c A 
Consider D 7(1,2, 3, 4... ) 
E= (...-3-2,-1,0,1, 2, 3, ш... } 
Clearly each element of set D is an element ofset E also ~. D c E 


If A and B are any two sets such that each element ofthe set A is an element 
of the set B also, then A is said to be a subset of B. 


Remarks 


(i) Each setis a subset of itselfie.A c A. 


(i) Nullsethasno element so the condition of becoming a subset is automatically satisfied. 
Therefore null set is a subset of every set. AEN 


(i) If A c Band ве Athen A — B. s 
(v) If A c Band A «В then A is said to be a proper subset of B and B is said to bea 
supersetofA.ie.A c Bor B2 A. | 


Example 15.8. If A = (x :xisaprime number less than 5) and 
В = {y : y is an even prime number} then is B a proper subset of A ? 


Solution : It is given that 
А= {2,3}, В= {2}. 
Clearly B € А and В + А 
We write B c A 
and say that B is a proper subset of A. 


192111) BER ГА = {1,2,3,4}, B= {2, 3, 4, 5}. 


is AS BorBGA? 


Solution: Here 1e А but 1¢B > AGB. 
Alo SeBbut5eA— B£A. 


Hence neither A is a subset of B nor B is a subset of A. 


Example 15.10 If A = (a, e. i, 0, u} 
В = {е,і,0, ца} 
Is A € B orB € A or both ? 
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Solution : Here in the given sets each element of set A is an element of set B also 
„| Functions 
бог уа ee А d ng 04270008 АР a рее (i) 
and each element of set B is an element of set А also. . В с А --- (ii) 
From (i) and (ii) 


A=B 


15.5 POWER SET 
Let A= {a,b} 
Subset of A are ф, {a}, (b) and (а, b}. 
If we consider these subsets as elements of a new set B (say) then 


B= (6, (a), (b), {a,b} 


B is said to be the power set of A. 


Write the power set of each of the following sets : 


(i) A7 Íx:xeR and x? 47 - 0]. 


dij) B={y:yeN andl<y<3}. 

Solution : 

0) Clearly A= ф (Null set) 
ф isthe only subset of given set 

Ж Р(А)={ф} 

(ii) The set B can be written as (1, 2,3} 

Subsets of B are ф, {1}, {2}, {3}, {1,2}, {1,3}, {2,3}, {1,2,3}. 
P(B)={ ф, {1}, {2}, {3}, {1,2}, {1,3}, {2, 3}, 0,2,3) ]- 


15.6 UNIVERSAL SET 


Consider the following sets. 


А = (x :xisastudent of your school} 

В = (y:yisamale student of your school} 

C= {z:zisa female student of your school} 

р = {a: ais a student of class ХП in your school} 
Clearly the set B, C, D are all subsets of A. 


MODULE - IV А can be considered as the universal set for this particular example. Universal set is generally 


Functions 


Notes 


denoted by U. 


In a particular problema set U is said to be a universal set ifall the sets in that problem аге 
subsets of U. 


© Universal set does not mean a set containing all objects of the universe. 


Gi) A set which is a universal set for one Бууны may.not bea universal set for another 
problem. 


961111 БЎР Which of the following set can be considered as a universal set 7 
X= {x:xisareal number} 
Y= {y: yisanegative integer} 
= {z:zisanatural number} 
Solution : As it is clear that both sets Y and Z are subset of X. 
г. Xis the universal set for this problem. 


15.7 VENN DIAGRAM 


British mathematician John Venn (1834-1883 AD) introduced the concept of diagrams to 
represent sets. According to him universal set is represented by the interior ofa rectangle and 
other sets are represented by interior of circles. 


For example if U= (1, 2, 3, 4, 5}, А = (2, 4} and B = (1,3), then these sets can be 
represented as 


Fig. 15.1 
Diagramatical representation of sets is known as a Venn diagram, 


15.8 DIFFERENCE OF SETS 


Consider the sets 
A= (1,2, 3, 4, 5) and B= (2, 4, 6}. 


A new set having those elements which are in A but not B is said to be the difference of sets A 
and B and it is denoted by А-В. 


А—В= (1,3, 5} 


Similiarly a set of those elements which are in B but not in A is said to be the difference of B and 
A and it is devoted by B — A. 


B - A - {6} 


РИ 
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In general, if A and B are two sets then 5 
Functions 


А-В= { х:хєА and x¢B} 
В-А = {x:xeB and x¢A} 
Difference of two sets can be represented using Venn diagram as : 


When A and B are not When A and B are 
disjoint sets disjoint sets 
Fig. 15.2 Е Fig. 15.3 


15.9. COMPLEMENT OF А SET 


Let X denote the universal set and Y, Z its sub set where 
Х = (x:xisany member of the family} 
Y={x:xisamale member of the family} 
Z= {x:xisa female member of the family} 
X-Y is aset having female members of the family. 
X -Zisaset having male members of the family. / 
X-Y is said to be the complement of Y and is usally denoted by Y' or Үе. 
X -Zis said to be complement of Z and denoted by Z' ог 22. 
IfU is the universal set and A is its subset then the complement of A is a set of those elements 


which are in U which are not in A. It is denoted by A’ or АС. 
A'=U-A={x:x eUandx eA) 


The complement of a set can be represented using Venn diagram as : 


Fig. 15.4 
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Ехатріе 15.13 Given that 

А = (x : xisaeven natural number less than or equal to 10} 
and B= (x:xisanodd natural number less than or equal to 10} 
Find (iA-B (i)B-C (iii)isA -B-B-A? 
Solution : It is given that 

A= {2, 4, 6, 8, 10}, B= (1,3, 5, 7, 9} 
Therefore, 
@ А-В ={2, 4, 6, 8, 10} 
Gi) B-A ={1, 3, 5, 7, 9} 
(iii) Clearly from (i) and (ii) А-В = B-A. 


ПЕТИТЕ ЕЯ Let U be the universal set and A its subset where 


U-(x:xeN and x<10} 

А = fy : yis a prime number less than 10} 
Find (i) Ас (ii) Represent Ac in Venn diagram. 
Solution : Itis given 

U= {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. 

A={ 2,3, 5, 7} 


(i) А=0-А = {1,4, 6, 8, 9, 10} 
(i) 


1. Insert the appropriate symbol in the blank spaces, given that 
А={1,3, 5,7, 9} 
(Dou A  (0)(23,9)..1 .A |, 
торе АИИ аа А 
2; Given that A = (a, b), how many elements P(A) has ? 
3.  LetA- (6, {1} ,{2}, {1,2} 
Which ofthe following is true or false ? 
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(i) {1,2} с A (ii) фе А. 
4. Which ofthe following statements are true or false ? 
G) Зе ofall boys, is contained in the set of all students of your school. 


(i) Set ofall boy students of: your school, is contained in the set of alll students of your 
School. 


(i) Set ofall rectangles, is contained in the set of all quadrilaterals. 
(iv) Set ofall circles having centre at origin is contained in the set of all ellipses having 
centre at origin. 
IfA={1,2,3,4,5},B={5,6,7} find(i)A-B  (ii)B-A. 
Let N be the universal set and A, B, C, D be its subsets given by 
A= {x: x isaeven natural number} 
В = {x:xeNandxisa multiple of 3} 
С = (x:xeNandx >5} 
D={x:xeNandx < 10} 
Find complements of A, B, C and D respectively. 
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15.10. INTERSECTION OF SETS 
Consider the sets 
А={1, 2,3,4) and B = {2,4,6} 


It is clear, that there are some elements which are common to both the sets A and B. Set of these 
common elements is said to be interesection of A and B and is denoted by ARB: 


Here AWB = {2,4} 


If A and B are two sets then the set of those elements which belong to both the sets is said to be 
the intersection of A and B. It is devoted by A A p. 


ANB ={x:x єАапіх ЕВ) 
А ^ B canbe represented using Venn diagram as : 


Brev 


Remarks 
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Ехатріс 15.15 Given that 

А = (x:xisaking out of 52 playing cards} 

and Y В = {y :y isa spade out of 52 playing cards} 

Find (i) A ^ B (ii) Represent A n B by using Venn diagram. 

Solution : (i) As there are only four kings out of 52 playing cards, therefore the set A has only 


four elements. The set B has 13 elements as there are 13 spade cards but out of these 13 spade 
cards there is one king also. Therefore there is one common element in A and B. .. A ^ B= 


{ King of spade}. 
ANB ae. 


(ii) 
15.11 UNION OF SETS 


Consider the following examples : 

()  Aisasethaving all players of Indian men cricket team and В is a set having all players of 
Indian women cricket team. Clearly A and B are disjoint sets. Union of these two sets is 
a set having all players of both teams and it is denoted by д U В. 

(i) | Disasethaving all players of cricket team and E is the set having all players of Hockety 
team, of your school. Suppose three players are common to both the teams then union 
of D and E is a set of all players of both the teams but three common players to be 
written once only. 

If A and B are only two sets then union of A and B is the set of those elements which belong to 

A or B. 


In set builder form : 
AUB={x:x eA orxeB) 
OR 
АЧВ= {х:хеА -Bor xeB-AOr xe AB} 
A UB canbe represented using Venn diagram as : 


AUB AUB 


Fig. 15.9 Fig. 15.10 
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n(A UB) =n(A—-B)+n(B-A)+n(AnB). 

or n(A UB) = n(A)-* n(B)- n(A OB) 
where n (4 U B)stands for number of elements in A UB soon. 
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А = [x:x e Z* and <5} 
B= (y :yisa prime number less than 10} 
Find(1) A UB (ii) represent A U B using Venn diagram. 
Solution: We have, 
A-(1, 2, 3, 4, 5) B= (2, 3, 5, 7}. 
AUB = {1, 2, 3, 4, 5, 7 


(ii) 


Which ofthe following pairs of sets are disjoint and which are not ? 
(i) (x : x is an even natural number), {у : y is an odd natural number} 
(ii) {x:x isa prime number and divisor of 12), {y:yeN and 3<у<5) 
(1) (x :x is aking of 52 playing cards), (y :yisa diamond of 52 playing cards) 
(iv) (1,2, 3, 4, 5}, {a, e, i, 0, u} 
2. Find the intersection of A and B in each of the following : 
(i) Аз(х:хе2),В-(х:хем) Gi) A= (Ram, Rahim, Govind, Gautam) 
B - (Sita, Meera, Fatima, Manprit) 
8; Given that A = (1,2, 3,4, 5), B={5, 6, 7, 8, 9,10) 
find (i) A UB (ii) ААВ. 
4. IfA-(x:xeN), B-(y:yez and -10<y <0} find AUB and write your 
answer in the Roster form as well as set-builder form, 
Э: If A ={2, 4, 6, 8, 10}, B (8, 10, 12, 14}, C={14, 16, 18, 20}. 
Find (i) A (Bu c) (ii) А S (Ba C). 
6. Let U = (1,2,3,....... 10}, А = (2,4, 6, 8, 10}, = { 1,3, 5,7,9, 10} 
Find (i) (AUB)! (йі) СА сүв! (й) (ВУ Gv) (B-A). 
7: Draw Venn diagram for each the following : 
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(ii) АСВ when А and B are disjoint sets. 


MODULE - IV @ AB when B c A 


Functions (iii) ANB when A and B are neither subsets of each other nor disjoint sets. 
8. Draw Venn diagram for each the following : 
4 ()AuBwhnAcB.- (i) AUB when A and B are disjoint sets. 


(iii) A В when A and Bare neither subsets of each other nor disjoint sets. 
Notes}9 Draw Venn diagram for each the following : 
0) А-В and -A when A c B. 
(1) А-В and g- A when A and Bare disjoint sets. 
(iii) А-В and B-A when Aand B are neither subsets ofeach other nor disjoint 
sets. 


15.12 CARTESIAN PRODUCT OF TWO SETS 


Consider two sets A and B where 
A={1,2}, В-(3,4,5). 
Set of all ordered pairs of elements of A and B 
Б (01,3), (1,4), (1,5), (2,3), (2,4), (2,5)) 
This set is denoted by A x B and is called the cartesian product of sets A and B. 
ie. AxB-((1, 3), (1, 4.(1, 5),(2, 3),(2, 4),(2, 5)} 
Cartesian product of B sets and A is denoted by ВхА. 
In the present example, it is given by 
ВхА = {(3, 1),(3, 2),(4, 1),(4, 2),(5, 1),(5,2)} 
Clearly AxB = BxA. 
In the set builder form : 
АХВ = {(a,b): ae A and be B} 
BxA = {(b,a): be B and ae A} 
Note: If А =ф or В=ф or А,В=ф 
then AxB = BxA =ф. 
(1) LetA-(ab;c), B={d,e}, C={a,d}. 
Find (i) AxB(i) BxA (ii) (Во C) (iv)(ANC)xB 
(v)(AQNB)xC (vi) Ax (B-C). 
Solution : (i) AxB ={(a, 4),(а, e), (Б, d), (b, е), (с, d), (с, е)}. 
(ii) BxA = ((d, a),(d, b), (d, c), (е, a) (e, Б),(е, с)). 
Gi) А = {a,b,c}, BUC={ad.e}. 
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A x (B U C) ={(a, a),(a, d),(a, e), (b, 

(iv)  AnC- {a}, B={d, e}: 

; (Ar C)XB-((, d), (a, е)} 

(0 | AnB76,c-(ad), , AnBxc-ó 

(i) A= (abc), B-C = (e). Notes 
Ax(B - C) = {(а,е), (b.e). (c,e)) . 


15.13 RELATIONS 
+ 


Consider the following example : 

A={Mohan, Sohan, David, Karim} 

B- (Rita, Marry, Fatima) 
Suppose Rita has two brothers Mohan and Sohan, Marry has one brother David, and Fatima 
has one brother Karim. If we define a relation R " is a brother of" between the elements of A and 
B then clearly. 


Mohan В Rita, Sohan В Rita, David R Marry, Karim R Fatima. 
After omiting В between two names these can be written in the form of ordered pairs as : 
(Mohan, Rita), (Sohan, Rita), (David, Marry), (Karima, Fatima). 
• The above information can also be written in the form ofa set R of ordered pairs as 
R- ((Mohan, Rita), (Sohan, Rita), (David, Marry), Karim, Fatima) 
Clearly Кс AxB, іе. ={(а,Ь):а € A,b € B and aRb) 
If A and B are two sets then a relation R from A toB is a sub set of AxB. 
If (i) R=, В is called a void relation. 
(ii) К=АхВ, В is called a universal relation. 
(iii) IFR is arelation defined from A to A, it is called a relation defined on A. 


Gv) R7 {(a,a) V ae A}, iscalled the identity relation. 
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15.13.1 Domain and Range of a Relation 


If R is a relation between two sets then the set of its first elements (components) of all the 
ordered pairs of R is called Domain and set of 2nd elements of all the ordered pairs of R is 
called range, of the given relation. 


Consider previous example given above. 
Domain = (Mohan, Sohan, David, Karim} 
Range = (Rita, Marry, Fatima} 


ЦЭЦГЭЭ ЕВЕ Given that А = {2, 4, 5, 6,7}, B= {2,3}. 


Risarelation from A to B defined by 
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R={(a,b):aeA, beB andais divisible by b} 
find — (i) Rintherosterform- (ii) Domain of R (iii) Range of R 
(iv) Repersent R diagramatically. 
Solution : (i) R= {(2, 2), (4, 2), (6. 2), (6, 3)} 
(ii) Domain of R = {2, 4, 6} 
(iii) Range of R= £2, 3} 


(у) 


Fig. 15.12 
Ехатріе 15.19 If R isa relation 15 greater than' from A to B, where 
A= (1, 2, 3, 4, 5} and В = {1,2,6}. 
Find (i) R in the roster form. (ii) Domain of R (iii) Range of R. 
Solution : 
© R= {G, 1), G, 2), (4, 1), (4 2, (5, D, (5, 2) 
(ii) Domain ofR = {3,4,5} 
(i) Range of R= {1,2} 


CHECK YOUR PROGRESS 15.4 
Li Given that A = {4, 5, 6, 7}, B= (8,9), C= {10} 
Verify that Ах(В-С) = (AxB)-(AxC). 
2: IfU is a universal set and A, B are its subsets. 
Where U= (1,2, 3, 4, 5). 
A= {1,3,5}, B= (x:xisaprime number} find A' x B' 
zy IfA = (4,6, 8, 10}, B= (2,3, 4, 5} 
Risarelation defined from A to B where 
R= ((a,b): a e A, be B andaisa multiple of b} 
find (i)R in the Roster form (ii) Domain of R (iii) Range ofR. 
4. If R bea relation from N to N defined by 
R= {(х,у): 4x + y =12, xy E N} 
find (i) R in the Roster form (ii) Domain of R (iii) Range of R. 
5 If R bea relation оп N defined by 


R={ (x, x2) : x isa prime number less than 15} 
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Find (i) R in the Roster form (ii) Domain of R (iii) Range ofR 

6. ИВ be a relation on set of real numbers defined by R={(x,y) : x2 + y2 = 0} Find 
(i) Rin the Roster form (ii) Domain of R (iii) Range of R. 
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15.14 DEFINITION OF A FUNCTION 


Consider the relation A B 
f 
f: {(а, 1), (b, 2), (с,3), (d, 5)} a 
In this relation we see that each element of A has a unique b yining e aif 
image in В urbt Т 
This relation ffrom set A to B where every element of A d база; 


has a unique image іп В is defined as a function from A to 
B. So we observe that in a function no two ordered Fig.15.13 
pairs have the same first element. 


We also see that 3 an element e B, i.e., 4 which does not have its preimage in A. Thus here: 
(i) the set B will be termed as co-domain and 

(ii) the set (1,2, 3, 5} is called the range. 

From the above we can conclude that range is a subset of co-domain. 

Symbolically, this function can be written as 


А-В ог At, В 


ШИЕ ыса of the following relations are functions from A to B. Write their 


domain and range. If it is not a function give reason ? 
(à) ((,-2),(3,7),(4,-6),(8,)), А = {1,3,4,8}, В-4-2,7,-6,,2) 
{(1, 0), (1-1), (2,3), (4,10)}, A={1,2,4} , B={0,-1,3,10} 
{(a,b), (b,c), (с, Б), (d,c)}, A = {а,Ъ,с,4,е} B= {b,c} 
(d —_{ (2,4), 3,9), (4,16), (5, 25), (6,36}, А = {2,3,4,5,6}, B = {4,9,16, 25,36} 
{@,—1), (2, -2), (3, -3), (4, -4), (5.-5)) ‚А = {0,1, 2,3,4,5}, 

B = {-1,-2,-3,-4,-5} 


(g) { (а, b), (a, 2), (b, 3), (b. 4) }, A = {a,b},B = (5,2,3,41. 
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(a) Itisa function. 
Domain= {1,3,4,8}, Range -4-2,7,-6,1) 
(b  Itisnota function. Because Ist two ordered pairs have same first elements. 
(c) Itisnota function. 
Domain= {a,b,c,d} “А, Range = {b,c} 
(d) _ Itisa function. 
Domain = {2,3,4,5,6}, Range = {4,9,16, 25, 36} 
(е) Itisnota function. 
Domain = {1,2,3,4,5} # A, Range = {-1,-2,-3,-4,-5} 
(f) Itisa function . 


T т т т 11741371 45 
- = (sin — - - - CN еа, > > 3 
Domain (ал, а ша өөр Капре |; 2 B | 


(g)  Itisnota function. 


First two ordered pairs have same first component and last two ordered pairs have also same 
first component. 


Ехатрїс 15.21 State whether each of the following relations represent a function or not. 


(а) 
А B 


>< 


Fig.15.14 Fig.15.15 
(c) (d) 


Fig. 15.16 Fig.15.17 
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Solution : 

(a) fisnota function because the element b of A does not have an image in В. 

(b) fisnota function because the element c of A does not have a unique image in В. 
(c) fisa function because every element of A has a unique image in В. 

(d)  fisafunction because every element in А has a unique image in В. 


125111 S ZA Which ofthe following relations from В. — . R are functions? 
(а) y=3x+2 (b) y<x+3 (c) у= 2x2 +1 
Solution : 
(a) у=3х+2 

Here corresponding to every element x є R,3 aunique element yeR. 
1% Itisa function. 
(b) y<x+3. 

For any real value of x we get more than one real value of y. 

Itis nota function. 
() y=2x2+41 

For any real value of x, we will get a unique real value of y. 

It is a function. 


CHECK YOUR PROGRESS 15.5 


І, Which ofthe following relations are functions from A to B ? 
(a) {(1,-2), (3,7), (4, 6), (8,11) }, A-(1348), B = (22,5261) 
(b) ((1,0), (1, —1), (2, 3), (4,10) }, A = {1,2,4},B = {1,0,-1,3,10} 
(c){ (a, 2), (b, 3), (с, 2), (d,3)}, A = {a,b,c,d},B = {2,3} 
(d) {(1, D; 1,2), (2, 3), (-3,4)}, A = {1,2,-3},B = {1,2,3,4} 


ofz) (33) (3). | IgM 


453 


неп ii 
А = {1,2,3,4},В = 237711 


(f) {(1,1),(—1,1),(2,4),(—2,4)}, A= {0,1,-1,2,-2},B = {1,4} 
2. Which ofthe following relations represent a function ? 
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(a) (b) 

A B A B 
1212 -- 
SS 2229-3955 

Fig. 15.18 Fig. 15.19 
(c) (d) 
A B A B 
€=3 223) 
Fig. 15.20 Fig. 15.21 


Which of the following relations defined from В. > Rare functions ? 
(a) у= 2х +1 (Б) y» x43 (с) y «3x +1 (d) у=х?+1 


Write domain and range for each of the following functions : 


e  ((22).(55.-1) (v5.5) 


e (3303) 
(€) ((0,1),(0,0),(2,2),(-Һ-1)) 
(d) —((Deepak,16), (Sandeep, 28), (Rajan, 24)} 


Write domain and range for each of the following mappings : 


(a) (b) 


Fig. 15.22 Fig. 15.23 
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Fig. 15.24 Fig. 15.25 


xcd 


Nase 


Fig. 15.26 


15.14.1 Some More Examples on Domain and Range 

Let us consider some functions which are only defined for a certain subset of the set of real 
numbers. 

Ier TUS БУХ Find the domain of each ofthe following functions : 

eite. азады 

(x + 2)(x – 3) 


1 1 
(ау ОТА ()у- 


Solution : The function y = = can be described by the following set of ordered pairs. 
x 


Here we can see that x can take all real values except 0 because the corresponding image, i.e., 


1 
0 is not defined. 


Domain = R — {0} [Set ofall real numbers except 0] 
Note : Here range =R —{ 0} 


(b) xcan take all real values except 2 because the corresponding image, i:e., eh does 


not exist. таз. 


Domain = В – {2} 
(c) Valueofy does not exist for x = —2 and x = 3 
Domain = В - {-2,3} 
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КТЕР Find domain of each of the following functions : 


(a) y = 4x -2 (6) у=+(2-х)(4+х) 


Solution :(a) Consider the function y = dx 2 


In order to have real values of y, we must have (x – 2) 2 0 
Le. x22 
Domain ofthe function will be all real numbers > 2. 
©)  у=+(2-х)(4+х) 
In order to have real values of y, we must have (2- х)(4+х)>0 
We can achieve this in the following two cases : 
CaseI: (2—x) 2 0 and (44 x) 20 
> x < 2 апах > -4 
Domain consists of all real values of x such that —4 < х < 2 
Casell: 2-x < 0 and4+x<0 


=» 2 <x and x < —4. 
But, x cannot take any real value which is greater than or equal to 2 and less than or equal to: 
-4. 

From both the cases, we have 


Рошаш = —4 <х<2УхЕК 
For the function 

f(x) = y = 2x +1, findtherange when domain = {-3,-2,-1,0,1,2,3}. 
Solution : For the given values of x, we have 

f(-3) = 2(-3)+1=-5 

f(-2) =2(-2)+1=-3 

f (-1) = 2(-1)+1=-1 

£(0)=2(0)+1=1 

#(1) =2(1) +1=3 

#(2)=2(2)+1=5 

#(3) =2(3)+1=7 

The given function can also be written as а set of ordered pairs. 


жеген 
Example 15.25 


РУУРЧ MATHEMATICS 


їе, {(-3-5)s(-2.-3),(-B-1),(0,1)(1,3),(2,5)(3,7)} 
E: Range = (-5, -3, -1,1,3,5,7} 
|Ехашріс1526 6500 =x +3, о <х < 4 findits range. 
Solution : Here 0<х<4 
ог 0-3<х43<4-3 
ог 3<7(%) Л 

Range= {f(x):3< f(x) < 7} 
Example 15.27 1 БА —3 <x < 3,findits range. 
Solution : Given -3 < x <3 
or 0<х2<9 or 0<Ғ(х)<9 


Range7 (f(x):0 € f(x) <9} 


CHECK YOUR PROGRESS 15:6 
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у=х2 +5 


1. Find the domain of each of the following functions x е В: 
(а) ay =2x @ y=9x+3 (i) 
© OY saa Е 9 
(и) ушем ио e тушы 
(х-3)(х-5) (3- x)(x- 5) 
© (i) y=V6-x (i) y=V74+x 


(iii) y = J3x +5 


(4) GOysJG-x)x-5) ®,у=©-ЭС +5) 


25 1 2 1 
Wy ан Зо) 
2. Find the range ofthe function, given its domain in each ofthe following cases. 
(a) (i) f(x) 2 3x +10, хе11,5,7,-1,-2) 
(ii) f (x) = 2х2 +1, хє { -3, 2, 4, 0} 


Gi) f(x) = х2-х+2,  x€{1, 2,3, 4, 5} 
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© () Ғ(х)-х-2:0<х<4 (1)Ғ(х)-3х%4;-і<х <2 
© ()f(x)5x25,-5$x $5 09 Ғ(х)-2х,-3<х<3 


(Ш)Е(х)-х221,-25х52 (iv) f(x) = 085х525. 


(d @f(x)=x+5,xeR Gi) (х)-2х-3,ХєЄВ 
(ii) f(x) = х3, x eR (iv) (x) = 2 ixi 0) 
x) 1 | 
Gt(x)e iri) (9%): 1k: x 50) 
(vi) f(x) ==, (xix > 0) Gif (x) = {хх AOS) 


15.18:CEASSIFICATION OF FUNCTIONS 


Let fbe a function from A to В. Ifevery element of the set B is the image of at least one element 
of the set A i.e. if there is no unpaired element in the set B then we say that the function fmaps 
the set A onto the set B. Otherwise we say that the function maps the set.4 into the set B. 


Functions for which each element of the set A is mapped to a different element of the set B are 
said to be one-to-one. } 
One-to-one function 


Fig.15.27 
The domainis ( A, B, C) 


The co-domainis {1,2,3,4} 


The ranges {1,2,3} 
A function can map more than one element of the set A to the same element ofthe set B. Such 
a type of function is said to be many-to-one. 
в Many-to-one function 


p 
Fig. 15.28 
MATHEMATICS 
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The domainis { A,B, C] А 
y Function: 
The co-domainis (1,2,3,4] И 
The range is (1,499 5e > 2 
A function which is both one-to-one and onto is said to be ав есНуе function.. | 2 | 
ЖИЛЕ, 7 7 1 > ) 
Notes 


Fig. 15.29 Fig. 15.30 


cer 


Fig. 15.31 гж | 5 Fig. 15.32 
Fig. 15.29 shows a one-to-one function mapping ( A, B, C } into {1 2,3, 4}. 
Fig. 15.30 shows a one-to-one КОА mapping ХА, В, С } onto 11,2, Er 
Fig. 15. RS АС: vire (A, B, с} into[1,2, E MEN. 


Fig. 15.32 shows a many-to-one function mapping { А,В,С} onto (11; y 


Function shown in Fig. 15.30 is also a bijective Function. 


Note : Relations which are one-to-many can occur, but they are not functions. The flowing 
figure illustrates this fact. 


22 Fig.15,33 | 


ЕхашрЕ 15.28 Without using graph proye that the function й ў 


F :R — К defiendby f(x) = 4 + 3x is one-to-one. 


Inixiosulsvlosron Е E> 
Solution : го ато be one-one aioe А N 
жоронд ome as ion gi Я 
в) =) -> x) 2 x; V хі, х2 € domain 


Sets. Relations гээ Fnnctions 


W 
MODULE - IV 
Functions 


Now f (x; ) = f (x2 ) gives 

4-3x;24-3X2 OF Xj = X2 

F is a one-one function. 
Example 15.29 Prove that 

F :R > R definedby f (x) = 4x? — 5 isa bijection 
Solution : Now f (xı) = f(x?) V х, х2 eDomain 


4xj -5 = 4х) -5 


2 2 
=> xb-x2-20-9 (хо -x)(x + х1Х2 + X2 )= 0 
= X; = X2 OF 
х12 + хх; + x3? = 0 (rejected). It has no real value of x, and х2. 


Fisaone-one function. 


Againlet y=(x) ^ where y е codomain, x € domain. 


1/3 
+5 
Wehave y=4x3-5 or х= (=) 


Foreach y € codomain 3 x € domain such that f(x)=y. 


Thus F is onto function. 
F is a bijection. 


Prove that Е :R — В defined by F(x) = x? + 3 is neither one-one nor 


Example 15.30 
onto function. 
Solution: We have F(x, ) = F(x2) V хі, x2 € domain giving 
x? +3 =x +3 > xi? = x,” 

or x? -x,? =0 => Хр= Хә ог Xj =—X2 
or F is not one-one function. 

Again let y = F(x) where y е codomain 

x € domain. 


5 ух Хеу Э 
=> Vy <34 no real value of x in the domain. 


F is not an onto finction. 


жр MATHEMATICS 
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15.16 GRAPHICAL REPRESENTATION OF FUNCTIONS 
Since any function can be represented by ordered pairs, therefore, a graphical representation of 
the function is always possible. For example, consider у = х2. 


Functions 


y=x? 


Fig. 15.34 
Does this represent a function? 


Yes, this represent a function because corresponding to each value of x 3 aunique value of y. 
Now consider the equation x2 + y2 = 25 


х2 + y? = 25 


MATHEMATICS 


Sets, Relations aud Functions 


MODULE - IV | This graph represents a circle 


Functions. | Doesitrepresenta function ? 
No, this does not represent a function because corresponding to the same value of x, there 


does not exist a unique value of y. 


29 


Fig. 15.36 
(ii) Doesthe graph represent a function ? 


: Fig. 15.37 
2: Which ofthe following functions are into function ? 
(a) A B 
EC S IBS 
ШЕН И ДА 
6 
10 
Fig.15.38 


()  f:N— №, definedas f (x) = x? 
Here М represents the set of natural numbers. 
(c) f:N э М, definedas f(x) =x 
53 Which of the following functions are onto function if f :R > К 


MATHEMATICS 


Sets, Relations and Functions 


MODULE - 


(а) f(x) =115x 4 49 ® f(x) =x] Function 


4. Which of the following functions are one-to-one functions ? 
(a) f : {20,21,22} — { 40, 42, 44} defined as f (x) = 2x 


(D — £ : {7,8,9} — (10) definedas f (x) - 10 


() _ f:I—R definedas f (x) = x? 
(d — f:RR definedas f(x) 2 24 x^ 
(d Ғ:М->М definedasf(x) = х2 + 2х 
SE Which ofthe following functions are many-to-one functions ? 
(a) Г: {-2,-112} > (2,5) definedas f(x) = x2 +1 
()  f:(0,11,2) — (1) definedasf(x) =1 


(c) A B 
odia Qu a 
[^ NR 
TUN 29:28 
d 
Fig.15.39 


( f:NNdefinedasf(x)o5x47 0 
6. Draw the graph of each of the following functions : 

(a) у-3х2 (b у--х2 (с) у-х2-2 

Фу=5-х2 (е) у = 2х2 +1 (y =1= 2x2 
7: Which ofthe following graphs represents a function ? 
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: d y 
Functions | © 4 @ 
х х х x 
Notes 
y 7 
Fig. 15.42 Fig. 15.43 
(e) y 
x x 
| 
Fig .15.44 
Hint : Капу line || to y-axis cuts the graph in more than one point, graph does not represent a 
function. 


15.17 SOME SPECIAL FUNCTIONS 
15.17.1 Monotonic Function 
Let F: A — B bea function then F is said to be monotonic on an interval (a,b) if it is either 
increasing or decreasing on that interval. 
For function to be increasing on an interval (a,b) 

х|<х > Е(ж)< F(x2) V Х| X2 e(a, b) 
and for function to be decreasing on (a,b) 

x «x; 2 F(xi)* Е(х) V xi хое(а, b) 
A function may not be monotonic on the whole domain but it can be on different intervals of the 
domain. 
Consider the function Е : R — В defined by f (x) = х2. 


Now V хи, x2€[0, v] 1 


хү <х2 => Е(х)<Е(х;)” 


25 F is a Monotonic Function on | 0, œ]. 


MATHEMATICS 
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(*. Itisonly bene function on this interval) MODULE -IV 
Bu Ух, хо €(-~,0) Functions 
Xj < ха => F(x) > Ехо) 
= Е is a Monotonic Function on | -оо,0 | 2524) 
Notes 


(<; Itisonly a decreasing function on this interval) 
Therefore if we talk ofthe whole domain given function is not monotonic on В but itis monotonic 
оп (—,0) and (0,0). 
Again consider the function F : R — R defined by f (x) = x3. 
Clearly V x, ху е domain 
хрх => F(xj)«F(x;) 
2. Given function 18 monotonic on R i.e. on the whole domain. 


15.17.2 Even Function 
A function is said to be an even function if for each x of domain 


F(-x) = F(x) 


For example, each ofthe following is an even function. 
GQ — IfF(x) = x? then F(-x) = (-x = x2 = F(x) 
(i) ‘If F(x) = cosx then F(-x) = cos(-x) = cosx = F(x) 
Gi) If F(x) = |х| then F(-x) 2|-x| =|x| = F(x) 


Fig. 15.45 
The graph of this even function (modulus function) is shown in the figure above. 


Observation 


MATHEMATICS ! 3 EH 


MODULE - IV. | 15.17.3 Odd Function 


Functions 


Notes 


A function is said to be an odd function if for eachx 


Ё(-х)-- х) 
For example, 


@) О» 


then f (-x) = (-х) = хз =-f(x) 


ü  Iff(x)=sinx 
| Fig. 15.46 
then f (-x) = sin(-x) = -sin x =-f(x) 


Graph of the odd function y=x is given in Fig.15.46 


Obseryation 

Graph is symmetrical about origin. 

15.17.4 Greatest Integer Function (Step Function) 

f (x) = [x] whichis the greatest integer less than or equal to x. 


f (x) is called Greatest Integer Function or Step Function. Its graph is in the form of steps, as 
shown in Fig. 16.47. 


Let us draw the graphof y = [х],х € К 
[х]=1, 1<х<2 
= 25 x «3 
[x|9 3 39x <4 
ЇХ| 50, 0&х.<1 


=. 15-0 


[x] 9-27 т-25х<-1 
e Domain ofthe step function is the set of real numbers. 
Range ofthe step function is the set of integers. 


Fig. 15.47 


15.17.5 Polynomial Function 
Any function defined in the form ofa polynomial is called a polynomial function.. 
For example, 


(i) (ху 54550 


(ii) Е(х) ну е5 


MATHEMATICS 
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Functions 


15.17.6 Rational Function 


Function of the type f (x) = a(x Не о 


h(x)’ 


functions are called rational functions. 


х2-4 
f(x)= sx #—1 
Forexample, ( ) HET 


isarational function. 


15.17.7 Reciprocal Function 
Functions of the type y = 1 ,X ж 018сайедагесргоса! function. 
X 


15.17,8 Exponential Functions 
А swiss mathematician Leonhard Euler introduced a number e in the form of an infinite series. In 
fact 
E. 1 
eI ecu "Eon (1) 


uU 


Itis well known that the sum of its infinite series tends to a finite limit (i.e., this series is convergent) 
and hence it is a positive real number denoted by e. This number e is a transcendental irrational 
number and its value lies between 2 ап 3. 


Consider now the infinite series 


ada из 

ДЗ 
Itcan be shown that the sum of its infinite series also tends to a finite limit, which we denote by 
ex . Thus, 


x xn 
Xe l+4 gos 5224 tee s Q) 


iz E 


| Thisiscalled the Exponential Theorem and the infinite series is called the exponential series, |. | 
We easily see that we would get (1) by putting x = 1 in (2). 


The function f (x) = ex, where x is any real number is called an Exponential Function. 
| The graph ofthe exponential function 


y res 


ГИГА 
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is obtained by considering the following important facts : 
Asx increases, the y values are increasing very rapidly, whereas as 
values are getting closer and closer to zero. 


x decreases, the y 


There is no x-intercept, since ех # 0 for any value of x. 


The y intercept is 1, since е0 =1 and e #0- 


The specific points given in the table will serve as guidelines to sketch the graph of e* 


(Fig. 15.48). 


Fig. 15.48 


If we take the base different from e, say a, we 
would get exponential function 


f(x) = ax,provbided a > 0, a #1. 


For example, we may take a=2 or a= 3 and get 
the graphs of the functions 


y = 2x (See Fig. 15.49) 
and у = 3х (See Fig. 15.50) 


Fig. 15.49 
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Fig. 15.50 Fig. 15.51 


15.17.9 Logarithmic Functions 
Consider now the function 
у=е*- o иронии nml ккан ре 10), (3) 
We write it equivalently as 
х = log, y 
Thus; у = log. x 
is the inverse function of y = ex 
The base of the logarithm is not written if it is e 
and so log, x is usually written as log x. 
Asy = eX and y = log x are inverse functions, 
their graphs are also symmetric w.r.t. the line 
y =x 
The graph of the function y = log x canbe 
obtained from that of у = ex by reflecting it in 
the liney=x. 


Fig. 15.52 
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ат зап = ат-п 


MODULE - М 
Functions 
(am)? = amn 


; : ao =1 
h: (ii) The corresponding laws of logarithms are 


Notes log; (mn) = log, m + log, n 
loga (2) = log, M — log, n 
n қ 


log, (m^) = n loga m. 


log, m 
Ї п----- 
a log, b 
or log, m = log, mlogy a 


Herea,b» 0, a + 1,6 #1. 


CHECK YOUR PROGRESS 15.8 


1. Tick mark the correct statement. 
@ ^ Function f(x) = 2x4 + 7x? + 9xisaneven function. 
(i) Odd function is symmetrical about y-axis. 
ш f(x) = x! Pa ха x5 isa polynomial function. 


x35 is a rational function forall x е В. 
3-Х 


(9) . f(x)- 

(v) f(x)= 2 is a constant function. 
ташы. 

у EOYs 


Domain ofthe function is the set of real numbers except 0. 


(vii) Greatest integer function is neither even nor odd. 


2. Which of the following functions are even or odd functions ? 
wag x2 М, 
(a) f(x) 25 (b 2(х)---- © f(x)= 
(x) ха (x) 5-х2 e x2 +5 


2 "23 
(f(x) * 5 (е) f(x)» (0 rag 


х 
x2 +1 
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a MODULE - IV 
(07 (х) = = (h) f(x)2 х- хз Functions 
+х 
3. Draw the graph ofthe function у = [x] - 2. 
4. Specify the following functionsas polynomial function, rational function, reciprocal function 
or constant function. Noles. 
х2 + 2x 
(а) у = 3x8 — 5х7 +8х5 (b) У = 537951373 -2х+3#0 
3 2x +1 
© У:2х%0 qu а E UR 
1 x2 -5x 4 6 
=l1--,x#0 = ———_, x #2 
(е) у с (0 y үс 


місе 
(в) у = 0. 


15.18 COMPOSITION OF FUNCTIONS 


Consider the two functions given below: 
у=2х+1 хє(12,3| 


z=ytl, y € {3,5,7} 
Then z is the composition of two functions x and y because z is defined in terms of y and y in 
terms of x. 


Qh 


Graphically one can represent this as given below : 


f(x) *5y 22x «1 g(y)=z=y+1 


gof 
Fig. 15.53 
The composition, say, gof of function g and fis defined as function g of function f. 
If f:A>4Bandg:B>C 
thn gof:AtoC 


Let f(x)=3x+land g(x)=x2+2 
Then fog(x) = f(g(x)) 


MATHEMATICS 
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Functions 
=3(х2+2)+1 = 3х2 +7 @ 


3% and (gof)(x) = g(f(x)) 
=8(3х +1) 


ЯГ = (3х +1)? +2 = 9х2 + 6x +3 @ 
Check from (i) and (ii), if 
fog = gof 
Evidently, fog + gof 
Similari (Бг) (х) = £ (£ (x)) = £(3x+1) [Read as function of function f}. 
=3(3x+1)+1 
=9х+3+1=9х+4 
(gog)(x) = в(в(х))= g(x? + 2) [ Read as function of function g | 
= (x? +2)? +2 
= х4 +4х2+4+2 
= х4 + 4х2 +6 
If f(x) = Vx +1 and g(x) = x? +2, calculate fog and gof. 
Solution : fog(x) =f(g(x)) 
= f(x? +2) 
= 52 4241 
= ух? +3 
(gof )(x) = в(Е(х)) 
=в(/х +1) 
= (4+1) +2 


=x+1+2 
=x+3. 


Example 15.31 


Here again, we see that (fog ) + gof 


Ехатріе 15.32 f (x) =x3,f:R >R 


g(x)=-, g:R-{0} >R- {0} 


x 
EUM MATHEMATICS 


Find fog and gof. — MODULE - IV 


Solution: (fog) (x) = f(g(x)) Functions 
3 
жЕ 6) = (2) = 1 
х х х3 
(gof)(x) = g(f(x)) Né 7 
1 

Here we see that fog = gof 
Not We observe from Example 15.31 and Exar 8 814 gof may or may. 
no E Фэн 


1. Find fog, gof, fof and gog for the following functions : 


1 
f(x) = х2 +2, g(x)*1-i—, xal. 
2. For each ofthe following functions write fog, gof, fof and gog. 
(а) = f(x) =x2-4, g(x) =2x+5 


€) f(x) =x?, g(x) =3 
©) f(x) =3x-7, 8(x)==,x#0 
3. Let f(x) =|х |, g(x) = [x]. Verify that fog + gof. 


4. Let (кўн da Ве 

Prove that fog # gof and (4(3)) 42) 
5: If f (x)= х2, g(x) = Vx . Show that fog = gof. Е 
6. Le f(x) =| g(x) = (х)3,һ(х) ==; x 0. 

Find (a) fog (b)goh (c)foh (Ф hog (е) fogoh 


(ны. (fogoh)(x) = f(g(h(x)))- (410) 
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UE 15.19 INVERSE OF A FUNCTION 
Functions 


(A) — Consider the relation 


Fig. 15.54 
This is a many-to-one function. Now let us find the inverse of this relation. 
Pictorially, it can be represented as 
B A 
f 
== — | 
7—7 
Fig 15.55 
Clearly this relation does not represent a function. (Why ?) 
(B) Now take another relation 
A B 
f 
pM 
[Жусш 
Fig.15.56 
It represents one-to-one onto function. Now let us find the inverse ofthis relation, which is 
represented pictorially as 
B A 
fA 
ES 
EETA 
Fig. 15.57 
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(C) Consider the relation Functions 
A B 
f 
(йш 
EE wa 
Fig. 15.58 
Ir represents many-to-one function. Now find the inverse ofthe relation. 
Pictorially it is represented as 
B A 


H » 


Fig. 15.59 


This does not represent a function, because element 6 of set B is not associated with any 
element of A. Also note that the elements of B does not have a unique image. 


(D) Let us take the following relation 
A B 
f 
Бажа сын 
рга 
Fig. 15.60 
It represent one-to-one into function, 
Find the inverse ofthe relation. 
B A 
fl 


Fig. 15.61 


Sets, Relations and F unctions 


is not associated with any element 


MODULE - № | хаоез not represent a function because the element 7 of B / 
getarelationasa function when 


Functions of A. From the above relations we see that we may or may not 
we find the inverse ofa relation (function). 
We see that the inverse ofa function exists only ifthe 


ie. only if itis a bijective function. 


Q 
Кы 
1 (i) Show that the inverse of the function 
y = 4х - 7 exists. 
(i) Let fbea one-to-one and onto function 
domain and range ofits inverse function. 
2: Find the inverse ofeach of the following functions (ifit exists) : 
(a) f(x)=x+3 VxeR 
(b) f(x)21-3x VxeR 
© “І(ху-х VxeR 


function is one-to-one onto function 


with domain A and range B. Write the 


(d) (х) ы, x#0 xeR 


е Set is a well defined collection of objects. 

e To representa set in Roster form ай elements are to be written but in set builder form а 
set is represented by the common property. 

e Ifthe elements of a set can be counted then itis called a finite set and if the elements 


cannot be counted, it is infinite. 
Ifeach element of set А is an element of set B also then A iscalled sub setof B. 
For two sets А and B, A — B isaset of those elements which are їп А but not in B. 
e Complement ofa set A isa set of those elements which are in the universal set but not in 
А. ie. А -U- A 
e Intersection of two sets is a set of those elements when belong to both the sets. 
e ^ Unionoftwo sets is a set of those elements which belong to either of the two sets. 
e Cartesian product of two sets A and Bis the set of all ordered pairs of the elements of A 
and В. Itis denoted by A x B. i.e. 
АхВ-((а,5):асА and beB}. 
e Relation is a sub set of AxB where A and Bare sets. 
іе RC AxB={(a,b):aeA and b e B and aRb} 
А 22 
АЛАТЫКМАТІСӨ 
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e Function is a special type of relation. 
e Functrions f : A — B isa rule of correspondence from A to B such that to every 
element of A 3 aunique element in В. 
e Functions сап be described as a set of ordered pairs. 
e  Letfbeafunction from A to B. 
Domain : Set of all first elements of ordered pairs belonging to f. 
Range : Set ofall second elements of ordered pairs belonging to f. 


e Functions can be written in the form of equations such as у = f(x) 
where x is independent variable, y is dependent variable. 
Domain : Set of independent variable. 

Range : Set of dependent variable. 
Every equation does not represent a function. 

e Vertical line test : To check whether a graph isa function or not, we draw a line parallel 
to y-axis. If this line cuts the graph in more than one point, we say that graph does not 
represent a function. 

° Let f bea function from а set A to aset B. Symbolically we can write it as 

Е: А >В 
(i) Ifevery element of B is not an image of some element of A then fis said to be into 
function. In this case, range c co-domain. 
(ii) Ifrange = co-domain, then fis said to be onto function. j 
(iii) If distinct elements of set A have distinct images in set B then fis called one-to-one 
function. 
(iv) If many elements in the domain of a function have the same image element in the 
range, then the function is called many-to-one function. 

e Horizontal Line Test : To check the one-to-oneness of a function, draw a line parallel, 
to x-axis. If it cuts the graph at one point, we say that it is one-to-one function. 

e. A function is said to be monotonic on an interval if itis either increasing or decreasing on 
thatinterval. — / 

e А function is called even function if f(x) = f(-x), and odd function if 


Ғ(-х)--Ғ(х), x,-x e Dr 
° Inverse ofa function exists if it is one-to-one and onto. 


е SUPPORTIVE WEB SITES 


° http://www.wikipedia.org 
° http://mathworld.wolfram.com 


TERMINAL EXERCISE 


E Which ofthe following statements are true or false : 
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Sets, Relations and Functions 
@ {1,2,3} - (1(2).3). @){1,2,3} - (312). 

Gi){a,e,0} ={a,b,¢}. Gv) {4} =} 

Write the set in Roster form represented by the shaded portion in the following. 


Q А={1,2,3,4,5} A В 


B = {5,6,7,8,9} 


Fig. 15.62 

G A={1,2,3,4,5,6} А B 
B = {2,6,8,10,12} (CB 

Fig. 15.63 


3. Represent the follwoing using Venn diagram. 
@ (AUB)! provided A and B are not disjoint sets. 
Gi) (A n В)' provided A and B are disjoint sets. 
(iii) (A — B)' provided A and B are not disjoint sets. 
4 Let U={1,2,3,4,5,6,7,8,9,10}, А(2,4,6,8), B={13,5,7} 
Verify that 
() (A u B)' = A'n B' 
(i) (An B)'  A'UB' 
(ii) (A - B) U(B- A) = (АОВ) -(А В). 
5; Let U= {1,2,3,4,5,6,7,8,9,10}, 
А = {1,3,5,7,9}. B = {2,4,6,8,10}, 
С = {1,2,3}: 
Find @ An (B - C). . (i) AU(BUC) 
(i) A'n(BuC)' G)(AnB)'vC' 
6. What does the shaded portion represent in each of the following Venn diagrams : 


Gi) 
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И, 


12. 
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2x 3 4 3 

AE UE фт р 
T : 

Фу се (d) у= үх-1, x21 

iN: 

(0 Y i211 (f x2 + y2 = 25 
Write domain and range of the following functions : 

fj : ((0,1),(2,3),(4,5)(6,7),.......(100,101)} 

fy : {(-2,4),(-4,16),(-6,36).......} 
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Draw Venn diagram for the following : 

(i) А (BUC) (i) A'n(C- B) 
Where A,B,C are not disjoint sets and are subjects of the universal set U. 
Given А = {a,b,c,}, В = (2,3). 

Find the number of relations from A to B. 
Giventhat A = {7,8,9}, B = {9,10,11}, 

C = {11,12} verify that 

(0 Ах(ВаС)-(АхВ)л(АхС) 
(уАх(ВоС)-(АхВ)ч(АхС) 
Which ofthe following equations represent functions? 
In each ofthe casex е В. 


Dod 


dev) 


f, : (3,0), (7252), (4,-1)) 


5:1.-4:331(:32)4:110(0:020332:21:22:1 
Write domain ofthe following functions : 


ions and Functions 


MODULE - IV 


, 1 
Functions (a) f(x) = 0) (5552:1 
1 
(с) f(x)» 43x +1 (d) £(3) =a Dx +6) 


1 
Е 


13.  Writerange ofeach of the following functions : 


(a) у= 3х + 2, хє К (b) y= і ,xeR-(2) 
x-2, 
y= иже {0,2,35,7,9} 


@ y= A хЕВ+ (All non-negative real values) 


14.  Drawthe graph of each of the following functions : 


1 

(a) у=х? +3, хєЕ у= 7:68 (2) 

(с) у = х-1 x {0,2,3,5,7,9} (d y» ХЕК". 
х+1 Nx 


15.  Whichofthe following graphs represent a function ? 


@ 


Fig. 15.70 Fig. 15.71 
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Functions 


Fig. 15.74 Fig. 15.75 
Which ofthe following functions are one-to-one or many-to-one function? 


(a) у = 3х +5, xeR (b) у=1- 2х2, хєЕ 

© #:00,2),(2,2),(3,2),(62)) 

(d) f : {1,2,3} > {4,5,6,8} such that #(1) = 4£(2) = 6,£(3) = 8. 
Which of the following functions are rational functions ? 


@ (х) = 3 xeR-{2} © f(x) -20Х6К 


х-2 


oy R-{2 d)y=x,xeR 
а Uu. Фуга 


(с) f(x) = 
Which of the following functions are polynomial functions ? 

(a) f(x) =x24+V3 x «2 (b) f(x) =(x+2) 

(с) f(x) 23-x + 2x3 - х4 (à f(x)» x *x-5 x20 
(e) f(x) = Vx? -4,x ¢(-2,2) 

Which of the following functions are even or odd functions ? 


2 
ое xe[-3]. © 00-51 
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(с) f(x) = |х| (d f(x)2x-x5 
Functions 
®© 
Fig. 15.76 Fig. 15.77 
(9) 
"30 
Fig. 15.78 
20. Write for each of the following functions fog, gof, fof, рор. 
(а) f(x)2 x? в(х)-4х-1 


0) (к) = хо g(x) =x? -2х+3 


(с) (х)-4х-4,х24 g(x)=x-4 
(d) f(x)2x?-1 в(х)=х? +1 


1 
21. (@)Let f(x) = |х|, g(x) La # 0, h(x) = хз. Find fogoh 


(5) f(x) = x? +3, g(x) = 2х2 +1 


Find fog (3) and gof (3). 
22. — Whichofthe following equations describe a function whose inverse exists : 
(a) f(x) = |х| (D f(x) = vx,x 20 
3x-5 
(c) Ё(х)-х2-1х20 (d) f(x)- ч (е) f(x) +1 23 
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ANSWERS 


CHECK YOUR PROGRESS 15.1 
Lr cu G), iii) are sets. 
2:7. Е (i) е 
3-0) Ач (55:-45328103 


(ii) B = {-1,1}, (ii) C = {a, b,n} 


(iv) D = {2,3,5}. 


4. (i) A = (x: х is aeven natural number less than or equal to ten}. 


(ii) B-íx:xeN and x is amultible of 3}. 


(iii) C -(x:x is aprime number less than 10}. 


(iv) Ds{x:x є К and x is asolution of x? -220). 


5. (i) Infinite (ii) Finite 
iv) Infinite 

6.  ()Nul (ii) Singleton 

if 0А=В Gi) А = В 
CHECK YOUR PROGRESS 15.2 
l. (i) с @ с 
22.54 

3. (i) False Gi) True 

4.2 @ False (i) True 


5. (i) {1,2,3,4} Gi) {6,7}. 


(iii) Finite 
(iii) Null (iv) Null 
(ii) A = B. 
(iii) є (ive 
(iii) True (iv) False 


6. Ас ={x:x is aodd natural number} 


Ве = { x : хе М and x is not a multiple of 3} 


С°={12,3,4}). 


ре = (1112/13589 
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Functions 


Sets. Relations and Functions 


Disjoint ^ (i)Notdisjoint (iii) Not disjoint (iv) Disjoint 
@ (x:xeN) 099 

© (,2,3,4,5,6,7,8,9,10) Gi) (5) 

Roster from (-10,-9,:8,:--0/123,---) 

Set builder from (x : x e Z and -10<x < œ} | 

@{х: xis а even natural number less than equal to 20}. — @ 
Qe (i {1,2,3,4,5,6, 7,8,9} | 
Gi) {1,3,5,7,9,10} GV) {2,4,6,8,10} 


0) 2 бі) 
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Fig. 15.85 
(i) 
77) 
А-В= А 
Fig. 15.86 
(ij) 
A — B = Shaded Portion B.- A =Shaded Portion 
Fig. 15.87 


CHECK YOUR PROGRESS 15.4 
((2,1),(4,1),(2.4).(%,4))- 
3. ()Е-(4(4,2),(4,4),(6,2).(6,3).(8,2),(8,4).(10,2),(10,5)). 


N 


(ii) Domainof R = { 4, 6,8,10}. (iii) Range of В = {2,3,4,5}. 
4 — ()R-((,8),(2,4)). (i) Domsinof R = {1,2}. 
(iii) Range of В = {1,2} (8,4) 
5.  GQR-((24),(3,9),(5.25). (7,49). (11,121), (13,169)} 
Domain of В = {2,3,5,7,11,13}, Range of R = (4,9,25,49,121,169]. ( 


6. ()DomainofR = (i)DomainofR = ф (iii) Rangeof R = > 


MATHEMATICS ES 


i г Sets, Relations and Functions 
MODULE -IV | CHECK YOUR PROGRESS 15.5 
Functions Q © © 260 390 


(а) Domain = { 2, 5, V3}, Range = (2,-1,5) 
) Domain = (-3,-2,-1) Range = [2] 


(c) Domain = (1,0,2, -1) , Range = (1,0,2,-1) 

(d) Domain = { Deepak, Sandeep, Rajan} , Range = {16,28,24}. 
(a) Domain = (1,2,3), Range = (4,5,6) 

(b) Domain - (1,2,3), Range = (4) 

(c) Domain = {1,2,3}, Range = {1,2,3} 

(d) Domain = { Gagan, Ram, Salil} , Range = {8,9,5} 

(e) Domain = (a5, c,d}, Range = {2,4} 

| CHECK YOUR PROGRESS 15.6 


1. (а) (i)Domain- Setofreal numbers. (ii) Domain = Set of real numbers. 
(iii) Domain = Set of a real numbers. 


1 
© (Domain = R - |+ G)Domain = R - {-+,5| 
(iii) Domain = В – (3,5) (iv) Domain = В - (3,5) 
(с) (Domain = {x eR:x <6} (ii) Domain = {x e€ R: x 2-7} 


Gi) Domain. Íx : x e R,x > -3| ЕС 


(d) (YDomain-íx:x €R and 3<x <5} 
(ii) Domain = (x:xeR x 2 3x < -5) 
(ii) Domain = {x : x € R x 2 -3,x < -7) 


(iv) Domain = (x:xeR x2 3x < -7} 


MATHEMATICS 


CHECK YOUR PROGRESS 15.7 


(i) No. (ii) Yes 2. (a), (b) 
(a) 4. (a), (с), (e) 5. (a), (b) 
(b) 
Fig. 15.88 5 Fig. 15.89 


() Range = (13,25,31,7,4) 


Functions. 


MODULE - iV 


(ii) Range (19,9,33,1) қ 
Functions 


(iii) Range = { 2, 4,8,14,22} b uis 

(i) Range = {f (x) :=2 < f(x) < 2} (i) Range- {f(x):1< f(x) «10) 
(i) Range = {f (x): 1< f (x) < 25} (i) Range = (f(x):-6 < f(x) «6] Notes 
(іі) Range= {f(x):1< f(x) <5} (iv) Range = {f(x):0<f(x) <5} 

(i) Range=R (й) Капре= К (iii) Range=R 

(iv) Range = {f (x): f(x) < 0} 

(v)Range= {f(x):-1< f(x) <0} 

(vi) Range= {f(x):0.5< f(x) <0} (vi)Range = {f(x):f(x) > 0} 


(viii) Range : All values of (х) except values at x = —5. 


Fig. 15.90 . Fig.15.91 
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Functions ©) 


Fig. 15.92 Fig. 15.93 
is (c), (d) and (e). 
CHECK YOUR PROGRESS 15.8 
115 У, vi, vii are true statements. 
0), (i), Gii), (iv) are incorrect statement. 
2 (b) (с) are even functions. 
(d) (e) (h) are odd functions. 


Fig. 15.94 

4. (a) Polynomial function (b) Rational function. 
(c) Rational function. _ (d) Rational function. 

(е) Rational function. (f) Rational function. 


` MATHEMATICS 


Sets, Relations and Functions 
(g) Constant function. 


Юу Мо. 
CHECK YOUR PROGRESS 15.9 


: х2 = x2 42 : 
ia (i) fog = ———— +2 (ii) gof = bee 
: (1-х)? L х? +1 Notes 
(iii) fof = x4 + 4x2 +6 (iv) gog = x 


2, (a) fog = 4x2 + 20x + 21 
gof = 2x2 -3 
fof = x4 - 8x2 +12 
рор = 4х +15 


(b fog =9, gof = 3, fof = x^, рор =3 


fog = Ж gof =, pfa 28 
(c) g ; 8 3-7: ff-9x-28, gog-x 
EE E 1 
6. (a) fog = |. 3 | (b) goh = —r (c) foh =|— 
x 
x3 
(d) hog к (e) fogoh(1) =1 
8 


CHECK YOUR PROGRESS 15.10 
iic (1) Domain is B. Range is А. 


1.5 
2.  ()f-9)-x-3 (b) f-6) = 5 
(c) Inverse does not exist. (d) #-1(х) = 2 = 1 
TERMINAL EXERCISE ^ ( 


l. (False Gi) True Gü)False ^ (iv)False 
2.  (0(1,2,3,4,6,7,8,9) Gi) (810,12) 
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(Av B)' = Shaded Portion 


Gi) 
(AnB)' = Shaded Porton 
(i) 
Е 
== (A - B)' = Shaded Portion 
= кыл = 
Fig. 15.97 
5  Q(46810 G(L2345678910. 099 


Gv) 11,2,3,4,5,6,7,8,9,10). 
6  G(AnaB) (Вет) .G)(AnB)oC 


Gi)[(A v B) u C] (iv) AU(BOC). 


A'n (BÙ C) = Shaded Portion 


Gi) 


== A' (С-В) = Shaded Portion 
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26 i.e., 64. MODULE - 
Function: 


10. (а), (b), (с), (d), (e) are functions. 
11. fı - Domain = {0,2,4,6,......100}. 
Range = (13,5,7,.....101). = 
Notes 


fj - Domain = [x -4, -6, ......]- 


Range = {4,16,36,.....}. 


Range = {1,-1}. 
f4 - Domain = {3,-1,4}. 
Range = 10,2,-1). 
e огы {езү 25043102) 
— Вапве = (0,12,3,.....]. 


12. (а) Domain-R. (b) Domain = R - (-11]. 


(c) Domain = x > -$ A xeR. 


(d Domain = x >-1,x <-6. (e) Domain = х2 2,051. 
13.5 Ча) Range - R (b) Range = АП values of y except at x = 2. 
1.31.2 59,4 
R Gh cie 
© жей язя x 


(d) Range = All values of v for x > ) 
15. (а), (c), (е), (Ð, (h). Use hint given in check your prog ess 15.7, Q. No. 7 for the solution. | 
16. One-to-one functions : (а), (4) Many-to-one funcdons ` (b), (с) 


17. (a), (©) 18. (а), (6), (с) 
19. Even functions: (a), (b), (c), (9, (е) 
Odd functions: (d), (e) 
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21. 


22. 


(a) fog = (4x -1)?, gof = 4х3 - 1, fof = x?, gog = 16x - 5 


3х4 -2x? +1 
ет 


жет = иу 
(x2 -2x «3 х! 


> 


fog = x^, gog = x^ - 4x3 + 4x? 
(с) fog = Vx - 8, gof = /х-4 -4, 
fof -УУх-4-4, gog-x-8 


(d)fog = x4 + 2х2, gof-x*- 2x2 +2, 


fof = x4 - 2x2, gog = x4 + 2x? +2 
1 
(a) 47 (b) (fog) (3) = 364, (gof)(3) = 289 
х 
(c), (d), (е) 
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1 6 j Notes < 


TRIGONOMETRIC FUNCTIONS - I 


We have read about trigonometric ratios in our earlier classes. Recall that we defined the 
ratios ofthe sides ofa right triangle as follows : A 


and cosec pes оба 200 =— 
c a c 


We also developed relationships between these B А [S с 


trigonometric ratios as Fig.16.1 

sin? 0--cos? 0 zl: sec? 0 - 1--tan? 0» созес? @=1+cot” @ 

We shall try to describe this knowledge gained so far in terms of functions, and try to 
develop this lesson using functional approach. 

In this lesson, we shall develop the science of trigonometry using functional approach. 


We shall develop the concept of trigonometric functions using a unit circle. We shall 
discuss the radian measure of an angle and also define trigonometric functions of the type 


y = sini x, y= cos x, y = tan x, y = cot x, y = sec x, у = cosec x, y = a sin x, y = b cos X, 
etc., where x, y are real numbers. 
We shall draw the graphs of functions of the type 


y = sin x, y = cos x, y = tan x, y = cotx, y = secx, and y = cosecx y=asin x, 
у =acosx. 


OBJECTIVES ( 


After studying this lesson, you will be able to : 

e define positive and negative angles; 

e define degree and radian as a measure of an angle; 

e convert measure of an angle from degrees to radians and vice-versa; 
MATHEMATICS 


MODULE - IV |. 
Functions 


Trigonometric Functions-I 


e — statethe formula 0 = г Ө whererand have their usual meanings; 


solve problems using the relation £ — r Ө; 
define trigonometric functions ofa real number; 
draw the graphs of trigonometric functionsyand 
e  interpretthe graphs oftrigonometric functions 


EXPECTED BACKGROU ND KNOWLEDGE 
e Definition ofan angle. ; 
° Concepts ofa straight angle, right angle and complete angle. 
. Circle and its allied concepts. < 


. Special products : (a tb) =a? +52 + 285, (азы) = a? xb) + 3ab (a: b) 
Knowledge of Pythagoras Theorem and Py thagorean numbers. 


16:1 CIRCULAR MEASURE OF ANG LE 
Anangleisa union oftwo rays with the common end point. An angle is formed by the rotation 
ofaray as well. Negative and positive angles are formed according as the rotation is clock- 
wise or anticlock-wise. 


16.1.1 A Unit Circle 

It can be seen easily that when a line segment makes one complete rotation, its end point 
describes a circle. In case the length of the rotating line be one unitthen the circle described will 
be a circle of unit radius. Such a circle is termed as unit circle. 


16.1.2 А Radian 
A radian is another unit of measurement of an angle other than degree. 


A radian is the measure of an angle subtended at the centre ofacircle by an arc equal in length 
to the radius (г) of the circle. In aunitcircle one radian will be the angle subtended at the centre 


ofthe circle by an arc of unit length. 


Trigonometric Functions-I [UN E 
MODULE - IV 


16.1.3 Relation between Degree and Radian Functions 


An arc of unit length subtends an angle of 1 radian. The circumference 2л (% г = 1) subtend 
an angle of 2л radians. 
Hence 27 radians = 360° 


T radians = 180° 


б radians = 909 


2 radians = 45° 


360) (180) 
1 radian = (2) 425) 
2n т 


2т 4 n 1 
or 1° = —— radians =—— radians 


360 180 
(i) 90? into radians (ii) 15? into radians 


(ii) radians into degrees. (іу) i radians into degrees. 
Solution : 

(i) 1° = 2m di 

i 360 radians 


т 
> 90°= 2n x 90 radiansor 90°= z radians 
360 1 


T o. 2T : о i 
(i) 15 moo Өг 15 12 radians 


360) 
(iii) 1 radian = (=) 


2 

Е radians = (23) 

gu 2л 6 1 

М radians = 30? 

o 
MCN 360 п) | ( 
iy < ( on «8) 

54222489 5 

10 гайды 18 
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тэ 
6. CHECK YOUR PROGRESS 16.1 
1. Convertthe following angles (in degrees) into radians : 

(i) 60° (4) 15° Gii) 75° (іу) 1059 (у) 270° 
2: Convertthe following angles into degrees: 


AE Vice pert e ua ЗМ Еа Л 
94 Ша INNAM E 
3; The angles ofa triangle are 45°, 65? and 70°. Express these angles in radians 
2 2 R 
4. The three angles ofa quadrilateral are 5 сн A Find the fourth angle in radians. 


58 Find the angle complementary to e 


16.1.4 Relation Between Length of an Arc and Radius of the Circle 


Anangle of 1 radian is subtended by an arc whose length is equal to the radius ofthe circle. An 
angle of2 radians will be substened if arc is double the radius. 


Anangle of 2% radians willbe subtended if arc is 2% times the radius. 
All this can be read from the following table : 


Length of the arc (/) Angle subtended at the 
г centre of the circle 0 (in radians 


r 1 
2r 2 
Сул 2% 
4r 4 


4 
Therefore, 9 = т oré=r0 


where т = radius ofthe circle, 
Ө —angle substended at the centre in radians 
and _ /-lengthofthearc. 


The angle subtended by an arc of a circle at the centre of the circle is given by the ratio of the 
length of the arc and the radius of the circle. 


ШШ MATHEMATICS 
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pa Find the angle in radians subtended by an arc of length 10 cm at the centre of MODULE -М 
acircle of radius 35 cm. Functions 


Solution : {= 10cm and г = 35 cm. 
10 
6 = < radians 3 or Ө = — radians 
г 35 
2 
or 0- 7 radians 
| Example 16.3 18 Dand C represent the number of degrees and radians in an angle prove that 
Df 
180 п 
| _ (360ү (180) 
Solution : lradian- | —— | or| — 
27. л 
180ү 
C radians = (c x 122) 
T 
Since D is the degree measure of the same angle, therefore, 
D=Cx 180) 
т 


р с 

whichimplies ------ 

A railroad curve is to be laid out on a circle. What should be the radius of a | 
circular track if the railroad is to turn through an angle of 45? ina distance of 500m? 


Solution : Angle Ө is given in degrees. To apply the formula /=гӨ,0 must be changed to 
radians. 


0 = 45? =45x—— radi EI 
x 180 radians (1) 
T. TE 
pe. radians 
(7 500m 40) 


; £ 
=r Ө gives r- — 
РА g 0 


г=209 n [using (1) and (2)] 


= 500x* m 
т 
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1 
E —=0.32 
Functions =2000 x0.32m t ) 


=640 т 
train is travelling at the rate of 60 km per hour on a circular track. Through 


| : 1258 
what angle will itturn in 15 seconds if the radius of the track is 6 km. 


Solution : The speed ofthe train is 60 km per hour. In 15 seconds, it will cover 


60x15 
60 x 60 


Express the following angles in radians : 


(a) 30° (b) 60° (c) 150° 
Express the following angles in degrees : 

т т T 
(а) = (b < Оу 


Find the angle in radians and in degrees subtended by an arc of length 2.5 cm at the 
centre ofa circle of radius 15 cm. 


A train is travelling at the rate of 20 km per hour on a circular track. Through what angle 
1 
will i&tum in 3 seconds if the radius of the track is 12 ofakm?. 


5. A railroad curve is to be laid out on a circle. What should be the radius of che circular 
track if the railroad is to tum through an angle of 60° in a distance of Og | 


6.. Complete the following table for/, r, o having their usual meanings. 
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16.2 TRIGONOMETRIC FUNCTIONS 


While considering, a unit circle you must have noticed that for every real number between 0 and 
_ .'2m, there exists a ordered pair of numbers x and y. This ordered pair (х, y) represents the 
coordinates of the point P. 


(ii) 


MATHEMATICS. : : | 67 | 


Fig. 16.3 


MODULE - IV | Ifweconsider 0-0 onthe unit circle, we will have a point whose coordinates are (1,0). 


Functions 


ic Fuhetions-1 


= 


If 0 = 2, thenthe corresponding point on the unit circle will have its coordinates (0,1). 
2 


In the above figures you can easily observe that no matter what the position of the point, 
corresponding to every real number Ө we have a unique set of coordinates (x, y). The values of 
xand y will be negative or positive depending on the quadrant in which we are considering the 
point. 

Considering a point Р (on the unit circle) and the corresponding coordinates (x, y), we define 
trigonometric functions as : 


ѕіп Ө =y, cos0-x 


tan 0 = (for x #0), соё => (for у #0) 
X 


1 
весӨ=1 (for x #0), ae (for y # 0) 
x 


Now let the point P move from its original position in anti-clockwise direction. For various 
positions of this point in the four quadrants, various real numbers @ will be generated. We 
summarise, the above discussion as follows. For values of 9 in the 

I quadrant, both x and y are positve. 

II quadrant, x will be negative and y will be positive. 

Ш quadrant, x as well as y will be negative. 

IV quadrant, x will be positive and y will be negative. 


or I quadrant II quadrant III quadrant IV quadrant 
АП positive sin positive tan positive cos positive 
cosec positive cot positive sec positive 
Where what is positive can be rememebred by : 
AL sn ten ico) 
Quardrant I II III IV 


If (x, y) are the coordinates ofa point P on a 
unit circle and 0, the real number generated 
by the position ofthe point, then sing —y and 
с080 = x. This means the coordinates of the P (cost sing 
point P cari also be written as (cos@, sin Ө) 


From Fig. 16.5, you can easily see that the 
values of x will be between —1 and + 1 as Р 
moves on the unit circle. Same will be true for 
yalso. 


Thus, for all P on the unit circle Fig. 16.4 
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; -1<х<1 -and —1<у<1 


Thereby, we conclude that for all real numbers 0 


—1< соз Ө<1 and -158 051 


Inother words, sing and cosQ can not be numerically greater than 1 
Ехатр!е 16.6 What will be sign of the following ? 
Tr 4n 5 
© singg 09) cos (8) tan— 


9 9 
Solution : 


7n 
(i) Since 7 18 lies in the first quadrant, the sign of si: sin ; vil be posilive. 


4n 4 
(ii) Since > lies in the first quadrant, the sign of cos will be positive. 


5 5 
(iii) Since c lies in the second quadrant, the sign oftan 77 will be negative. 


| Example Үгіс вечанезое © sin (сово бап 


Solution : (i) From Fig.16.5, we can see that the coordinates ofthe point A аге (0,1) 
" sin =1 ‚аз 510 = y 


Fig.16.5 
(ii) Coordinates ofthe point B are (1, 0) 
cos 0 = 1, аѕ cos 0 = х 


ENTE 
sin — 

БУ п 

(iii) tan —— 2. 
cos— 


— which is not defined 


Thus tan = isnot defined. 
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iz) 


MODULE - IV НО TTE Write the minimum and maximum values of coso . 


Functions Solution : We know that –1 < cos 0 <1 


e 


1. What will be the sign ofthe following ? 


2 : 5 . 
@ Т () 2 бі) 
У 35x 25т, à 
QU. oe Bh. un m (vi) 
(Мі) соѕес Ee (уш) сой In. 
3 8 
2. Write the value of each of the following . 
@ cost @ simo @ 
Зл : 
(iv) tan Eu (v) sec 0 (vi) 
3 
(vii) tan с. (УШ) сов2л 


16.2.1 Relation Between Trigonometric Functions 
Bydefiniion х 2 cos0 


у=зш Ө 


(cos6, ѕіпӨ) 


As tan8 =~, (x «0) 
х 


sin Ө пл 


со50” kon 2 


cos0 1 
ie, core ing — ang ( s n) 
\ 
Similarly, веб onc. (o E 
os 0 2, 


л, The maximum value of соѕ 151 and the minimum value ofcosQ 18-1. 


2л 
sec — 
3 


cot 27 
4 
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1 
and cosec Ө = FE (0 nx) 


Using Pythagoras theorem we have, x? + y? =1 


ie., (cos ө)? + (sin ө)? =1 


ог, cos? 0 + sin? 0-1 


Again x? + y? =1 
"pp 2 
EO о 


i.e. sec? 0 - 1-- tan? Ө 


Similarly, cosec? Ө =1 + cot? Ө 


ЖИШШ Prove that sin* Ө + cost 0 =1-2 sin? Ө cos? 0 


Solution : L.H.S.=sin* Ө + cos* Ө 
—sin^ Ө + соѕ 0 + 2sin? Ө cos? 0 — 2sin? Ө cos? 0 
:2 25/2 ЭЛЕ 
=(sin Ө + cos ө) — 2sin* Ө сов“ 0 


-1-25іп? Ө cos? Ө ( -: sin? Ө + сов? 0-1) 


=В.Н.5. 


1—-sin0 
"апное оаа 
Бош _ Ї-зш9 
olution : LHS. IXsino 
_ |(1-sin®) (1-віп0) 
(1+sin6) (1-sin®) 


_ [(1-sino? 
1-sin?@ 


MATHEMATICS 


Trigonometric Functions-I 


MODULE - 


Functions 5 (1-sin0) 


с080 созӨ 


= ес 0 - tan 0 = RHS. 


1 
If sind = 3 , prove that sec Ө + tan Ө = 22 given that Ө lies in the first 
quadrant. 


Soluti Ming ust 
Suiution : 29 


Also, sin? Ө + cos” 0-1 


2 
— cos? 6-1-sin20-1- 41. -40 (2) 


841 841 (29 


20 
= cos0- 29 (соѕӨ is positive as Ө lies in the first quardrant) 


"en 

20 
Dees d ngos ae 
2 20 20 20 


1. Prove that sin* Ө –соѕ 0 =sin? Ө – cos? 0 


2. IftanO= 7. find the other five trigonometric functions. 


b 
3. 1соѕесӨ= 38 find the other five trigonometric functions, if 6 lies in the first quardrant. 


14 cos 0 
1-сов0 


EB MATHEMATICS 


4. Prove that = cosecO + cotO 


i Trigonometrie Eunctions-I 


MODULE - IV 
Functions 


5 
.5. If cot 0+ созес 0 =1.5 , show that AES 
: 6.  IftanO-- sec =m, find the value of cos Ө 


7.  Provethat (tan A+2)(2 tan A+1)=5 tan A +2 sec? A | 


8. Prove that sinf 0+с056 Ө=1—3зїп^ Ө cos? 0 


cos Ө sin 0 
Е that ———— + ——— = cos 0 + ѕіпӨ 
9 Prove thai mecum m cos Ө + sin 
tan 0 А sin 0 
1+с050 1-сов.0 


10. Prove that = cot 0 + созес0 - sec Ө 


16.3 TRIGONOMETRIC FUNCTIONS OF SOME : 
SPECIFIC REAL NUMBERS 


птт T 
The values of the trigonometric functions of 0, 6 Up 3 and 2 are summarised below in the 


form ofa table : 


eia 
Nila 


Mh 
2 


юе 


sin 
cos 
tan 43 Not defined 


Аз ап aid to memory, we may think of the following pattern for above mentioned values of sin 
function: 


nem 
4' V4' (47,47 V4 
On simplification, we get the values as given in the table. The values for cosines occur in the 


reverse order. 
ПЕТТО (ЯЛ шд the value of the following : 


зола: т л 27 27 27 
— sin— — cos— cos— 4tan^ ——cosec^ —— cos — 
(a) sin лыг гес (b) 4 6 3 


MATHEMATICS Eo] 


Trigonometric Functions-I 


MODULE - М Solution : 


Functions sin Č sin 5 cos cos 
© аЗ аз 


242 
(b) 4tan? T- cosec? =- cos? 5 


«4 - (2) - m 


т 
Example 16.1398 А= and B=, verify that 


соз (А + В) =соз А cos В — sin А sin B 


Solution : L.H.S. = соз (A + В) 
) НЭТ 
36 2 


RHS = cos ~ cos 1 sin Č sin 
И 3 6 tB 


L.H.S. -0 - R.H.S. 
cos (A + B) = cos A cos B - sin А sin B 


1274. | MATHEMATICS 


Trigonometric Functions-I 


| MODULE - IV 
Functions 


CHECK YOUR PROGRESS 16.5 
ЇЕ Find the value of 


27 27 27 -27 27 27 27 
sin“ — + tan“ —-- tan^ — sin” —+cosec” —4sec^ ——cos^ — 
© 6 4 3 50 POR 6 4 3 


2x п 2л UL 25 2T 2T 27 
ii) COS—— cos— —sin — sin— 4cot -+cosec” —+sec* — tan^ — 
@ cor a ge ge 2 4 qn E 


(sin шан sin Е — cos z) + = 
ЙЫ кеш a 


2. Show that 


tan А + tan B 


—— — — —— (И) cos(A+B)=cosA cos В-віп A sinB 
1-tan Atan B 


© tan(A+B)= 


4. If Ө = 7, verifythe following : 


@ 3120 =25щ Ө сов 0 (4) ^ cos20- cos? 0 - sin 0 
-2cos? 0-1 


-1-2sin? Ө 
5. If A = © verify tha 


() cos2A = 2с052 A-1 @ ^ ian2A-————— 


(Ш) sin2A = 2 віһ А cos А 


16.4 GRAPHS OE TRIGONOMETRIC FUNCTIONS 
Given any function, a pictorial or a graphical representation makes a lasting impression on the 
minds of learners and viewers. The importance of the graph of functions stems from the fact that 
‘this is a convenient way of presenting many properties of the functions. By observing the graph 
ме can examine several characteristic properties of the functions such as (i) periodicity, (11) 
intervals in which the function is increasing or decreasing (iii) symmetry about axes, (iv) maximum 
and minimum points of the graph in the given interval. Italso helps to compute the areas enclosed 
by the curves of the graph. 


aE ES Ee e сыш : 
MATHEMATICS E 


MODULE - IV. | 16.4.1 Variations of sin as Ө Vai 
Functions 


Trigonometric Functions-I 


ries Continuously From 0 to 27. 


Let ХОХ and Y'OY be the axes of E 
coordinates. With centre О and radius 

OP = unity, draw a circle. Let OP 

starting from OX and moving in Ї 


anticlockwise direction make an angle x 
Ө with the x-axis, i.e. Z XOP = 0. Draw 


PM L X'OX, then sin0 = MP as OP=1. 

‘. The variations of sin Ө are the same as those of 
MP. 18 
I Quadrant: 

т 
Аз increases continuously from 0 to 2 
PM is positive and increases from 0 to 1. 

.. sinOis positive. 


n 
II Quadrant БА 


In this interval, Ө lies in the second quadrant. 
Therefore, point P is in the second quadrant. Here PM Fig. 16.8 
= у is positive, but decreases from 1 to 0 as Ө varies Y 


т 
from 210 т, Thus sins positive. E 
Зт СГА X 


III Quadrant Ё z] М М 
In this interval, Ө lies in the third quandrant. Therefore, 
point P can move in the third quadrant only. Hence 
PM = yis negative and decreases from 0 to -1 as Ө prev 
Fig. 16.9 


3л 
varies from т to >. In this interval sin Ө decreases from 0 to —1. In this interval sin Ө is 
negative. 

Зл 
ТУ Quadrant. 1757 2n 


In this interval, Ө lies in the fourth quadrant. Therefore, 
point P can move in the fourth quadrant only. Here again 
PM = y is negative but increases from -1 to 0 as 


Зл 
Ө varies from» to 2r , Thussin 018 negative in this 


interval. Fig. 16.10 


MATHEMATICS 


16. 42 Graph of sin Ө аѕ 7 varies from 0 to à 5 sit MODULE - IV 
` Let X’OX and ҮОҮ be the two coordinate axes of reference. The values of? are to be measured Functions 
along x-axis and the values of sine Ө are to be measured along y-axis. 


(Approximate value of V2 2141; Br =.707, ae =.87) 


42 


АҚ------------------------ті“<----------- 


Fig. 16.11 
(i) Maximum value ofsin 0 is 1. 
(i) Minimum value оҒ5іп Ө, is-l. idu 
Gi) Itiscontinuous everywhere. at 22 Ё 
(iv) Itisincreasing ош Oto Zand from. 31 to 04 2: i зн from; E to 4 


With the help ofthe graph d inFig.16.12we an always draw moter шэн Pu 
y=sin ө inthe interval of [27, 41] (see Fig. 1 16. Пу): idi Js 
What do you observe ? 

The graph of y = їп 9 inthe interval 2л, 47]is the same as that in 0 to 2n. Therefore, this 
graph can be drawn by using the property sin (2 + Ө) =sin Ө. Thus, sin Ө repeats itself when 


0 is increased by 2л. This is known as the periodicity of sin Ө. 


MATHEMATICS 


ТОСЕ Draw the graph ofy=sin20. ' 


Solution : 


Fig. 16.13 
The graph is similar to that of у:= sin 9 


Some Observations 
l. Theother graphs of sin 10, like asin 0,3 ѕіп20 canbe drawn applying the same | 
method. : x 
2. Graphofsin Ө, nother intervals namely [41,6], TA п, 0], {з л 12 a]; 
can also be drawn easily. This can be done with the help of properties of allied и 


angles: зіп (0 + 2 x) = sin Ө, sin (8 -2 2) = sin ei і.е, 0 repeats itself when 


increased or decreased by 27. 


Fa 
ы | CHECK YOUR PROGRESS 166 1 
1. Whatare the maximum and minimum values of sin Ө in (0, 27]? 


2. — Explain the symmetry in the graph of sin0 in [0, 2л] 


3. Sketch the graph of y'=2 sin 0, in the interval [0, z] 
MATHEMATICS 
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4.  Forwhatvaluesof Q іп (т, 2л], sin 0 becomes 


-1 
8 = (b) E 


5. Sketch the graph of y=sinx inthe interval of |-л, л] 


16.4.3 Graph of cos@ as Ө Varies From 0 to 27 


MODULE - IV 
Functions 


Asin the case of sin Ө , we shall also discuss the changes in the values of cos Ө when 0 assumes 


values in the intervals [oz], E zl. |x 37. 
5) 2 , , 2 


I Quadrant : In the interval Б Б | , point P lies in 
the first quadrant, therefore, OM — x is positive but 


т 
decreases from 1 to 0 аѕ0 increases from 0 02. 


Thus in this interval сов Ө decreases from 1 to 0. 
. cos Ө is positive in this quadrant. 


II Quadrant : In the interval Ё Е 4 , point P lies in 


the second quadrant and therefore point M lies on the 
negative side of x-axis. So in this case OM = x is 
negative and decreases from 0 to - 1as0 increases 


бош tom. Hence in this inverval coso decreases 
from 0 to — 1. 


cos Ө is negative. 


Зл 
III Quadrant: Inthe interval | > z] , point P lies 
in the third quadrant and therefore, OM = x remains 
negative as itis on the negative side of x-axis. Therefore 
OM = xis negative but increases from-1 to 0 as Ө 


: 3 
increases from т to = Hence in this interval cos 0 


increases from -1 to 0. 
cos Q is negative. 


IV Quadrant: In the interval ES л) , point P lies 


and E р an]. 
2 


Fig.16.14 


Fig. is 15 


[ams 
MZ 


P (x, y) 
Fig. bs 
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à -т, T 
1. (a) Sketchthegraphof у = cos Ө asQ varies from "i to T 


(b) Drawthe graphof y =3 cos 0 asQ varies from 0 to 21. 

(с) Draw ће graph of у = cos 30 from - 7 to 7 and read the values of 0 when 
cos = 0.87 and соз0=-0.87. 

(d) Doesthe graphof y = cos Ө in E 5 =| lieabove x-axis or below x-axis? 


(e) _ Drawthe graph of y = cos біп [2x , 47] 


16.4.4 Graph of tan Ө as Ө Varies from 0 to 27 
1 sin 0 
InI Quadrant: tan Q can be written as me 0 
1 
Behaviour of tan Ө depends upon the behaviour of sin Ө and ый 
In I quadrant, sin Ө increases from 0 to 1,cos Ө decreases from 1 to 0 


But 


= 6 increases from 1 indefintely (and write it as increasses from 1 to оо) tan 0 » 0 
5 tan ө increases from 0 to со. (See the table and graph of tan 0). 
sin 0 


In П Quadrant : tan0- 
cos 0 


ѕіп Ө decreases from 1 to 0. 

соз Ө decreases from 0 to -1. 

{ап Ө is negative and increases from — to 0 
InI Quadrant: tan 9= ae 

ѕіп Ө decreases from 0 to —1 

cos@ increases from —1 to 0 

{ап Ө is positive and increases from 0 to со 
InIV Quadrant: tan Ө = ad 5 
sing increases from —1 to 0 
сов increases from 0 to 1 
tan 0 is negative and increases form —со to 0 


27 7 
ШЕНИН ЕР 
БИ OM 


MATHEMATICS 


Graph oftan 0 


ЯНГ — 
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MODULE - IV 


Functions 


Fig. 16.21 


Observations 


16.4.5 Graph of cot Ө as Ө Varies From 0 to 27 
1 
The behaviour of cot Ө depends upon the behaviour of cos Ө and е as cot @=cos oris 
sino 
We discuss it in each quadrant. 
IQuadrant: cot0 = DU 
sino 


cos 0 decreases from 1 to 0 
sin Ө increases from 0 to 1 


~. Cot Ө also decreases from +coto 0 but cot Ө > 0. 


II Quadrant: cot 0 — cos 0x д 
ѕіп Ө 


соѕӨ decreases from 0 to -1 
sin Ө decreases from 1 to 0 


MATHEMATICS ШЕН 


MODULE - IV 
Functions 


Trigonometrie Function;.] 


: - п 
Sketch the graph of y = cos Ө asọ varies from 21 to rt 


Draw the graph of y =3 cos Ө asQ varies from 0 to 2л. 
Draw the graph of у = cos 30 from — л to л and read the values of 0 when 
cos Ө- 0.87 and cos0—— 0.87. 


=| lie above x-axis or below x-axis? 


(e) _ Draw the graph of y = cos @in [2r , 4n] 


(d) Doesthegraphof y = cos 0 in Ё В 


16.4.4 Graph of tan Ө as Ө Varies from 0 to 27: 


sin 0 
InIQuadrant: tan 0 can be written as 5576 


Behaviour of tan Ө depends upon the behaviour of sin @ and T 


In I quadrant, sin 0 increases from 0 to 1,со8 0 decreases from 1 to 0 


1 
But 4 increases from 1 indefintely (and write it as increasses бот 110 о) tan0»0 


os 0 
ч tan Ө increases from 0 to со. (See the table and graph of tan 0). 
sin 0 
cos 0 

3110 decreases from 1 to 0. 

cos 0 decreases from 0 to —1. 

їап Ө is negative and increases from - to 0 
InlllQuadrant; tan 0 = ET 
ѕіп Ө decreases from 0 to —1 
соѕӨ increases from —1 to 0 
tan 0 is positive and increases from 0 to о 

sin 0 


: tan Ө = —— 
In ГУ Quadrant: 556 


sing increases from -1100 
cos@ increases from 0 to 1 

tan @ is negative and increases form —o to0 
Graph of tan 0 


ВЕНЕ EHEBHHEE 
р |» ы] =]... | 


In П Quadrant: tan 0 = 


ке Еу 
БИРЕП 
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Fig. 16.21 


Observations 


16.4.5 Graph of cot 0 as Ө Varies From 0 to 27 


1 
The behaviour of cot Ө depends upon the behaviour of cos 0 and sing 250040-сов ge 
sin® 


We discuss it in each quadrant. 
T Quadrant: со10 = cos0x E 
sinO 


cos 0 decreases from 1 to 0 
sin Ө increases from 0 to 1 


<- cot 0 also decreases from +coto 0 but cot Ө > 0. 


II Quadrant: cot 0 — cos TRES 
ѕіпӨ 


со80 decreases from 0 to -1 
sin 6 decreases from 1 to 0 


MATHEMATICS Ёса 


MODULE - IV 


Functions 


=> cot0 < 0 or cot Ө decreases from 0 to —oo 


cot 0 2 cos 0x : 
ІП Quadrant: 53 ER 


соѕ Ө increases from —1 to 0 
sin Ө decreases from 0 to –1 


-~ cot Ө decreases from +оо to 0. 


1 
5 cot Ө = cos 0x —— 
IV Quadrant: sino 


cos increases from 0 to 1 
sin Ө increases'from —1 to 0 
cot 0« 0 
cot Ө decreases from 0 to — co 


Graph of cot Ө 


AE E 


SIT 


MATHEMATICS ! 
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(d) сог Ө can have any numerical value - positive or negative. à 
Functions 


(ii) The graph of cot 01 is discontinuous, i i.e. it breaks at 0’, т, 2n. 
(iv). Ав0 As values 0; т, 2л, cot Ө s changes fom 99 to + co 


С) 
Мый CHECK YOUR PROGRESS 16.8 


1. (а) Whatisthe maximum value of tan Ө? 


T 
ga 9 


(c) Drawthegraphof y = tan Ө from -л ton. Find from the graph the value of0 for 
which tan0 = 1.7. 


(b) Whatchanges do you observe in tan 0 at 7 EU 


2. (a) Whatisthemaximum value of cot 0? 
(b) Findthe valueof 9 whencot Ө = — 1, from the graph. 
16.4.6 To Find the Variations And Draw The Graph of sec 0 As Ө Varies "us 0 to 27. 


Let Y'OX and Y'OY be the axes of coordinates. With 
centre О, draw a circle of unit radius. 
Let P be any point on the circle. Join OP and draw 
PM | ХОХ. 
Fig. 16.23 V У 
ОВ 1 
зес 0 = —— 
OM “ом 


2. Variations will depend upon ОМ. 

I Quadrant: sec 0 is positive as OMis positive. 

Also sec 0 = 1 and sec + = © when we approach 2 KS 

from the right. IN ES 
2 T 2 


2. As Q varies from 0 to 2: вес Ө increases from 1 to 


Fig. 16.24 xj 
o. P 
II Quadrant : secQis negative as OM is negative. 
т т 
She. ce when we approach 5 from the left. Also sec x ГҮ x 
т=-]. 
ЗЕ s 
. As 0 varies from 2% п , sec@ changes from Fig.16.25 ү 
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— co to —1. 


T 
It is observed that азӨ passes through 2 sec 9 changes 


from +оо to —oo. 


Ш Quadrant : sec@ is negative as ОМ is negative. х E X 
sec x =—1 and sec SE е whentheangleapproaches ] 1 
Y i 


3n К Р 
> in the counter clockwise direction. As Ө varies from P 
n Fig.16.26 
T 0 , sec Ө decreases from –1 to — 0. 
Y 


IV Quadrant : seco is positive as OM is positive. when 0 


is slightly greater than T , sec 0 is positive and very large. 


Also sec 2л = 1. Hence sec Ө decreases from oo to las Х v. X 
0 varies from = to 27- Е 
v P 


It may be observed that as 0 passes through 


Зл 
22% Ө changes from — co to + co. 1627 


Graph of sec Ө 256 varies from 0 to 27 


Fig. 16.28 


аге Л MATHEMATICS 


АХ 


(а) | secO cannot be numerically less than 1. 


з E БХ 3 
(b) ° GraphofsecO is discontinuous, discontinuties (breaks) occuring at 2 and у : 


т 3x 
(c) As Ө passes through 5 and —- ,see Ө changes abruptly from +% to —© and then 


from —9 to +оо respectively. 


16.4.7 Graph of cosec Ө as Ө Varies From 0 to 27 


Let Х'ОХ and Y'OY be the axes of coordinates. With 
centre О draw a circle of unit radius. Let P be any 
point on the circle. Join OP aad draw PM 
perpendicular to X'OX. 


OP 1 
cosec Q2 —— = —— 
MP МР 
2. The variation ofcosec Ө wil! depend upon MP. Fig. 16.29 


Y 
P 

i Quadrant : cosec Ө is positive as MP is positive. 

T 
cosec — = 1 when 0 is very small, MP is also small and [| 

2 x Г x 
therefore, the value of cosec Ө is very large. m. 

л 

2. As Ө varies from 0 to 2 , cosec Ө decreases from 5 


wo to 1i Fig. 16.30 


II Quadrant : PM is positive. Therefore, cosec 0 is pu 
ыг л 
positive. cosec 5 =] and созес л = 9 when the 
revolving line approaches т in the counter clockwise А 
direction. is 7 
‚ л 5 
2. As Ө varies from to т ,cosec Ө increases from 


1 to oo. X, 
Fig. 16.31 
III Quadrant :PMis negative 


2. cosec 0 is negative. When Ө is slightly greaterthan m, 


MATHEMATICS 
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NU 


MODULE - IV 
Functions 


cosec 0 is very large and negative. 


Зп 
Also cosec TX 17 


з, 


x J Х 
: Зп 
2, As Ө varies from 7 to PE созес@ changes from 
'— co to - 1. 
P ү' 
It may be observed that as Ө passes through л, cosec 0 Fig. 16.32 
changes from + o» to -. Y 


IV Quadrant: 
PMis negative. 


Therefore, cosec Ө = — co as 0 approaches 2л. 


х 7 Х 
i 32 , 
-. as Q varies from № to 27, созес@ varies from — 
Y 


1 to—co. 


Graph of cosec 0 Fig. 16.33 


т | л|-2л | Sa 7п | 4x 
ое 
eo 2158 оар [| 


y 


Observations 


| 58 | MATHEMATICS 
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Soluton : 


y 
Fig. 16.35 


Fe 
CHECK YOUR PROGRESS 16.9 


1. (a) Trace the changes in the values of sec Ө when @ lies between —27 and 27 and 
draw the graph between these limits. 


(b) Trace the graph of cosec Ө when 0 lies between -2л and 27. 
16.5 PERIODICITY OF THE TRIGONOMETRIC FUNCTIONS 


From your daily experience you must have observed things repeating themselves after regular 
intervals of time. For example, days ofa week are repeated regularly after 7 days and months 
of a year are repeated regularly after 12 months. Position ofa particle on a moving wheel is 
another example of the type. The property of repeated occurence of things over regular intervals 
is known as periodicity. 


' Definition : A function f(x) is said to be periodic if its value is unchanged when the value ofthe 
variable in increased by a constant, that is iff (œ + p) =/(x) for all x. 


Ifp is smallest positive constant of this type, then p is called the period of the function f(x). 


1 
40700 is a periodic function with period p, then ку is also a periodic function with period p. 


16.5.1 Periods of Trigonometric Functions 
() sinx =sin(x+2nnm);n=0, +1, +2,..... 
(ii) cosx = cos(x - 2nn) ; n7 0, +1, +2... 
Also there is no p, lying in 0 to 27, for which 
sinx =sin(x+p) 


cos x = cos(x +p), forall x 


MATHEMATICS З | 89 | 


“Trigonometric Functions-| 


2л is the smallest positive value for which 


MODULE - IV 
Functions sin(x + 2x) =sinx and cos(x 2n) = cosx 
= => sin x and cos x each have the period 27. 
^ 


(ii) The period of cosec x is also27 because cosec x — 2492 


(iv) Тһе period of sec x is also 27 as sec x = E 
cos x 


(V) Also tan(x * 1) = tan x. 
Suppose p (0 « p « x) isthe period of tan x, then 
tan (x ер) = tan x, forall x. 


Put x = 0, then tan p 70, i.e., p= Oor т. 
=> the period of tan xis л. 


5, pcan not values between 0 and п for which tan x = tan (x + p) 


л, The period of tan x is л 


, therefore, the period of cot x is also л. 


2 Н 1 
(vi) Since cot x= 
tan x 


ЕхашрИе 16.18 Find the period of each the following functions : 


х 
(a) y=3 sin 2x (b) Y= 208: (yy =tan 2 
Solution : i 
NERZ 

(a) Period is >, кез. 

йн А 27 
(b) y =cos 2 X , therefore period — "m 4n 

2 


(c) Period of y= tan 


^ 
6. CHECK YOUR PROGRESS 16.10 
1. 


Find the period of each of the following functions : 
(a) y=2 sin 3x (b) y =3 cos 2x 


(c) y= tan 3x (d) y =sin? 2x 


ЕСЕ MATHEMATICS 


Trigonometric EFunctions-I 


) 
4| LET US SUM UP 


e X Anangleis generated by the rotation ofa ray. 


MODULE - IV 
Functions 


° The angle сап be negative or positive according as rotation ofthe ray is clockwise or| Notes 
anticlockwise. 


° А degree is one ofthe measures of an angle and one complete rotation generates an 
angle of 360°. 


e — Anangle can be measured in radians, 360° being equivalent to 2 radians. 


e  Ifanarcoflength / subtends an angle of Ө radians at the centre of the circle with radius 
г, мећауе/ =ғ0. 


e Ifthe coordiñates ofa point P of a unit circle are (х, y) then the six trigonometric functions 


are defined as sin0 = y, cos0 = x ,tan0 = У, cote =~, EU Lu and 
x x 


1 
созес 0 = +, 
y 


The coordinates (х, y) ofa point P can also be written as ( cos 0, sin Ө). 


Неге is the angle which the line joining centre to the point P makes with the positive 
direction of x-axis. 


e. The values of the trigonometric functions sin Ө and cos Ө when @ takes values 0, 


E 
(3:3 are given by 


, Graphs of sin 0. cos Ө are continous every where 
= Maximum value of both sin 0 and cos 0 is 1. 


eum Minimum value of both sin Ө and cos 15-1. 
== Period of these functions is 27. 


| MATHEMATICS 
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Functions 


l. 


Trigonometric Functions-I 
tan Ө and cot @ can have any value between —oo and +оо. 

3 т Эле: 
The function tan Ө has discontinuities (breaks) at 5 and © in (0, 2л). 


—  Itsperiodis л. 
— Тһе graphof cot 9 has discontinuities (breaks) at 0, 7,27. Its period is т. 


вес Ө cannot have any value numerically less than 1. 


Зп 
(6) Ithas breaks at - and 77. Itrepeats itself after 2n. 


(4) cosec cannot have any value between —1 and +1. 
It has discontinuities (breaks) at 0, т, 2л. 
It repeats itself after 27. 


СА 


http://www.wikipedia.org 
http://mathworld.wolfram.com 


TERMINAL EXERCISE 
A train is moving at the rate of 75 km/hour along a circular path of radius 2500 m. 
Through how many radians does it tum in one minute ? 


Find the number of degrees subtended at the centre of the circle by an arc whose length 
is 0.357 times the radius. 


The minute hand ofa clock is 30 cm long. Find the distance covered by the tip of the hand 
in 15 minutes. 


Prove that 
1-sin® 1 
новае весе - tang 
@ 1+sinð mi Oreo uno sec 
tan 0 cotO . А 1+ 5іп Ө 2 
148197) COUN Ibe i 
саев sin@cos® тр (tan 0 + sec) 


(e) sin? Ө — cos? Ө = (sin? Ө — cos? 0) (1— 2 sin? Ө cos? 8) 


(f) Jsec? 0 + соѕес2 Ө = tan 0 + cot 0 


т n 
If0 = 4 Verify that sin 30 = 3sin0 — 4sin? 0 


Г 97% | MATHEMATIC 


Trigonometrie Functions-I 


6. Evaluate: MODULE - IV 
25 Functions 
o «Ж o mi ө al) 
(d) sin Ч т () сов 2 п 


7.  Drawthe graph ofcos x from x = us io = 


$. Define aperiodic function of x and show graphically that the period of tan x is л, i.e. the 
position of the graph from х= x to 27 is repetition of the portion from x =0 to. 


MATHEMATICS 


MODULE - IV 


Functions A 
LJ ANSWERS 


CHECK YOUR PROGRESS 16.1 


Notes 5n Ch Зл 
улас @ ү uu mm 9 
27 (i) 459 (ii) 159 (iii) 9° (іу) 39 (v) 120° 

л Dm Мт Loe = 
егу UT наб ; 6 Е 
CHECK YOUR PROGRESS 16.2 
T T 5n 
CE DES т 
2. (a) 36° (b) 30° (c) 209 
3. : radian; 9,559 4. : radian 5. 95.54m 
6. (а) 0.53 m (5) 38.22 ст (с) 0.002 radian 
(d) 12.56m (е)31.4ст (f)3.75 radian 
(5) 6.28 m (h)2radian = (i) 19.11 m. 
CHECK YOUR PROGRESS 16.3 
15 (i)—ive (ii) - ive (iii) —ive (iv) + ive 
(v) + ive (vi)—ive (vii) +ive (viii) —ive 
2; (i) zero (ii) zero (iii) - j (iv)-1 
(у) 1. (vi) Not defined (vii) Not defined (viii) 1 


CHECK YOUR PROGRESS 16.4 


n 1 2 л 
23 sin® = =, cosg =, 2 = дээ 
15 T cot @ = 2, cosec Ө = V5, sec Ө 2 
3 sino = È "Lad - b 
: =, 0080------, 56с0- 
b b 4/527222)) 


| tan - а 
‚ cot0- = 
) ур 08 а б 1+m2 


тыш 


MATHEMATICS ` 
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CHECK YOUR PROGRESS 16.5 


ODULE - IV 


Functions 


E 2722 
iG (i) 4 2 (ii) 6 2 (iii) 1 (iv) B (v) Zero 


CHECK YOUR PROGRESS 16.6 
im. teal 3: Graph of y=2 sin Ө, [0,7] 


4. 


Fig. 16.37 
CHECK YOUR PROGRESS 16.7 


1. = cos, -2t 5 
(8) У 4 о 


x Fig. 16.38 


MATHEMATICS | | 


= Ч i оо 


Irigonometrie Functions 


MODULE - IV (b) y = 3cos6; 0 to 27 | 
Functions | 


Fig. 16.39: 
(c) y = c0s30,-7 ол 
cos 0 = 0.87 


Fig. 16.40 


т Зл 
(d) Graph of y = cos 0 in Б , =) lies below the x-axis. 
(e) y = cos0 
Ө liesin 2x to 4x 


y 


Fig. 16.41 


CHECK YOUR PROGRESS 16.8 


; 3 
l enie (b At > T there are breaks in graphs. 


MATHEMATI 
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MODULE - IV 
Functions 


(c) y-tan20, — n to x 
AL0-, n0 717 


2.  @lnfinite ^ (b)cot- -1 at 0 = = 


CHECK YOUR PROGRESS 16.9 
1; (а) 


а 


Fig. 16.42 


п 3л 
Points of discontinuity of sec 20 are at PLA in the interval [ 0, 2л]. 


(b) In tracing the graph from 0 to —25 , use cosec(-9) = – cosec Ө. 


CHECK YOUR PROGRESS 16.10 


2 2 

1. (a) Period is - (b) Period is 2 =u (c) Period ofy is A 

(@ y = sin? 2x = Те = 57 Bi = i Zoos 4x ; Period ofy is Miet 

х+1 
(y= T ), Period of y is 1 =3n 
3 

TERMINAL EXERCISE 

1 : 
1. 3 radian 2. 20.45? 3% 151 ст 
дон "m UMEN l 

2. B duum. € 


ii, 


ATHEMATICS EM 


Trigonometric Functions-I 


MODULE - IV 
Functions |7. 


Notes 


MATHEMATICS 


MODULE - IV 
Functions 


TRIGONOMETRIC FUNCTIONS-II 


Inthe previous lesson, you have learnt trigonometric functions of real numbers, draw and interpret 
the graphs oftrigonometric functions. In this lesson we will establish addition and subtraction 


formulae for cos (A +B), біп (А +В) and tan(A +B). We will also state the formulae for 
the multiple and sub multiples of angles and solve examples thereof. The general solutions of 
simple trigonometric functions also discussed in the lesson. 


MSN 
Є) шланг 


After studying this lesson, you will be able (0: 


e write trigonometric functions of —x, > xty, à +x,m+x wherex, у are real nunbers; 
e establish the addition and subtraction formulae for : 


cos (A + B) = cos A cos B + sin A sin B, 


tan А +tanB 


зїп (А + В)-віп А соз В + cos A sin B and tan (A +B) =—————— 
lxtanAtanB 


° solve problems using the addition and subtraction formulae; 
e state the formulae for the multiples and sub-multiples of angles such as cos2A, sin 2A, tan 


| ICA IUTA A 
2A, cos ЗА, sin ЗА, tan ЗА, sin —,cos— and fan; and 


e solve simple trigonometric equations ofthe type : 
sinx = 0, соѕх =0, tanx =0, 


sinx=sina. соѕх = cosa, tanx = tana 


MATHEMATICS ШОН 


Ггіропотсігіс Functions-II 


su ILE EXPECTED BACKGROUND KNOWLEDGE 


Functions e Definition oftrigonometric functions. 
2 e Trigonometric functions of complementary and supplementary angles. 
ч e Trigonometric identities. 


Biel 17.1 ADDITION AND MULTIPLICATION OF 
TRIGONOMETRIC FUNCTIONS 


In earlier sections we have learnt about circular measure of angles, trigonometric functions, 
values of trigonometric functions of specific numbers and of allied numbers. 


You may now be interested to know whether with the given values of trigonometric functions of 
any two numbers A and B, it is possible to find trigonometric functions of sums or differences, 


You will see how trigonometric functions of sum or difference of numbers are connected with 
those of individual numbers. This will help you, for instance, to find the value of trigonometric 


es 


: T 5n 
functions of 12 and 12 еїс. 


Жақы Да 
12 Can be expressed as 7 = 
| 57 пл 
| E —L—— 1 

12 can be expressed аз ae | 


Tm 


How can we express 12 inthe form of addition or subtraction? 


In this section we propose to study such type of trigonometric functions. 
17.1.1 Addition Formulae 
| Forany two numbers A and B, 


| соз (А + B) = cos А cos B—sin A sin B 


| HM ха. A ы 
given figure trace out a | 22-78 (1,0) 
ZSOP-A cos (A+B), sin (A+B) 
ZPOQ=B Rony 


cos (-B), sin (-B) i 
Z SOR --B 
| Fig. 17.1 
where points P, О, R, S lie on the unit circle. 


Coordinates of P, О, R, S will be (cos A, sin A), [cos (A + B), sin (A+B)], 
[cos(-B), sin -B)], and (1, 0). 
From the given figure, we have 


MATHEMATICS 


Trigonometric Functions-1I 


MODULE - IV 


side OP = side OQ [cos (А+В), sin (А+В)] 
Functions 


Z POR = Z QOS (each angle  Z B +4 QOR) а 


р [cos A, sin A] 
side OR = side OS № 


APOR = AQOS (by SAS) ДА sao 
РК = QS 
R [cos (-B), sin (-B)] 
PR = A (cos А — cos в)? +(sin A -sin(-B)? 
Fig. 17.2 


QS = A (cos (A +В) -1)? « (sin(A 4 B) - 0)" 
Since PR? = 082 
. cos? A + соѕ2 B- 2cos A cos B «sin? A - sin? B+2sin A sinB 


= cos? (A + B) -1-2cos(A + B) - sin? (A +В) 
=> 1+1-2(соѕ А cos B-sinA sinB)=1+1-2cos(A+B) 


=> cosAcosB-sinA зїп В = cos(A +В) (1) 


Corollary 1 


Proof : Replace B by -В in (I); 
cos(A — B) = соз A созВ + sin A sin B 


[^ cos(-B) = созВ and sin(-B) = –іаВ] 


Corollary 2 


Proof : We know that ЕЕ x А) =sinA 


and sin( 5-4} =00s a 
sin (А + Е] 


“Эд T 


MATHEMATICS | 


MODULE - IV 
Functions 


Proof: Replacing B by – В in (2), we have 


sin(A --(-B)) = sin А соѕ(-В) соз A sin(-B) 


or їп (А — B) = ѕіп AcosB —cos A sinB 


Example 17.1 


(a) Find the value of each ofthe following : 


sin2* cos 
@ sin, (4) 20812 


| 223700 п Жог 
=sin—-cos—+cos—:sin— 
FI ges fron iie А 


т TOES o лы 
= cos—-cos—+sin 5. sin = 
4 6 4 


6 
2-11-50 


Observe that sin = = созу 


ШІН MATHEMATICS 


Trigonometric Functions-H 


| MODULE - IV 


SD AT пл : 
(iii) cos, = 008 БОЛД Functions 
т т : 
=cos—-cos—-sin —- sin— 
3 9 
af 1-48 125583 
2 45 Ор 22/2 
cos 17. 158. 
127 232 


(b) sin(A+B)=sinA cos B--cosAsinB 


| 11:23 1192 
cos A =,|1-— == d ЕВ ам 
10 Jio and соѕВ - ,|1 5 5 


Substituting all these values іп (II), we get 


T 
A+B=— 
or 4 


CHECK YOUR PROGRESS 17.1 


1 (a) Find the values of each ofthe following : 
i) sin ii аве ЦЫ 
(snis 252000205 
(b) Prove the following : 


@ ZEE о (cos+v3 sin) (ii) sin( 4- ^)- Fz (cos —sin A) 


(c) If їп А E and gah and sin(A - B) 
17 13 
2. (a) Find the value of cos 2. 
(b) Prove the following : 


@) cos0+sind = 2еов[Ө-® @ V5 пө-созё=2зщ|Ө-*) 
MATHEMATICS по | 


Trigonometric Functions-Hl 


MODULE - IV | 


: (8) cos(n +1) A cos(n-1) A+ sin (n +1) А sin (п—1) А = cos 2А 
Functions ~ 


(iv) өң 5.4) (2-5) + sin ЕС біп (z-s) — cos (А +В) 


sin (А +В) 

соз(А +В) 
_ Sin А cosB+cos A sin В 
cos А соз В—5їп A sin В 

Dividing by cos A, cos B, we have 


Proof: tan(A -B)- 


sinAcosB cos A sinB 
cos А cosB сов А cosB 
cos А cosB _ sin A sinB 
сов А cosB cosAcosB 


tan (А+В)= 


aan A p. eee LL (Ш) 
1-tanA tanB 


Proof: Replacing B by – B in (III), we get the required result. 


соз (А+В) _ созА cosB-sinA sinB 
sin(A+B) sin A cosB+cosA sinB 

Dividing by sin A зи В. we bave гс "SR OAM Ot... (IV) 
cot A cot B-1 

cotB+cotA 


Proof: cot (A+B) = 


cot (А +В) = 


ЕТШ а МАТНЕМАТІСЅ 


Trigonometrie Functions-II 


Similarly, it can be proved that 7 MODULE - IV 
Functions 


Е ) I-tanA 
tan| ——A |= 
4 1+1 А 


T T 
Solution tan Z = tan{ 2 z) pe ere 
ОШ 4 bun тыт = 
x. PE лы 
4 6 
1-4 
Ши: uS 
E 15 ді 
1-1.-- " 
43 


.(43-1)(8-1). 4-248 
(341(5-1) 2 


-2- 43 5 tn =2- Уз 
| Example 17.3 Б the following : 
соз — + sin TE 
36 4л 
(a) 7n = tan 9 
cos — -sin — 
; 36 
(D ^ tan7A – tan4A — tan3A = tan 7A tan4A - tan3A 
(c) unis 5 aa 
18 9: 18 
: i А 7n 
Solution : (a) Dividing numerator and denominator by cos 36° we get 
Tt Tt 
cos—+sin 1+tan 
ЇЇ -——36 Зб 36 
5 7n 7л Tm 
cos— —si 1—tan 
6 36 
tan ® + tan 18 
2 4 36 
1-ден Seo 
4 36 
z ( х, Т) 
4 36 


MATHEMATICS 


MODULE -V |. 
Functions 


Trigonometric Functions.) | 


= tan 157 = tan f = RHS. 
36 9 


tan 4A + tan3A 


(b) tan 7A uA SA) з эврүү 


tan 7A - tan 7А tan4A tan3A = tan 4A + tan3A 
tan7A —tan4A —tan3A - tan7A tan4A tan3A 


5n 2n 
tan — + tan — 
© пт = tan{ 4 2) В №. 
18 18 18/ 1 tan 2” tan 27 
18 18 
TE an 7 tan tan 25 = tan P + tan 25 | 
18 18 18 18 18 18 
А ЕЗЕТ 
18 2-48 9 18 
‚ (1) can be written as 
Tm 27 5n 2n 5л п 
tan — – cot — tan — tan — = tan — + tan — 
м 18 148 во 
e Lud 
1 9 18 


1. Fill inthe blanks : 


@sin{ 5A )sn(3-A)- LM ае Z+ T)eos( 7-7) - E 
2. (a) Prove the following : ` 


@ Е ә)ш(5-ө) -L 


cot A cot BH 


(ii) cot(A - B) = "LIES 


a и © 
(b) If tan A = tanB = qp Prove that 


BEER EH)- Scho, 
bd – ac 


Ж MATHEMATICS 


та 


Trigonometric Functions- 


11 
(c) Find the value of cos m 


3. (a) Prove the following : 


сов0-віһ0 | 


Ө + sin 
Ош[1+^ Jun IA ot (ii) шана Бс 


cos Ө — ѕіп Ө T 
P ШИН 220 
(i) cos 0 + sin Ө E ) 


17.2 TRANSFORMATION OF PRODUCTS INTO SUMS 
AND VICE VERSA 


17.2.1 Transformation of Products into Sums or Differences 
We know that 


зїп (А + B) = sin A соз B + соз A sin В 
sin (А-В) = sin А соз B – cos А sin В - 
соз( А + В) = соз А соз В—зїп AsinB 
cos (А-В) = соз А соз B + sin A sin B 
By adding and subtracting the first two formulae, we get respectively 
2sin A соз В = sin ( A + B) + sin (A – B) 
and . 2cosAsinB = sin (A + B) - sin(A - В) 
Similarly, by adding and subtracting the other two formulae, we get 
2cosAcosB = cos(A  B)4-cos(A - B) 
and 2sinAsinB = cos(A - B)- cos(A +В) 
We сап also quote these as 
2sin A cosB = sin (sum) + sin ( difference ) 
2cos AsinB = sin (sum) — sin (difference ) 
2cos A cosB = cos (sum) + cos ( difference ) 
2sin A sin B = cos ( difference ) — cos (sum) 


172.2 Transformation of Sums or Differences into Products f 


Inthe above results put 


MODULE - IV 
Functions 


С) 


MATHEMATICS ETE 7 7 | 107 | 


Irigonometric Functions.) | 


MODULE - IV A+B=C | 
Functions and A-B-D 


Then A = E and B - E and (1), 2), (3) and (4) become | 


EHD C-D | 


sin C + sin D = 2sin cos 


ооа RE 


cos С + cos D = соўс 


C+D.C-D 

2 1 
17.2.3 Further Applications of Addition and Subtraction Formulae 
We shall prove that 


cos D — сов С = 2sin 


(i) sin (A + B)sin(A — B) = sin? A – sin? B | 
(1) cos ( А + B)cos(A — B) = cos? A – sin? B or cos? В — sin? A 
Proof: (i) sin(A +B)sin(A - B) 

= (sin A cos B + cos А зїп B) (sin A cos В - cos A sin B) | 
= sin? A cos? B – cos? A sin? B | 
= sin? A(1— sin? B) - (1- sin? A )sin2 В | 
= sin? A – sin? B | 

(ii) cos(A + B)cos(A - B) | 
= (соз А cos B — sin A sin В) (cos A cos B + sin A sin B) 
= cos? A cos? B — sin? A sin2 B 


cos? (1- sin? B) — (1— cos? A )sin2 B 


= cos? A – sin? В | | 


= (1—52 А)—(1-соз?В) 


= cos? B - sin2 A | 
DST al We Express the following products as a sum or difference 


: 3 ‚эле 
()2sin30cos20 (0) соѕ60 cos ii) sin e sin 5 


| 
| 108 | MATHEMATIG | 


Trigonometric Functions-H 


MODULE - | 


Solution : 
0) 2sin 30 соз 20 = sin (30 + 20) + sin(30 — 20) Functions 
= sin 50 + sin 0 
2223 
(ii) cos 60 cos 0 = x 2 cos 60 cos 0) 22 
Notes 
1 
= 21%8(66 +0) + соз(60-0)] 
1 
= 5 (505 70 + cos 50) 
iii EC a 2 Х зэв s ane 
аа e 12 12 
Ц ЕЗ ЕЗ 
= —| cos — cos 
2 12 12 
1 | п z] 
= —| cos— = cos— 
2 3 2 
29:21:17) ЕЙ Express the following sums as products. 
i cos ee sin + cos 7 
Ш Ы; 36 
Solution : 
ў 57, 7т, 5%5+7% |5т-7т 
(i) cos — + cos— = 2 cos COSE =. 
9 9 9x2 9x2 
2x т : n T 
= OR “5 со5| -- | = cos — 
2cos 3 ойт [ Ч 3 z] 
= 2e0s{ x - юэ 
3 9 
2-2 cos cos = 
3 9 
= —cos— | "cost = H 
TERO SAT) 
5n Tn E =з 52710 
(ii) sin + cos— -sin| ——-—— | +005 = 
36 36 Ц291227-:319 36 
7л 
= cos —— + cos — 


MATHEMATICS 


MODULE - IV 137 +78. Dr- T 


2 = 2 cos ———— cos 
Functions 36x2 36x2 
57 т 
= 2 cos — cos — 
18 12 
cos 7A - cos9A 
à Ех: 5 ———— = tan8A 
Notes | Ехапар!е 17.6 Prove that АТА 
Solution : 
. TA+9A . 9А – 7А 
2sin ——— — sin 
Lis = ee eee 
9А+7А . 9А – 7А 
ов soya 


_ sin8A sinA ѕіп8А 


2 - - = tan $A = R.HS. 
cos8A біп А — cos8A 


Example 17.7 Ртоуе (һе following 2 


Geo (4 - A J- se (5-5) -sin(A + B)cos(A — B) 


i) sin? Нил Бе LT yd 


Solution : 
(i) Applying the formula 


cos? A — sin? В = cos( A + В)соз( A – B), we have 


т т т T 
= —-A-—-B --А-- 
LHS. cos| х ІІ 4 А 4 + B| 


= «| -(А48) |ы (а-в) 


= sin (A + B)cos(A — B) = RHS. 
(ii) Applying the formula 
sin? A — sin? B = sin(A + B) sin (А — В), we have 


825224 58-652 $12: 28. 22 
-sin—sinA 
157; 
) VO END IUE 


EUN MATHEMATICS 
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| Example 17.8 | Prove that MODULE -М 
Functions 
т 4n 1 


T 2n 
COS—COS——COS—COS— = — 
9 9 3 9 16 


Solution : L.H.S. cos 2| 23 SOLE 


9 
= 5-5 | 208% |ы $E cost = | 
о 9 9279 9 "o 
| энэнд ы 
= —| cos— + cos— |cos — 
1-4 Ц 4n | 
= —cos— + —|2cos—cos— 
9 9 
1 4x | 5л | 
= —cos— + —| соз — + cos— 
9 9 
1 1 И. 
= cos — a ie Г gel о 
0 оо 16 (1) 
5n 4n 4n 
— = cos == Bet Uo О Og ЧАЛИК es c vu tam cR PR ы 
Now cos 9 с Е 9 | 9 (2) 


From (1) and (2), we get 


1 
= — = RHS. 
L.H.S. 16 


p 
ol CHECK YOU 


1. Express each ofthe following as sums or differences : 


R PROGRESS 17.3 


(a) 2cos 30 sin 20 (b) 2sin40sin20 
т т cud T 
2 cos — cos — 2sin—cos— 
(c) cos 4 cos i2 (d) 3 6 
2. Express each ofthe following as a product : 
(а) sin60--sin40 (b) sin70 —sin30 
(© соѕ20 – cos 40 (d) со570 + cos50 


MATHEMATICS EN 


Trigonometric Function; || 


п 
9 18 _ 
SIR 47 _ т желе - 16.1 
(а) ир кез pow (b) шее 
18 9 
"LEE TR ant 49 d coo ЩЕ 
(с) шош 18 18 (4) 9 9 9 


4. Prove the following : 
(a) sin? (n 4 1)0 – sin? nO = sin (2n +1)0 -sin Ө 
(b) cos Bcos( 2a — В) = cos? a. — sin? (а — В) 
; 3 
(c) cos? л - sin? 7 = Д 
| 2| л -2(т і 
||. Show that COS rae т sin zy is independent of Ө. 
6. Prove the following : 


біп Ө + біп 30 + sin 50 + sin70 | 


ап 40 
cos Ө + cos 30 + cos 50 + cos 70 


(a) 


sin" sin 2 sin 2 sin 2% = T. 
в авы 16 


(c) (cosa + cos B)? + (sina + зїп В)” = 4cos? Р 


173 TRIGONOMETRIC FUNCTIONS OF : 
MULTIPLES OF ANGLES 


(a) To express sin 2A in terms of sin A, cos A and tan A. 
We know that 
зїп (А + В) = sin A cos В + cos Asin B 
By putting B — A, we get 
sin2A = sin А cos А + cos Asin A 


= 2sin А cos А 
2. Sin2A can also be written as 
add - 2sin Acos A 
Lae COSA eA (^ 1 = cos2 A + sin2 A) 


Dividing numerator and denomunator by cos? A , we get 


ШЕШ MATHEMATIO 


Trigonometric Functions-l1 


MODULE - | 
( sin А cos А } . Function: 

РА ОА. 2% _2tan A 
cos? A  sin2A 1+ tan2A 


cos? А  cos2A 


(b) To express cos 2A in terms of sin A, cos A and tan A. 
We know that 


соз ( А + В) = cos A cos B - sin Asin B 
Putting B = A, we have 

cos 2A = cos А cos А - sin Asin А 
or соз 2А = cos? A — sin? A 
Also cos 2А = cos? A — (1— соз? A) 


= cos? A — 1-- cos? A 


: 2 1+ cos2A 
16, соз 2А = 2с052 A - 1 E cos? А = EE 
Also cos2A = cos? A - sin? А 

-]-sin2A —sin2A 
: ЦЭС 1- соѕ 2А 
1е., cos2A =1- 2sin2 A = gm em. 


cos2 A — sin2 A 
соѕ2 A + sin? A 


Dividing the numerator and denominator of R.H.S. by cos? A, we have 


cos 2А = 


1- tan? А 
1+ tan? A 
(c) To express tan 2A in terms oftan A. 


соз 2А = 


tan А +tan А 
tan2A = tan(A-- A) = 
= А eae 

_ 2tanA 
1— tan? A 


Thus we have derived the following formulae : 


sin2A = 2sin Acos A = санан! 
1+tan2A 
2 
5 1-1аа:А 
cos2A = cos? A—sin? А =2соз? ГА-1-1-2882 Ac — —7— 
1+tan“A 


MATHEMATICS ШИ 


MODULE - IV tn2A = 26A 


+ CO: 1- cos2A 
2 1+ соѕ 2А 112 


T М 
Example 17.9 Ыы вт Verify the following : 


2tanA 


@) sin 2А = 2sin А cos А = ТЕР 


И 1- tan2 A 
(ii) соз2А = cos? A - sin2A = 26052 A-1-1-2si А = е 


2tan A 
ji) tan 2A = 
@ 1— tan? А 
Solution 
@ sin 24 = sin = 3 
2sin Acos A = 2sin = cos~ = 2x1 33. В 
; 6 6 Ур 2 


1+ а? А | tan? ™ Ie 3 

Thus, it is verified that $ 
СОА соз АВВ: 
1+ tan? А 


2 
EJ SET 


uo КЕЕ 
4 2 


2 
1-252 A - 1-252 -1- 2x (2) керы е | 
6 2 4 2 


ШЕ j MATHEMATICS 


Trigonometric Functions-H 


Thus, it is verified that 


Но 
соз2А = cos? A= ЗАКЕ. tan^ A 
1+ tan? A 
(i) tan2A = tn 248 
л 1 
2tan— 2х-- 
28 -——6 -— 3-23-83 
]-tan^ A Тар 1-1 Su o 
3 
2tanA 
Thus, it is verified that tan 2A = 
1- tan? A 


Ex le 17.10 P мыс эу 
ТОМОВА 


sin2A 25іпАсоѕА 
1 + cos2A 2cos? А 


_ SinA 
cos A 


аи  Й18 Prove that cot A — tan A = 2cot 2A. 


Solution : cot A — tan A = EN 
tan A 


Solution : 


1- tan? A 
tan A 
2(1- tan? A) 
2tan A 
2 


( tan А | 
1-tan2 А 


= 2 cot 2A. 


~ tan 2A 


л 3т 
Ехашре 17.12 Evaluate cos? 27 cos? ig: 


MODULE - IV 
Functions 


MATHEMATICS | 15 | 


Trigonometric Functions-I] 


MODULE - IV | 


: 1+ cos 2 1 + cos 27 
Functions Solution : cos? 7-4 cos? 3T. = 4, 4 
8 8 2 2 
SS (o LL Nem 
TE zb Ер 
Notes 2 2 
_ (G2 «0 «(2 -1) 
242 ax 
cosA TA 
хатое 17.13 =tan| —+— |. 
d. {аш + tn 4 
Solution : RH.S.= ТЕ * $) Е 
1- tan tan = 
4 2 
А 
Sin — 
18--4- 
А А 
cos — cos — + Sin — 
Ё VR DO: 
A A 
Sin — cos — — Sin — 
ЛЕ ЭБЭ 
саз 
2 


2. 
[Multiplying Numerator and Denominator by ( TU J 


2 2 
cos? сано us 
A 2 2 
cos? А+ uin? шир ЭЭЛ 
2 2 9 03 


Dp. Roy ria 
1-sinA 


Ехашр/е SUA ES Prove that 
) | (соза — cosp)? + (sina - sing}? = 4sin2 ®—Ё 
ae 


Trigonometric Functions-H 


MODULE - IV 


Solution : (cos a -совВУ + (sino. — sin)? 


Functions 


= cos? a + cos? B — 2 cos a. cos В + sin? о + sin? B — 2 sin æ sin В 
= 2 - 2(cosa соз + ina sinB) 


- 2(1- cos(a - p)] 


еВ 
2 2 


CHECK YOUR PROGRESS 17.4 


1. ША = =, verify that 


(а) зіп 2А = 2sin A cos A = ош 
1+1ап2 A 
e 2 
(b) соз2А = cos? A - sin? A = 2cos A12 1-2sin? A = 220 А 
1+tan“ А 


3 T 
2, Find the value of sin 2A when (assuming 0 < A « 2) 


3 12 16 
А-- sin A = — {аА = —. 
(a) зА == (b) Fas М 2 
9; Find the value of cos 2A when 
15 4 5 
= — ША =- tan A = — 
()esA-:7 (5А == (0) = 
4. Find the value oftan 2A when 
3 a 
tanA'- — {ап А = — 
GnA-- — (9 5 
‚э unu 
p Evaluate sin? 8 + sin2 FE 
6. Provethe following : - 


1+sin2A T 
———— = tan? | —+A = Sec QA. 
@) 1-віһп2А Е | 0] соѕ2 A –1 


іп 2А 
7. (a) Prove that en =cosA (b) Prove that tan А + cot A = 2cosec2A. 


082A 
A 
8. соз А =ш[®-) 
(а) Prove that Tissu TRUM 45:22 


а -В 
2 


(b) Prove that (cos @ + cos B? + (sina -віһр)? = 4cos? 


| : 
Lem ШЕ 


MODULE - IV 
Functions 


3tanA —tan? A 


tan3A = 
(c) 1-3tan? А - 


; - in AL SED 
2. Find the value ofsin3A when (а) sin A = 3 (b) sinA = 4 
1 b) cas / c 
3. Find the value of cos 3A when (à) cos A = 53 (b) cos A = ii 
т л 1 ‚3, ; 
4. Prove that cos о cos 37% cos 3*9" = 700330. 


: BELIZE. . m 
СА (a) Prove that sin3 B - sim = isn? — sin z) 


(b) Prove that ЭВА - $0834 is constant. 


5ш А_ cosA 


ЗА 
(a) Prove that cot 3A = 5085-3083, 
3cot2A – 1 
(b) Prove that 


cos 10A + cos8A + 3cos 4A % 3c052A = 8cos A cos? ЗА 


TRIGONOMETRIC FUNCTIONS OF 
SUBMULTIPLES OF ANGLES 


А АА { 
P 3^ 4 called submultiples of A. 


It has been proved that 


sin? A _ 1 00824 


— cos 2A 
‚ оз? = 1* сов2А. _ 1—cos2A 


1+cos2A 


tan2 A 


| А | 
Replacing A by 2 › Weeasily get the following formulae for the sub-multiple 


. А 1-со8А А [m : 1 – cos A 
sin—=+ Es COS А А _ 1 = СОЗЫ 
i 2 2 si" T ME S and rm 14 cog А Я 


We will choose either the Positive orthe negative sign depending on wheth 


er correspo ің 
value of the function is Positive or negative for the value of 4 . This will be clear боті 


following examples 
т —— 


Trigonometric Functions-H 


А T T 


Solution : We use the formulae сөз еэ Us = A 


MODULE - IV 
Functions 


and take the positive sign, because 


T T 
— соз == iti 
cos 12 and 24 46 both positive. 


14 cos £ 
cos © = + дё б. 
12 2 


(ав 143425 -(1+45) | 


it 242 + УЗ +1 

EET 

d [4+ V6 2 
8 


| Ї-совА 
Solution : We use the formula sin = CU 


: л Үс : 
and take the lower sign, 1.е., negative sign, because sin ( - z) is negative. 


MATHEMATICS : 


MODULE - IV 5 
Functions I ЕВ 


If cos А = x and = < A < 2r, find the values of 


(i) sin 5 (ii) cos А (ii) tan А 
2 2 2 


Solution: - A lies inthe 4th-quardrant, 37 < A < 27 
2 


шде 
me 45 


e a tan <0. 


2, Find the values of sin Z and sin E 
12 24 


Trigonometrie килсе 


1+2. 
сов Иа и 
2 2 


ЖАРА ER 
50 


8, Determine the values of 


(a) sin - (9) созт (с) tan—, 


Prove that following : 


‚лт 45-1 л 10-245 
(a) sin — = ——— and cos— = — — —— 
10 4 10 4 
т 5 +1 л 110-245 
b) сов = + == 
(b) сов:- 1 d n 1 
Solution : (a) Let Ac ЗА ВЕ 
on : (a) Let =10 2 2 
2A = ®—3А 
2 


sin2A = sin( ® -зА) = cos3A 


2. 2sinA соз A = 4cos? A — 3cos А 
or cosA[2sinA —4cos? A +3] = 0 


MODULE - IV 


Functions 


:MATHEMATICS |. ; | 125 | 


Trigonometric Functions-I1 Wi 


MODULE -IV |, 
Functions 


© 


Now 


Now 


cos А + 0 and | – sin? А = cos? А 


2. (1) becomes 2sin A - 4(1-sin? A) +3 = 0 


4sin2 A + 2sinA – 1 = 0 


г -2:44416 -14+V5 
sin A 2—————-———— 
8 4 
mom 
4 
TU 45 -1 
sin — = —— 
10 4 
D Hsc 45-1} 410425 
cose втра 
10 10 4 4 
122 ace 
10” 5 
cos2A =1-2sin2A 
2 
л 45-1 6-245| 2-2,5 
cos— =1-2 =1-2 = 
5 4 16 8 
_ 5+1 


4 


1- co: 


m 410 - 2/5 
4 


sint = 
5 


Ехатр1е 17.24 the following : 


tana + 2 tan 2a + 4 tan 4a + 8cot8a = cot a 


Solution : We have to prove that 


tana —cota + 2tan2a + 4 tan 4a + 8 cot 8a = 0 


2cos 20. 
2sin a cos a 


cos a 


sin a 


sina 


са), 21an2a + 4 tan 4+ 8cot a = 0 
COS 0. 


+ 2{ап 2a + 4 tan 4a + 8cot 8a = 0 


ELI cos 2a 
sin 20. 


+ 2tan 2а + 4 tan 40. + 8cot 8a = 0 


p — —— MATHEMATICS 


Trigonometric Functions-H 


(1) MODULE - IV 
кийп» 


ог —2 cot 2a + 2 tan 2a. + 4 tan 4a + 8cot 8a = 0 m: 


Combining —2 cot 2a + 2 tan 2a 

(l)becomes —4cot4a +4tan4a +8cot8a =O м (2) 

Combining ^ -4cot4a + 4 tan 4a ; L.H.S. of (2) becomes 
-8 cot 8a + Scot 8a = 0 = RHS. of Q) 


17.5 TRIGONOMETRIC EQUATIONS 


You are familiar with the equations like simple linear equations, quadratic equations in nalgebra. 
You have also learnt how to solve the same. 


Thus, (i) x —3 = 0 gives one value of x as a solution. 
(ii) х2 — 9 = 0 gives two values of x. 


You must have noticed, the number of values depends upon the degree of the equation. 
Now we need to consider as to what will happen in case x's and ys are replaced by trigonometric 
functions. 

Thus solution ofthe equation sin Ө — 1 = 0, will give 
п 5л = 
Pe Жр 


Clearly, the solution of simple equations with B finite number of values does not necessarily 
hold good in case of trigonometric equations. 


So, we will try to find the ways of finding solutions of such equations. 


sin@ = 1 and 0 = 


—_,... 


17.5.1 To find the general solution of the equation sin 0 — 0 
Itisgiventhat sin0 = 0 
But we know that sin 0, sin т, sin 27, ...., sin пт are equal to 0 
Ө = ол, пєМћ 
But we know sin (-0) = —5їпӨ =0 
зїп (—т),зїп(—2т), sin(—37),.....sin ( -ат) - 0 


.. 9 = п, ne I к 5 | 
Thus, the general solution of equations of the type sin 0 = 015 given руб = пл where nisan 
integer. 


17.5.2 To find the general solution of the equation cos 0 — 0 
Itisgiventhat cos0 = 0 
B'utin practice we know that cos 2 = 0. Therefore, the first value of Ө is 


MATHEMATICS 


ngonometric Functions-[] 


MODULE - IV 


т в! 
Functions Weknowthat cos(n+8)=—cos® ог cas{ 1+ 5)=-c0s5 =0. 


Зп 
ог C08 =!) 


In the same way, it can be found that 


---, cos, АЛА 5 cos (2n %1)2 are all zero. 


6-(2n41)7,neN 


But we know that сов(-0 ) = сов0 


0-(2841) ул 


Therefore, 0 = (2n +1 )5 is the solution of equations cos Ө = 0 for all numbers whose 
| cosine is 0. 

17.5.3 To find a general solution of the equation tan 0 — 0 

Itisgiventhat tan0 = 0 


OF ын. 0 or sin0 = 0 
cos Ө 
ie. Ө-пл,пеі. 


We have consider above the general solution of trigonometric equations, where the right band 
is zero. In the following, we take up cases where right hand side is non-zero. 


17.5.4 To find the general solution of the equation sin Ө = sin a 
Itisgiventhat sin@ = sina 


> sin0 —зша = 0 


hus 2а 424 


17350731 77 (THEMATICS 


; MODULE - IV 


Ө+а _ л 0-a y 
E 5 = (2p +1)— or —— = qn, p,qel Functions 


2, Ө = (2р+1)л-а ог 0 = 241 +а 241) 


ЖЫ 
From (1), we get 
0-nr«(-1)'o,neI as the geeneral solution of the equation sin Ө = sin о. 
17.5.5 To find the general solution of the equation cos 0 = cos 0. 


Itis given that, cos0 = cosa 


= cos Ө — cos a. = 0 


E isin ыш Ес 
2 
210.0 
;Bihe, sn t9 2g dt Sut) sid —2 eb 
бно крае! 
>» 2 ог 355 qe 
EY Ө = 2рт- а ог Ө = 2рт+ а 340) 


From (1), we have 
Ө = 2nn t o,n e I as ће general solution of the equation cos Ө = cos o 


` 17.5.6 To find the general solution of the equation tan 0 = tan © 


Itisgiventhat, (ап Ө = tana 


sinO0 sing 
= E =0 
cos® cosa 
| Ў 2 
| p sin Ө cos a — sin © созӨ = 0 
| 
| = зїп(Ө-@)=0 
| = Ө- а = пт, пє1 
> 0 = пл+а nel 


Similarly,for > созес Ө = созес a, the general solution is 


0-nx«(-1) « 


and, for sec Ө = sec a , the general solution is 
Ө =2nnta 
and for cot 0 = cota 


Ө=пт+ aisits general solution 


- —Н — zx = = \ 
MATHEMATICS | 129 | 


MODULE IV |! 
Functions 


Trigonometric Functions. 


If sin2 0 = sin? а. then 


1—cos20 1-сов20. 


2 2 
= cos 20 = cos 20 
= 20 = 2nn+2a, nel 
25 0-2nzta 


Similarly, if cos? Ө = cos? a, then 
a=nrta, nel 
Again, if tan2 Ө = tan? а, then 
1- tan? 0 _ 1-02 а 
1+ (2120 1+ tan? а 
cos 20 = cos 2a 
20 = 2nn + 20 


Ө=пл+а, nel isthe general solution. 
Find the general solution of the following equations : 


5 (ii) sin 0 = шд, 
(b  () coso = 2 (i) соз = 
© cot - 3 4 4570-1 
Solution 
i DL INE a 
(a) Oey at 


: : 243 т т 4 
ii sind = > = ~sin = sin( += ]- ince 
(ii) 2 3 л 3 sin 3 


0 = ne (-1 2, nel 


(b) (i) с050 = — = cos = 


Trigonometric Functions-II 


5 MODULE - IV 
0 = 207+ ene I Functions 


1 л л 5n 
tan = – = --tan— = tan| n -> | = tan — 
um A 6 ( = 6 

Ө=пт+—,‚ nel 


2 
(1... 48028:41/ — а20-1-(1| fu^ 


т 
oo 
> sin sin ( 6 


Ө=пт&=, nel 


‚ Ехашр!е 17.26 Solve the following : 


(à ^ 2cos20--3sin0-0 (6)  cos4x = cos2x 

(с) cos3x = sin2x (d) _ sin2x-sin4x + sin 6x = 0 
Solution : 

@) 2cos2 Ө + 3sin@ =0 


I 2(1- sin20) +3510 = 0 
E 2sin20—3sin0-2-20 
=>. (2sin0-1)(sin0-2)-0 


> sin@ = 7 ог sin0-2 
Since sin Ө = 2 isnot possible. 


\ РЕ ( z) „1% 
sin ð = —sin— = sin| n +— | = sin— 
6 6 6 


O=ne+(-) ser 


MATHEMATICS Ой 


Trigonometric Functions-[| 


MODULE -IV 109) cos 4x = cos 2x 


Functions 16, cos 4x — cos 2x = 0 


= —2 sin 3x sinx = 0 
=> sin 3x = 0 or sinx =0 
5 > Зх = рл ог х = рт 
Notes 
nt 
E» = 3 or x=nt nel 
(c) cos 3x = sin 2x 
JS соз3к = сов[ 2-2 
п 
S Зх -2nnt Eum цол 
Taking positive sign only, we have 
л 
Зх = 2nn + —- 2x 
2 
> 5х = 2nn+= 
x= 2, я 
i 5 10 
Now taking negative sign, we һауе 
3x =2пт-—+2 x 
х= ШШК RM X => Cheon ns nel 
10 sin 2x + sin 4x + sin бх = 0 
or (sin бх + sin 2x) +sin 4x =0 
or 2sin 4x cos 2x + sin 4х = 0 
or sin 4x [2cos2x +1] =0 
| A sindx-0 ог cos2x = — = соз 27 
27 
=> 4х-ал pau n e 
а ог ы соты nel 


ЕСЕ МАТНЕМАТІС5 


Trigonometric Functions-I1 


MODULE - IV 
Functions 


1. Find the most general value of Ө satisfying : 


patie ү 
@ sin 0 = a (1) cosec 0 = V2 
КЕ 1 
(ii) sing = -— (ii) ѕіпӨ = -— 
2 42 
2. Find the most general value of Ө satisfying : 
: 1 2 
() cos0 = -— @ вес0---- 
2 45 
(ii) cos 0 = 2. (iv) зес@ = —/2 
3. Find the most general value of Ө satisfying : 
© tan@=-1 () tane=v3 (6) соЮ--І 
4. Find the most general value of Ө satisfying : 
! 1 1 4 1 
1 in 20 -- ii 20-- (ш tan30 = — 
@ ^ за 5 (i) сов 5 (ii) ДЕ 
(У) со530 = E ()  sin20- 2 (4) 51220= 1 
2 4 4 
" d 2 3 
(ii  4cos20-21 (Vii) cos? 20 = 4 


5. Find the general solution of the following: ~ 
© 2sin20-- 43 созӨ+1=0 @ 4cos? 0—4sin0 -1 


(ш) cot 0 + tan = 2 созесӨ 


DIY 
2220 LET US SUM UP 


*  sin(AtB)-sinAcosR tcosA УВ, 


cos(A + B) = cos A cos B t sin A sin B 


tan А + tan B tan A - tan B 
PHA py 1- &n A tanB’ и (А-В) |, A At B 


MATHEMATICS 


Trigonometric Functions] 


MODULE - М 


eot Acot B +1 
cot B — cot A 


cot A cot B - 1 
cot B + cot А ? 


e  2sinAcosB -sin(A +В) c sin(A — B) 
2cos AsinB = sin(A + B) - sin(A - B) 
2cos А соз В = cos(A + B) - cos(A - B) 
2sin AsinB = cos(A - B) - cos(A +В) 


cot(A +В) = cot(A - B) = 


Functions 


e duci ар Hn c ог EE 
2 2 
хүслэн нэн 
2 2 
ОТЫ О cos = ene ae 
2 2 
eos C-cosD = 2sin =? 0-6 


° sin(A--B)-sin(A - B) - sin? A - sin? В 


cos(A +В)-соз(А — B) = cos? A -sin? В 


e Зо бы адас МАРТ 
1+ tan? A 
2 
e cos 2A = cos? A~sin? A = 2052 A-1- 1- 2sin? A = 1-8. А 
ү 1+їап^ A 
2tanA 
tan 2A = ————— 
3 1- tan? A 
e Mb i co cos? A = Lt 0082А 42 A 21700524 
2 2 ‹ 1+cos2A 


e зїп ЗА: = 3sin A — 4sin? A, созЗА = 4cos3 A — 3cos A 
- 3 

tin3A SERA сш 
1-3tan? A 


sind A QURAISUM cos? A = 3cos А + cos3A 
4 


ШЕШ MATHEMATICS 


Trigonometric Functions-H 


MODULE - IV 
іш a = 2 у со - su Functions 
e 5 0-0 = 9 = пл, nel 

cos0 = 0 > 9 = (22 +1)5, nel 

апе = 0 = Ө = пт, nel 
е  sin0-sina => 9 =пл+(-1)"о, nel 
e соѕ0 = cosa = Ө=2пт+о, nel 
е  tanO = tana > Ө = пл +а, nel 
*  sin?0-sin?a =; Ө = пт+а, nel 
e  cos20 = cos? a zx Ө=пл+о, nel 
*  tan20 = tan? a 22 Ө = пла, nel 


SUPPORTIVE WEBSITES 


° http://www.wikipedia.org 
° http://mathworld.wolfram.com 


ө 
TERMINAL EXERCISE 


1. Prove that tan(A - B)xtan(A - B) 


7 


cos? B- cos? A 
cos? B- sin? A 


2.  Provethat cos0 — 4/3 sin0 = зов (045) 


DICA TBI 
4 


Prove that(1 + tan А.) (1+ tan B) = 2 and (cot A - 1)(cosB -1) = 2 
4. Proveeachofthe following: | 
q (AB) (ВС) sn(C-A) , 

cosAcosB сов Всов6С cosCcosA 


MATHEMATICS T 


Trigonometric Functions-]] 


юоршЕ-М| | : X d 
Functions (ii) co eoe он ац НА ео | 


17 


(iii) er cost. cos — = -— qo COST 925 71 


1 
л 9n 1 137 177 43т, | 
9 8 45 45 45 | 


1 | 
Notes аА) оед) — —] | 
6 6 sin 2А — sin | 


sin Ө + sin 20 29 _ iin (vii) cos Ө + sin Ө = tan 20 + sec 20 
1+ 6080 + cos 20 


м со50 — sin Ө 
d ANA 
1-sinO a(n 8 
ен 1-89 | n 9 
ето) М E 3 


G9 en A + cost [А+] ом(А-5)-3 
3 3 2 

col ta SA cos — Tus Lr EU. n 
09 ec4A —1  tan2A (5050980. 30175030 16 
ЧАЛЫР diis 
eciam 10 779 


5. Find the general value of '9' satisfying 


д 1 “8 ? 
sin 8 = — ing = — 
(a) 7 унадаг: 
К 1 
(c) 5їпӨ = ys (d) cosec 0 = /2 
6.  Findthe general value of'9' satisfying 
(а) cos0 = 1 b UP 8021 
2 i в 
-43 
(c) соѕ0 = Isai" (d) ѕесӨ --2 
7. Find the most general value of' 0 ' satisfying 
(а) галд - 1 Обе (esta - — 
Уз 
8.  Findthe general value оЁ' 0 ' satisfying 
in28 = ah } 
(a) v WE (b) 4cos20 =1 (c) 2cot? 0 = cosec? 0 


Г 136 | t MATHEMATICS | 
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MODULE - IV 
Functions 


9. Solve the following for 6 : 
(а) cos pO = cos 40 (b) sin 90 = sin® 


(c) tan 5 0 = cot 0 


10. Solve the following for Ө : 
(a) sin mð + sin n0 = 0 (b) tan m0 + cot n0 = 0 


(с) сов Ө + cos 20 + cos 30 = 0 ' (d) sin + sin 20 + sin 30 + sin 40 = 0 


HEMATICS 


= oec е 


l'rigonometric Functions-1] 


Functions 


MODULE -V | Ж 
© 


ANSWERS 


SN CHECK YOUR PROGRESS 17.1 | 
== ТАВСЫ 248 E | 
Wwe]. 9 9 р 0 © 251 
EET 
2, 0e 


CHECK YOUR PROGRESS 17.2 


4 cos?A-sin2A „n 1l _ (V3 +1) | 
Ro gm Фе | 
| 
CHECK YOUR PROGRESS 17.3 | 
1. (а) sin 50 – sin Ө; (b) cos 20 — cos 60 
cos + cos 2 4 зїп + sin = 
(© 998: 6 Ores 
2. (а) 2sin 50 cos Ө (b) 2cos 50 . sin 20 
(c) 2sin30 - sin (d) 2 cos 60 - cos 0 
CHECK YOUR PROGRESS 17.4 
24 120 2016 
2 (9%: 09 169 © 4225 
161 -7 119 
3. (a) 289 (b) 25 (c) 169 
24 2ab 
4. (a) 7 (b) 52-42 їз; 1 
CHECK YOUR PROGRESS 17.5 
22 (зра? -4p) 23 4c3 — 3cd2 


CHECK YOUR PROGRESS 17.6 


) E ges ата 


22” 22 


Trigonometric Functions-IT 


3; (a) 


CHECK YOUR PROGRESS 17.7 


1. (9o an «CD. nel 
Gi 6m nx CD" ner 
ЭД () 0=20nt = nel 
(ii) 0=2nnt = nel 
3: () O=nn+ = nel 
(ii) 8» nx- 7, nel 
4. (e+ шин 5.261 
(iy 0= T nel 
(v) 92 nz£ D, nel 
| 3 
(= ил, nel 
5. (672x275, nel 


(iii) 0-20:42,ає! 
TERMINAL EXERCISE 


5. @ 9=п7+(-)"7.пе1 
(с) 92 nz (- peat pene! 


5. (а) 0=2nn+ пет 


MODULE - IV 


Functions 


(© J2 -1 


(i) 9  nx« CD" ^, nel 
(iv) 9= nee CO ŽE ner 
@Ө=2ал+Э®,пє1 
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(i) 9» na C^ enel 


(b) Ө =nn+(-1)" nel 
(d) Ө=пт+(—1)° i nel 


T 
= +—,nel 
(b) 9 = 207 7 


i ээг | 


Trigonometric Function;.1] 


MODULE - iV 


| 5т од 
Functions (c) Beanie ВЕ (d) ма nel 
Үс (a) O=nn+7 nel (b) Ония ше 
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8. Өте mel (буо сит mel 
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4 
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9. + @e ene (0-7 or (21+ b ne 


(c) 9 Qn) nel 


(кал 2kn (2к+1)т 
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10. (а)0 
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2пт т 
(4) 9=—; or8-nrt,nel or Ө=(2п-1)л,пє1 
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ECN MATHEMATICS 


INVERSE ТЕІСОМОМЕТКІС FUNCTION 


Inthe previous lesson, you have studied the definition ofa function and different kinds of functions. 
We have defined inverse function. 
Let us briefly recall : 

Let f be a one-one onto function from A to B. 

Let y be an arbitary element of B. Then, fbeing G D. 
onto, 3 anelement x є A suchthat f (x) = y. 
Also, f being one-one, then x must be unique. Thus 


foreach y е B; 3 auniqueelement x є A such А B 
that f (x) = y. So we may define a function, 


denoted by f-! as f-1: В > А 

2 Е-1 (у) =х> Е(х)=У 

The above function f-! is called the inverse of f. A function is invertiable if and only if fis 
one-one onto. 

In this case the domain of Ғ-! is the range of f and the range of Г-1 is the domain f. 
Letustake another example. j | 

We definea function: f: Саг — Registration No. 

lfwewrite, —g:Registration No. — Car, we see that the domain of f is range of g and the 
range of f is domain of р. 

So, we say g is an inverse function of f, i.e, р = f~. 

In this lesson, we will learn more about inverse trigonometric function, its domain and range, and 
simplify expressions involving inverse trigonometric functions. 


OBJECTIVES" 
After studying this lesson, you will be able to: 
$ define inverse trigonometric functions; 


MATHEMATICS 


MODULE - IV 
Functions 


MODULE - № |» state the condition for the inverse of trigonometric functions to 
Functions |e define the principal value of inverse trigonometric functions; 
° find domain and range ofinverse trigonometric functions; 

° state the properties of inverse trigonometric functions; and 


° simplify expressions involving inverse trigonometric functions 
EXPECTED BACKGROUND KNOWLEDGE 


e. Knowledge of function and their types, domain and range ofa function 


e Formulae for trigonometric functions of sum, difference, multiple and sub-multipleso} 
angles. 


w 


onometric Feet, 
exist; 1 


18.1 IS INVERSE OF EVERY FUNCTION POSSIBLE ? 


Take two ordered pairs of a function (ху, y) and (хо, y) 
Ifwe invert them, we will get (y, хү) and (y, хэ) 


This is not a function because the first member of the two ordered pairs is the same. 
Now let us take another function : 


OT dp 7) SIME s 
=,1], | sin—,—— у= 
БЕ Қ 4 Jz) aa (sn? 2 


Writing the inverse, we have 


CTE, 1 ak NE т 
1, sin— —, sin— Зан 
( sint). 5 y and ( 2 E 


which isa function. 
Letus consider some examples from daily life. 


f: Student — Score in Mathematics 
Do you think f! will exist ? 


conclude that 


every function is not invertible. 


If f: R — R defined by’ у(х) = x3 4.4. What will be 7^? 


Solution : In this case fis one-to-one and onto both. 


— fis invertible. 
Let у=х?+4 
y-4= => х= Уу-4 
| Sof", inverse function off i.e., f (у)- Уу-4 
) MATHEMATICS | 


netric Functions: -< 
The functions that are one-to-one nda onto Wili he invertible. MODULE - IV 
Letus extend this to trigonometry : j Functions 
Take у= sin x. Here domain is the set of all real numbers. Range is the set of all real numbers 

lying between -1 and 1, including -1 and 1 i.e. —1 < y <1. 

We know that there is a unique value of y for each given number x. 

In inverse process we wish to know a number corresponding to a particular value of the sine. | Notes 


: 1 
Suppose у=зш х= 2 
| 
віпх= sinc = 552222 
Бан л St 13л _ 
x may have the values as = 6° 6° 6 


Thus there are infinite number of values of x. 
у= sinx can be represented as 


E 
био 


The inverse relation will be 
65) 62) 
26) (2*6 10: 


1 
Itisévidentthat it is not a function as first element of all the ordered pairs is БЕ which contradicts 


the definition of'a function. 
Consider у= sin x, where x є В (domain) and y e [-1, l]or -1< у<1 which is called range. 
This is many-to-one and onto function, therefore it is not invertible. 


Can у= sinx be made invertible and how? Yes, if we restrict its domain in such a way that it 
becomes one-to-one and onto taking x as 


т T 

--5Х5- = or 
(i) 2 x 5, ye [-1, 1] 
и 3n 57, 
(i) vm dit d ye 1-1, 1| or 
"n. Sr Зп 
ш) Ге Smp. ye [1,1] etc. 


Now consider the inverse function y = sin"! x. 


We know the domain and range of the function. We interchange domain and range for the 
inverse of the function. Therefore, 


MATHEMATICS | 143 | 


Inverse Trigonometrie Function, 


OnE | | "OE a 


à E ye 5 
Functions |9 a S 4351 n 
ANS 
G) po re 22 [-L T] or 
5 3 
(ii) TECH x e [-1, 1] etc. 


Here we take the least numerical value among all the values ofthe real number whose sineisy 


which is called the principle value of sin! x. 


For this the only case is LE e ys 2 Therefore, for principal value of y = sin”! x, the domain 


2 
H . . т т 
is [-1, 1] іе. xe [-1, 1] and range is 7% sys 2 
Similarly, we сап discuss the other inverse trigonometric functions. 
Function Domain Range 
(Principal value) 
1 mt [-1, 1] E z] 
3 А 2'2 
2. y=cos! x ІІБ 10, л| 
тл 
8: = ќар! R (==, z) 
y=tan x 272 
4. yscot!x R (0, л] 
5, y=sec!x ха! or x S-1 ЭЗЕ 
6. _ у=созес х х>1огх<-1 ЁО 


tom emu үле, 


18.3 GRAPH OF INVERSE’ TRIGONOMETRIC FUNCTIONS 


y=cos! x 


| Ши | MATHEMATICS 
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MODULE - IV 
Functions 


‚у= sec! x у= cosec ! x 
Fig. 18.2 
Find the principal value of each of the following : 


е Шөбі) eam) 


Solution: (i)Let ^ sin" (5) =0 
12 


А 1 ‚(т т 

or 1 Ө---- OE 0-- 
sin Ер (т) n 

(i) Let cos"! (-5) =0 

22. 
> cos =-1 =cos( 2%) ее) 9р 6-27 

2 3 3 3 
(iii) Let tan! ЭС ог fol dana or uno ta (- 5) 
: 45 Ж 3 2 6 


5 


MATHEMATICS 


со Inverse Trigonometric 
MODULE - IV Example 1 83 Find the principal value of each of the following : 
Functions 


(8) (0) cos"! (5) (1) tan (-1) 


(b) Find the value ofthe following using the principal value : 


sec ЕЗ M 


Solution : (a) (i) Let cos” ЕЗ =@ then 


1 0 cos@ = cos 
—==cos or = cos— 
42 4 
т 
Ө=— 
m 4 


(ii) Let tan! (-l=6, then 


-]- tan or n0 =tan(-2) 
> 8225 


(b) Let cos;' х =0, then 
2 


3 = с0$0 ог cos0 = cos( 5) 
2 6 


С d = зес0 = «(| m d 
2 6 


3 
Simplify the following : 
ІЛГЕН (i) соц совес” х 
Solution : (i) Let sin”! x-0 
> x =5іпӨ 
cos[sin"' х|-созб- Ji -sin?8 E vi-x? 
(ii) Let cosec^!x =0 


T X = соѕес Ө 


ECH ET Т MATHEMATICS 
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MODULE - IV 
Also соїӨ = \/созес? 0-1 Functions 
=үх?-1 


ik Find the principal value of each of the following : 


(a) cos | е (5) cosec ! (5/6 ) (с) sin! p 
@ — tan! (-43 ) © cot" (1) 
2. Evaluate each ofthe following : 


il 


(a) cos (sos 1) (b) cose! сове (c) cos cose 2) 
(d) ғап (вес V2) © cosec| cot"! (-43)| 
8. Simplify each of the following expressions : 
(a) вес (ап! x) (5) tn cose x) (c) cot (совес”! x2) 
(d) cos(cot"! x2) (e) tan (sin! (Vi-x)) 
18.3 PROPERTIES OF INVERSE TRIGONOMETRIC FUNCTIONS 


sin"! ($10) =0, өтей us 


Solution : Let sin0 = х 


27 @=sin |x 
sin"! (sin0) - 0 
Also sin(sin! x) =x 
Similarly, we can prove that 
() cos! (cos0) 20, 00x x 
© tan (tn0)-0, 24047 


2 2 


Property 2 | (i) cosec ! x = sin (i) (i) cot! x = tan 9 


Mase 


MODULE - IV 


(ii) sec! x = cos ! Е 


Functions 
>- Solution : (i) Let cosec! x 2 0 (ii) Let со Ix-20 
h PEN х = с03ес9 = x=cotd 
jo 1 
Not —=sin0 — = tan 
otes | => m = x 


1 
0-si Ч 
sin |7 es 


5 AOL 
E cose"! x= sini (+ 
x 


x 
ii) sec !x =0 
= x = 3ес 0 

06 со50 ог Ө-сов”! (2) 

x x 


Gi) tan! (-x) = tan ! x 


Property 3 WO) sin! (x) = -sin! x 
1 


(iii) cos! (-x) = n- cos! x 


Solution : (i) Let sin! (-x) =0 


= -x -sin0 or х= -sin0 = sin(-0) 
-0-sin'!x or 6--sin!x 

or sin ! (x) = - sin! x 

(ii) Let tan! (-x) 20 

=> -х-іап0 ог x = - tanO = tan(-0) 


2 Ни tan! (-x) = вп x 
(ii) Let cos! (-x) 20 

> -x =с050 or 
1 


х= —cos0 = cos(n - 0) 
х=л-0 


cos ! (-x) = n- cos! x 


cos 


Property 4 RO) sin! x+cos!x= (i) tan! x e cot! x -2 


cosec ! х+зес іх = 


ii) 


| 148 | MATHEMATICS 


Inverse Trigonometric Functions... z 

MODULE - IV 
ism Ad jr 

.Soluton:(i)sin х+СО$ Хе, sa orp 


Tet вш x=0 -> к=зшё c 5-0) 


YT т 
or соз (5-0) 


Ит a “Agee sf 
E. 0--со8 n or sin X-cos Cms 


(е cot! x-0 => x=cot0=tan( 2-6] 


Ed MEL 
{ап x2—-0 or Ө+їап х=— 
2 2 


1 


4 2 т 
1х+{ап х= 
2 


or cot 
(iii) Let cosec ! x =0 


>. _.x=cosec0 = seo( 2-0] 


AVE 2 eat 
“sec 'x=570 or Ө+ѕес ТАРЫ 


21 51 T 
= cosec™ x+sec халы 


0) tan” x + tan”! ye (2 


ЕО 
[ор 1-xy 


(1) tan"! x tan! у=ш (22) 
1+ху 


Solution : (1) Let tan! x 0, tan! y2$ = x-tan0, y = tanó 


T 
Wehavetoprovethat гал” х аа” y= на! (ЕШ 


By substituting that above values on L.H.S. and R.H.S., we have 


а tano tando 
LHS.= 0+ф and R.H.S. = tan Е 


авар [tan (0+) ]=0+6=LHS. 
^ The result hoias. 
Simiarly (ii) can be proved. 
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21112 1.2; 
Еа 
: 1+х 1+х 
(1) (ii) (iii) (iv) 
Let x = tanO 
Substituting in (i), (ii), (iii), and (iv) we get 
2tan! x = 2 tan"! (tan0) 220 


i at 2x ) 5 af 2 tan } 
sin 2 =sin 2 
1+х l+tan“0 


Ё ШЕ? 
=sin 5 
sec” Ө 


= sin (280 cos0) 


-sin ! (sin20 ) -20 
zi tx? 24 = 1—tan?6 
cos 2 =cos 2 
1+x 1+tan“ Ө 


[жесш 
= с0$ |------ 
cos? 0--sin? 0 


= cos" (cos? 0 — sin? 0) 


сосове 2 (ii) 


ше 2х J-«( 2tan0 ) 
1-х? 1—tan?0 

"han (ерее РА ccs 2007 (iv) 
From (1), (ii), (iii) and (iv), we get 


2 
Ханын ӘКЕ |нөс( х) 
(MX 1+х2 1-x^/: 


@ sin! x = cos"! ( ix) x | 


T MATHEMATICS 
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cos! x = sin! (vi >. ) -tan^ КЕҢ 


Proof: Let біп x =0 = зт0=х 


,5есб- 
1-х 1-х 


sin”! x Ed т | 
1-Х2 


nr 
] 223 and еве 
х х 


(i) со50 = 1-x? , tan0 = =, E 


(ii) Let соз !х-0 > x — cos 


4-x wes cot@= — 
FARA x? 


ѕіпӨ = 1х2, tan0= 


and соѕесӨ = 


cos x -sin'! ( Тхе ) 


-sec! Ө 
Nu шыны ышы e | 
MATHEMATICS 
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Inverse Trigonometric Function, 


MODULE - IV 
Functions 


біп x sin! y=sin™! Е! -у? жууі-х? | 
сов x +соѕ ! y = cos ! [xy-vi- x? J1-y? ] 
sin хват y=sin| үсу? -y 1-х | 
(iv) cos ! x- cos | у= cos! «t -x? 41- у? | 
Proof (i) : Let x = ѕіпӨ, у =sind, then 
L.H.S.= 04$ 
R.H.S. = sin! (5110 cosó + сов sin ф) 
= іп! [sin (0+ф)]=0+ф 
L.H.S. = R.H.S. 
(ii) Let х-сов0 and y =соѕф 
1,Н.5.-0-ф 
R.H.S. = cos ' (cos0 cos} — sin@ sin $) 
=cos'[cos(0+)|=0+6 
L.H.S. = R.H.S. 


ii) Let x 2sin0, y =sing 
L.H.S.- 0-6 


В.Н.8.- sin?! [i -? ух | 
= sin" [sine 1 sin? ф -singVi—sin?6 | 
sin! [sin @cos$—cos0 sin $] 
-sin"![sin(0-6)]- 0-6 
LHS.=RHS. 


(iv) Let х=с050, y=cosd 
LHS- 0-6 


R.H.S.= cos | [cos0 созф + sin Ө sin Ф] 


) | = cos" [cos(0—4)]- 0-6 


>) E.H.S.=RAS, 
ШЕШ ян MATHEMATIG 


Inverse Trigonometric Functions 
| Example 18.5 к=: MODULE - IV 
Functions 


sin EN sin e E 
cos 5 13 


SOS TAE 5 
Soluton:Let sin (ёр 9 and sin (5 j $,then 


3 : 5 
іпб-- sind =— 
si 5 and sing 1 


4 12 
gan cosó 2 — 
> cos 5 and соѕф 13 


- « The given expression becomes cos [Ө + 6] 
= cos 0 cos ó -sinO sing 
714712 9021 92/059 


5 Тағала аа 


Ехашрс 18.6 Prove that 
afl 1 "(3) 
tan tan |— 
EH (Әр (БУ 9 


Solution : Applying the formula : 


Applying the property 


соз! x + соѕ у= cos ! (xy - i -x Jl-y? ) , we have 


4(4 12 4 12 AR ША 
cose 2 EL а i ques 
: БЕ CE ШЕР (152571716 


МАТН! es | EH 
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Inverse Trigonometrie Functions 


ТТ EE Prove that 
21 1 (= 
tan x 16 AES 


Solution : Let \/х = tang then 


1 ed = 
= =—cos =—cos (cos20 
LHS.= Ө and RHS.= 7 ES ( ) 
=1 20-0 
2 
LHS.=RHS. 


Гхатр 18.9 Solve the equation 


"(EX)- Lusso 
1-х/ 2 


Solution : Let x = tan 0, then 


ta (1889) 5 un?! (n6) 


1+1а10/ 2 
> аа [ш(1-0)|-10 
4 

т T 

ШАҒЫН 

т auc 
m2 
0-- --ш-- 
хи № ТЕ 


хатр!е 18,10 Show that 


Кр = 
Vix dine) 4*2 


Solution : Let x? = cos20, then 
20 = cos! (х2) 
1208 SIND 
Ө 2— cos 
= 2 x 
Substituting x? = cos 2 0 inL.H.S. of the given equation, we have 


a [frein ЛЕН гө ас оиу 
Vi+x? -41-х2 Vi cos 20--./1--сов 20 
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-1( У?созӨ+ 2 sino 
42 cos 0- J2 sin 
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Functions 


Ч 


| 
cos0 –ѕіпӨ 


1—tan0 


Ч 
“(еш 
| 


үүл 
(d) (2а) (е) ш(2ш в) 


2. If cos ! x & cos ! у =p, prove that 
x? -2xy cos +y? = sin? В 
3. Шсов” x cos ! у+соз zm, prove that 


х2 +у2 +22 42xyz=1 
4. Prove each of the following: 


Em 14) 16 т 

(а) sin! X +з! 4 -2 () + im п 6252 
a4 1. MI ME 11-5 
(© cos Pus теш "N СОН аш Ұша pmo. 


? 
Inverse Trigonometrie Functions 


LET US SUM UP 
Inverse ofa trigonometric function exists if we restrict the domain of it. 


T T 
@ сіп !х-у if siny=x where geo" Ly 


(i) сов !х-у сов y=x where -1<х<1,0<у<л 
т 


y T 
Gi) tan? х=у iftany=x where ХЄЁ,-2 «y <7 


(V) cot"! x 2 y ifcoty=x where xeR,0 «y «x 


т т 
(V) ес х = у ifsec y=x where x2 1, 05у<- or XS ы <у<т 
п 
(М) cosec™! x = у ifcosecy ^x where X2 1,0 «y t 
or xS це <y<0 


Graphs of inverse trigonometric functions can be represented in the given intervals by 
interchanging the axes as in case of y= sin x, etc. 


Properties : 
@ sin" (sin0) - 0, tan”! (tan) - 0, tan(tan! 0) - 0 and 5іп(біп !0)-0 


(ü) соѕес! х= sin"! (2) , cot! x 2 tan! (2), sec! x = cos! (5 
х 


x 
Gi) sin“'(-x)=-sin™x, tan! (-x) = -tan"! x, cos! (-x) = n-cos! x 


ae Vie т ОТД: 2 Pic oq 
(v) sin"! x+cos "хыз tan ! x + сої i cosec ! x - sec їнийг 


17 unen! уяаг МУ), tan! x tan! y= tan | ХУ. 
1-xy ! 1+ху 


2 
(4) 2tanx-sin"! ЕЗ = совт! ( - 5, | = tan! ЕЗ 
х 


1+x 1-x? 


(vii) D SM in?) а ( 3 | 


(х) соз |х сов у= со! PIE 4-y:] 
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e http://www. wikipedia.org j | 
" http://mathworld. wolfram.com 


1. Prove each of the following : 


ЕН“ 
(с) cos! (2) tan! (2) ees (2) 
5 5 11 


^b Prove each ofthe following : 


«im eret eren 
хан 


3. (a) Provethat 2sin! x = іш! (оха х2 ) 
(b) Prove that 2соз 1х = cos! (2x? 44) 
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SUPPORTIVE WEB SITES 


TERMINAL EXERCISE 


(с) Provethat cos! x = asin rx). 22 Ex 
4. Provethefollowing: 
@ tan"! cox | л X (b) tan”! i Sib Em Vr 
l+sinx) 4 2 cosx+sinx) 4 
(c) sor (88D), cae (B241) (Suo 
a-b b-c c-a 
5. Solveeach ofthe following : 
@ tan 2x + tan! 3x -1 (b) 2 аа” (cos x) =їап (2 cosec x) 
т 
(с) cos!x+sin™ Ё 3 == (d) cot! x- cot! (x42) VEU 0 
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2 ANSWERS 
CHECK YOUR PROGRESS 18.1 


rt MEE tik тане е 


1 т 1 
(9 Bo lig E Q1 (9-2 


2 x? - 
3: (а) Л+х2 ЮУ 12214 (© E Ты, (е) E 


CHECK YOUR PROGRESS 18.2 


t 5 7 
ТІПТ NEN ©ту аә ту 
TERMINAL EXERCISE 
1 
ES UM. (On bh 
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RELATIONS BETWEEN SIDES AND 
ANGLES OF A TRIANGLE | 


Inan earlier lesson, we have learnt about trigonometric functions of real numbers, relations 
between them, drawn the graphs of tri&onometric functions, studied the characteristics from 
their graphs, studied about trigonometric functions of sum and difference of real numbers, and 
deduced trigonometric functions of multiple and sub-multiples ofreal numbers. We also studied 
about inverse trigonometric functions, some oftheir properties and solved problems based on 
their concepts. Я 
Inthis lesson, we shall try to establish some results which will give the relationship between sides | 
and angles ofa triangle and will help in finding unknown parts ofa triangle. 


Є 
© OBJECTIVES 


After studying this lesson, you will be able to : 
e derive sine formula, cosine formula and projection formula 
* apply these formulae to solve problems. 


EXPECTED BACKGROUND KNOWLEDGE 


*  Trigonometric and inverse trigonometric functions. 
è — Formulae for sum and difference of trigonometric functions of real numbers. 
* Trigonometric functions of multiples and sub-multiples of real numbers. 


Ina AABC, the angles corresponding to the vertices A, B, and C are denoted by A,B, and C 
and the sides opposite to these vertices are denoted by a, b and c respectively. These angles 
and sides are called six elements ofthe triangle. 


MATHEMATICS E 


Relations Between Sides and Angles of a Triangle 


MODULE - IV Result 1: Prove that in any triangle, the lengths of the sides are proportional to the sines of the 
Functions | angles opposite to the sides, 


Le ЖЫТЫ a E T 


sinA sinB sinC 


Proof: In AABC, in Fig. 19.1 [(i), (ii) and (iii)], BC = a, CA = b and AB =c and < C is acute 
angle in (1), right angle in (ii) and obtuse angle in (iii). 


A 
c b 
B с 
<--- x --------- de a 5 
e () (ii) (ii) 
Fig. 19.1 
Draw AD prependicular to BC (or BC produced, if need be) 
AD 
4 =sinB 
In AABC, AB sin 
WD. ; 

or p oce — eA ал о. АШ ЧАШ, е: (1) 

In ААрС, 22 = sinc inFig 19.1() 

AC 
or, his snC = AD=bsinC (ii) 
И „нҮ 
АС 2 
AD=bsinC 
and in Fig. 19.1 (ii), АР. sin(n—C) =sinC 
AC 
АБ. 
or Sf sinC or AD=bsinC 


Thus, in all three figures, AD =b sin C 
) m From (i) and (ii), we get 
i csinB=bsinC 

b с 


> лара дуу 
sinB sinC 


... (iii) 
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Relations Between Sides and Angles of a Triangle 


similarly, by drawing prependicular from C on AB, we can prove that MODULE - IV 
d XE Functions 
ЯпА: sinB a ОИ ооо = Гао Grose, c7 (iv) 
From (iii) and (iv), we get 
а. 2208 M 
ША sB ШС о iM е pm (A) | Notes 


(A) is called the sine-formula 
Note : (A) is sometimes written as 
sinA _ sinB sinC 


ты NV 


The relations (A) and (A") help us in finding unknown angles and sides, when some others are 
given. 


Letus take some examples : 


B-C ‚. А 
Prove that а cos ——= (b+c) sin 2” using sine-formula. 


Solution : R.H.S. = (b+c) sin 2 


Weknow that, ae В 


=k 
sinA sinB sinC (say) 


= a=k sin A, b=ksinB,c=ksinC 


В.Н.8, =k(sinB+sin C)-sin= 


ко ВАСЕ 
2 
B+C 
Now 5-9-2 (> А+В+С=т) 
sin — 
2 
-C . A 
RS. оробо E Сау 
2 2 
-C 
Cosi suoi 
PENSIERI TIS 
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Relations Between Sides and Angles of a Triangle 


MODULE - IV Example 19.2 Using sine formula, prove that 
Functions 


a(cosC- cosB) = 2(b-c)cos? i 


Solution : We have 
a b c 
— = ш---К 
sinA sinB sinC (say) 
=> a-ksinA,b-ksinB,c-ksin C 
R.H.S 22k (sinB- sin C)-cos 22. 
оыс, йт PED со 
2 
керы sin DE. uA toa P.C. цас 
2 2 2 
.B«C . B-C 
= 2а sin - sin 2 


=a(cosC—cosB) 
= LHS. 


| |Ехатріс 19.5 i any triangle ABC, show that 


asin A—bsinB=csin(A-B) 


Solution : We have 
a b 
ЕЕК 
sinA sinB sinC (say) 
LHS. = ksinA-sinA-ksinB-sinB 


-k[sin? A-sin?B| 
=ksin(A+B)-sin(A-B) 
A+B=n-C => sin(A+B)=sinC 
) 5 LHS. =ksinC-sin(A-B) 


-csin(A -B)-RHS. 


In any triangle, show that 


a(bcosC-c cosB) - b? 5° 


Solution : We have, Е DE = thie (say) 
sinA sinB sinC 


MATHEMATICS 


Relations Between Sides and Angles of a Triangle 


LHS. = ksin A(k зїп В cosC-k sin С cosB) 
=k’-sinA[sin(B-C) | 

=k? -sin (B+C)-sin (B-C) [~ sin A=sin(B+C)] 
=k? (sin? B-sin? С) 


=k? sin? B-k? sin? C 


-p-d-RHS 
Гал 
©. CHECK YOUR PROGRESS 19.1 


1 Using sine-formula, show that each of the following hold : 
A-B 


tan — — 
: о О ucc 3 
@ ATHE (i) ^ bcosB-4ccosC -acos(B- C) 
tan 
2 
G) аз 8-С-(ь-с)ова G) 886 us P3C cot 8-8 


(v) acos A +bcosB+ccosC = 2asinB sinC 


a 
2, Inany triangle if —- = 


ti is isosceles. 
e cos B: Prove that the angle 


19.2 COSINE FORMULA 


Result 2 : In any triangle, prove that 


b? «c? -a? cra -b 2 a? «b? -c? 
a ete АШ — CS 
@ > созА o (ii) cosB 2: (iii) cos et 
Proof 
A 
с b c 
B 7 287 
<-— a---------» <--- а---- 
@ @ 
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Relations Between Sides and Angles of a Triangle 
MODULE - IV | Three cases arise : 

Functions |() ^ when JC isacute (i) Меп ZC isaright angle 
(ài) When ZC isobtuse 


Let us consider these one by one : 


Notes | Case (i) When ZC is acute 
AD 


ЕТТІ, => AD =bsinC 
.. рс = 
Also BD = BC- DC - a- bcosC д бее 
From Fig. 19.2 (i) 
c? = (bsinC)? * (a -bcos C? 
— b? sin? С+а2 +b? cos? C—2abcosC 
=а2 +b? 2а cosC 


a? b? - c? 


sC= 
P E. Zab 


Case (ii) When ZC = 90° 


c? = AD? BD? =b? +a? 


Аз C=90° => cosC-0 
c? =b? +a? —2ab-cosC 
b? +а2 —с? 
cos C = ———— — 
ET 2ab 


Case (iii) When ZC is obtuse 
—— =sin (180° (eS inC 
AC 3 


ч AD - bsinC 
Also, BD - BC4 CD - a b с0$(180°—С) 


=a—bcosC 
c? - (b зїп С)” +(a—bcosC)* 
=a? +b? —2ab соѕС 


a? +b? -c 
= cos C = ———— — 


2ab 
|164 | шилжин энэлэн ЕНИП 


Relations Between Sides and Angles of a Triangle 


MODULE - IV 


25121. 2 
‚. Inall the three cases, соз С = UID Functions 
Similarly, it can be proved that 
277220740 2,2 2 
сов ab ar and блгон Meet, 9? 
2ac 2bc 


Letus take some examples to show its application. 


Inany triangle ABC, show that 


cosA | cosB , cosC a^ +b? +o? 
a b С 2abc 
Solution : We know that 
2547) IUS. РА тв 22125752 
LE 2 кырда г. И ОЕ 
2bc 2ac 2ab 
ЭР _ъ?+с?-а? с? +а2-Ь? a? «b? - c? 
ILS. elm v 2 abc 2 abc 
1 
“ушр? +0202 ай Рай +b? -c7] 
| Qype 
| а tb +6 _pus 
2 abc 
| If ZA = 60°, show that in AABC 


| (at+b+c) (b+c—a)=3be 


2 (227012 1 
Solution : соз. А = И ds “ауф Л AED I bes (i) 
2be 


A=60° => cos A = 00860 = 


| 1_62+с? -а? 


| 1. (i) becomes Des 

\ 2 b? +c? -a? =be 
| ү b? +c? +2с-а2 = 3bc 
E. (b+c)*-a? =3be 
| SE (b+c+a)(b+c-a)=3bc. 
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Relations Between Sides and Angles of a Triangle 
> 


Example 19.7 |6 sides of a triangle are 3 cm, 5 cm and 7 cm find the greatest angle ofa 
triangle. : 
Solution : Here a=3cm,b=5cm,c=7cm 

We know that in a triangle, the angle opposite to the largest side is greatest 


MODULE - IV 
Functions 


Le isthe greatest angle. 


Dd. 9 
aus mE тет 
2ab 
9425-49 LCD 7 
30 SOF aie 
-1 2x 
cosC 2 — С--- 
C = 3 


2 
2. The greatest angle of the triangle is 2 or 120°. 


| xample 19.3 лшн ZA = 60°, prove that TUE 


241 КУТА" 
Solution : cos A = Lisa dm 
2bc 
or ПИЕ SE p 
2 2bc 


“news 
кнд гы ы 6 eae d 
cra atb (c+a)(a+b) 


_ab+ac+a? +be ing | 
(c+a)(a+b) m 


_a(a+b)+c(a+b) 
(a+c)(a+b) 


_ (а+с)(а+Ь) | 
(a--c) (a b) 
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Relations Between Sides and Angles of a Triangle 


(3 
4 | CHECK YOUR PROGRE 


1. папу triangle ABC, show that 


SS 19.2 


2. 2 2002 242 
beai с-а а – 
sin 2А + b 


(i) 2 7 sin2B+—; sin 2C =0 


a b с 


(ii) (42-52 +c?) tanB- (2-2 442) anC = (с? -g2,p2)tanA 


Ss IC ( : а2+Ь2+с2 
(iii) 2 (sin2A +sin 2B + sin 2C) = a 


a b c 


where то 
sinA sinB sinC 


Gv) (p2 —с2) cot A + (с? а?) cot B (42 2) cot C 20 


2! The sides ofa triangle are а=9 cm, b = 8 cm, c = 4 cm. Show that 
6 cos C 7 4 +3 cos B. 


19.5 PROJECTION FORMULA 
Result 3 : In ДАВС, if BC =a, CA =b and AB = с, then prove that 


(i) а= b cos C +c cos B (1) b =c cos A +a сов C (iii) c =a cos B +b сов А 
Proof: 
А А 
с b 
с b 
B с 
ТАСТЫ?» ^ B = с(0) 
@ (i) (ii) 
Fig. 19.3 


Asin previous result, three cases arise. We will discuss them one by one. 


(i) When ZC isacute : 


BD 
In BADR, — B => BD =ссоѕВ 


DC 
In A ADC, = -—cosC =  DC=bcosC 
a=BD+DC=ccosB + b cos C 
a-ccosB +b cos c 


MATHEMATICS 


MODULE - IV | 6) When — /С-90% 
Functions 


ь7 


Relations Between Sides and Angles of a Triangle 


a - BC - BC. AB - cosB:c 
AB 


=ccosB+0 

=c cosB + b cos90° (- соз 90° = 0) 
=ccosB+bcosC 

(iii) When ZC is obtuse 


BD 
In A ADB, гоол = BD=ccosB 


ср 
In AADC, е ОЕ 
E CD = -bcosC 
InFig.19.3 (iii), 

BC -BD-CD 

a 2 ccosB-(-b cosC) 
=ccosB+bcosC 

Thus їп ай] cases, a = bcos C +c cos B 
Similarly, we can prove that 

b=ccosAt+acosC and c=acosB+bcosA 
Let us take some examples, to show the application of these results. 
EROS any triangle ABC, show that 

(b+c)cosA+(c+a) cosB+(a+b)cosC=atb+e 

Solution : L.H.S. = b cos A +c cos А +c cosB +a cosB +a cosC +bcosC 
= (b cos A +a cosB) “(с cos А +а cosC) +(с соз В+Ь соз С) 


=c+b+a 
=a+b+c=RHS. 


Example 19.10 № any A ABC, prove that 


cos2A соѕ2В _ ол 


a? b? a? b? 
151552 и 
Solution : L.H.S. Liolsn о 
a? b? 


Үн 1 inB 
Et чч а & sina зав) 
a^ 76 a? b a b 


=R. H. S. 
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Relations Between Sides and Angles of a Triangle 


' E-N 
In A ABC, if a cos A = bcos В , where azb prove that ^ ABC isa MODULE 


right angled triangle. 


Functions 


Solution : a cosA = b cosB 


Р me = ъа Ee 
2bc 2ac 


or a^ (y? 4.2 а?) - b^ (a? «c? -y2) 
or а252 +а2с? — аќ =а2Ь? 4 pc? - 
or c? (a? -92) = (a? -b?)(a? +b?) 
> c? =а2 +52 


„ A ABC is aright triangle. 


| Example 19.12 2 = 2. b= 3, 0-4, find cos A, cos В and cos С. 


2420422 
Solution : cosA = UT 
2bc 
991092 4 NAA Ту! 2 
2x3x4 24 8 
с2+а2-62 1644-9 11 
со88 = Қына 
2ас 2х4х2 16 
2 ON PPP M Rt 
and озсо 
2ab 2x2x3 12 4 
Р. 


% . 
е. CHECK YOUR PROGRESS 


l. ]fa-3,b-4and с 5, find cos A, cos B and cos C. 


2.  Thesides ofa triangle are 7 ст, A45 cm and 413 om. Find the smallest angle of the 
triangle. 

3. Ifa:b:c=7:8: 9, prove that 
cos A:cosB:cosC=14:11:6. 


4. Ifthe sides ofatriangle are x? +x +1, 2x+1 and х2 —1. Show that the greatest angle 
of the triangle is 120°. 
5. Inatriangle, b cos A = a cos B, prove that the triangle is isosceles. 


Deduce sine formula from the projection formula. 
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Relations Between Sides and Angles ofà Те 


Á Q 
27 LET US SUM UP J 
Itis possible to find out the unknown elements ofa triangle, ifthe relevent elements are given by 


Sine-formula : 


MODULE - IV 
Functions 


БҰЛАР А De AON 
© sinA sinB sinC | 
Cosine foumulae : 


b? +с2-а? 


{ дэ 
(ii) cos 25 


c?«a?-b? 
2ac 


cosB = 


21112712 
454 FM cp. 
2ab 


Projection formulae : 
a=bcosC+ccosB 


b=ccosA+acosC 


c=acosB+bcosA 


SUPPORTIVE WEBSITES 
http://www.wikipedia. org | 
e http://mathworld.wolfram.com 


TERMINALEXERCISE,, 
Ina triangle ABC, prove the following (1-10): 
1. asin (B- C)  bsin(C—A) +c sin (A-B) - 0 


2. а cos А +b cos B +c соз С = 2аѕіпВѕіпС 


20 2122 25782 
57 E аА хний 


2 5 -sin2C-0 


RelationsBetweenSides and Angles of a Triangle | 
MODULE - IV 

с2 +a? _1+cosB cos (C-A) 
4. 52 +с2 1+с03 А cos(B-C) 


Functions 


c-bcosA  cosB 
5. b-ccosA соѕ С 


a-bcosC _ sinC 
6. c-bcosA sinA 


1. (a+b+6)| tan A stan |2 cot © 
2 2 2 


A-B a-b С 
—— cos — 
2 © 2 


8. sin 


9. @ bcos B+ccosC =a cos (B- C) 


G) acos A+bcosB=c¢ cos (A-B) 


10. b* Bes. cos! 9 (саў sin? 


=-L then show thata = 441. 


ШЕ Inatriangle, if b —5, c —6, tan 5 


ji» 


12. іпапу A ABC, show that 


соз А b-acosC 
cosB  a-bcosC 
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Relations Between Sides and Angles of a Triangle 


MODULE - IV 
Functions 


`` 
СЯ ANSWERS 


CHECK YOUR PROGRESS 19.3 


Жер; 
5 


вы 
5 


сов С = zero 
12: The smallest angle ofthe triangle is 30°. 
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SENIOR SECONDARY COURSE 
MATHEMATICS 


Questions For Practice - Functions 


Maximum Marks : 50 Time: 14 Hours 


Instructions : 


it 
21 


Answer all questions on a separate sheet of paper. 
Give the following information on your answer sheet : 


e Name 

° Enrolment number 
e Subject 

e Assignment number 
° Address 


Get your assignment checked by the subject teacher at your study centre so that you get positive 
feedback about your performance. 


Do not send your assignment to the National Institute of Open Schooling 


Write the number of subsets ofthe set {1,2,3} (2) 
If A={1,2,3,4,5} and B={2,4,6}, write А-В (2) 
Draw the Venn Diagram showing 
АПВ, when A and B are neither subsets ofeach other nor are disjoint sets. (2) 
If A = {1,2,3,4,5} and B={5,6,7,8,9,10} , find (1) AUB (4) АПВ (2) 

т Зп 
Draw ће graph of cos x from X =~ > tot (3) 
Find the domain of the function 9) 
1 


МЕГЕТЕЛІРЕЕ) 


If £(x) = ҮС and р(х) = x? +2, calculate (i) fog 01) 808 (3) 


MATHEMATICS 


10. 


14. 


Questions For Practice-Functiong 


Check wherther the following functions are odd, even or none (3) 
0) f(x)=x-x3 Gi) £(x) = cosx x? +x* 


(ii) £(x) = x? сов x +5x 


Prove that f : R — R defined by f (x) = 4x? —5 isa bijection. 4 
р h tan0--sec0-1 145109 
TU їап0-56с0-1 со50 (4) 
sin(A-B) ѕіп(В-С) sin(C- A) 
+ + =0 
Кш cosAcosB cosBcosC cosCcosA (4) 


Solve for 0 : (6) 


эт 110 +5110 = 0 
Solve for x : (6) 


G) tan”! (2x) + tan™! 3x = 1 
OR 
(ii) 2 tan7! (cosx) = tan”! (2cosec x) 
Inany A ABC, show that (6) 


cosA  b-acosc 
cosB a-bcosc 
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MODULE-V 


CALCULUS 


Limit and Continuity 
Differentiation 


Differentiation of Trigonometric Functions 
Differentiation of Exponential and Logarithmic Functions 
Tangents and Normals 

Maxima and Minima 

Integration 

Definite Integrals 

Differential Equations 


MODULE - V 
Calculus 


LIMIT AND CONTINUITY 


х2-1 


х-1 
You can see that the function f(x) is not defined atx = 1 asx —115 inthe denominator. Take the 
value of x very nearly equal to but not equal to 1 as given in the tables below. In this case 
x-12 Оазх # 1. 


` Consider the function f(x) = 


2 ы 
х We can write i) EL (OC s tme x12 0 andso division by 
x- x- 


(x-1) is possible. 
Table - 2 
f(x) 


2.8 
2.7 


1.8 


N 
© 


Ur 
N 
Un 


— — 
Я 


2.01 
2.001 


1.00001 2.00001 


Inthe above tables, you сап see that as x gets closer to 1, the corresponding value of f(x) also 
gets closer to 2. 


шини тн» 


THEMATICS 


Limitand €. ontinuit 


MODULE - V НИ inthis case efi is not defined at x = 1. The idea can be expressed by saying that the 
Calculus | limiting value of f(x) is 2 when x approaches to 1. 


Let us consider another function f (x) 22x. Here, we are interested to see its behavior near the 
point 1 and at x = 1. We find that as x gets nearer to 1, the corresponding value of f (x) gets 
closerto 2 at x = 1 and the value off (x) isalso 2. 


So from the above findings, what more can we say about the behaviour of the function neg 
x-2andatx-2? 


In this lesson we propose to study the behaviour of a function near and at a particular point 
where the function may or may not be defined. 


EN 
© OBJECTIVES 


After studying this lesson, you will be able to : 

e illustrate the notion of limit ofa function through graphs and examples; 

e  defineand illustrate the left and right hand limits of a function y =f (x) at x = a; 
e  definelimitofa function y =f (x) at x =a; 

e  Stateanduse the basic theorems on limits; 

e establish the following on limits and apply the same to solve problems : 


n 


И 
@ lim ~—* = na! (x +a) 
xoa х-а 
(i) lim sinx 20 and n cos x =1 
x0 20 
> 1 
sinx — 
| 2 ақ 78 
d). Hm — Gv) lim (1+х)* =e 
*- log (1+ 
М) №11 (vii) ит 9®@+х) _, 
x30 X x0 X 


° define and interprete geometrically the continuity of a function at a point; 

e define the continuity ofa function in an interval; 

e determine the continuity or otherwise ofa function at a point; and 

e X state and use the theorems on continuity of functions with the help of examples. 


EXPECTED BACKGROUND KNOWLEDGE 


° Concept ofa function 

e Drawing the graph ofa function 

е _ Concept of trigonometric function 

e . Concepts of exponential and logarithmic functions 


| 176 | Tce 120777 AMATHEMATIES 


MODULE - V 


Calculus 


2 - 
Е 7 . We have seen that as x approaches 


Inthe introduction, we considered the function f(x) = 
x- 


1, f (x) approaches 2. In general, if a function f (x) approaches L when x approaches ‘a’, we say 
that Lis the limiting value of f(x) 


Symbolically it is written as 
lim f(x)=L 


xa 
Now let us find the limiting value ofthe function (5x 45 3) when x approaches 0. 
lim (5x -3) 


16. x30 


Forfinding this limit, we assign values to x from left and also from right of 0. 


| x |204 | -0.01 | -0.001 | -0.0001....... 
-3.0005 ....... 


| x [901 | 0.01 | 0.001 | 0.0001.......... 
210995 17 


Itis clear from the above that the limit of (5x —3) as x -» 0 is -3 


ie, lim (5x -3) - -3 
x0 


Thisis illustrated graphically in the Fig. 20.1 


«e (01, -2.5) 


Ша с 


-3 
-4 
(-0.1, -3.5) 
y 

Fig. 20.1 
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! Limit and Continuity | 
MODULE - V | The method of finding limiting values ofa function at a given point by putting the values of the 
Calculus — | variable very close to that point may not always be convenient. 


We, therefore, need other methods for calculating the limits of a function as x (independent 
variable) ends to a finite quantity, say а 


2 
-9 
Consider an example: Find lim f(x), where f(x) = 4 
x33 


x-3 
Not 
T | We can solve it by the method of substitution. Steps of which are as follows : 


Step 1: We consider a value of x close to а 
вау х = а+ h, wherehisa very small positive 
number. Clearly, as x эа, h 0 


For f(x) X 3 we write x =3+h, so 


x- 
thatas x 23h —^0 


Step 2 : Simplify f(x) = f(a-- h) 


Now f(x)=f(3+h) 


_ (+h) -9 
Pest h-3 


_h?+6h 
h 
=h+6 


Step 3 : Put h=0 and get the requried result 


lim f(x)= lim (6+h 
ee) 


AS x 20, h—0 


lim f(x)=6+0=6 
Thus, dm. (x)=6+ 


by putting h=0. 


Consider the example : 
х-1 
шиний reti 
Find lim #(х), where Ғ(х)-4,;2-1 
xl 
1 чө || 
SE 
Here, for x #1, f(x) = my 
xd 


|, (x-1)(x? +х+1) 


(х—1)(х+1) 
Mfg —— —— ———— —— —— —— — Мб 


Й Limit and Continuity 


(x) MODULE - V 
Yt shows that if f(x) is of the form p ) , then we may be able to solve it by the method of| Calculus 
X 


factors. In such case, we follow the following steps : 


Step 1. Factorise g (X) and h (x) 
3 
Xel 
f(x)= 
(x) 2, 
(x-1)(x? +x+1) 
~~ (x=1)(x+1) 
("х #1,..x-1# 0 andas such can 
be cancelled) 


Step 2 : Simplify f(x) 
Step 3 : Putting the value of x, we 


get the required limit. ӨСЕРІ? 
Also f(1) = 1(given) 


4 lim Ғ(х)Ғ(1 
Inthiscase, 22 (sf (1) 


Thus, the limit of a function f (x) as x ->a may be different from the value ofthe functioin at 
x-a. 

Now, we take an example which cannot be solved by the method of substitutions or method of 
factors. 


Evaluate lim Arx- 

хэ? X 
Here, we do the following steps : 
Step 1. Rationalise the factor containing square root. 
Step 2. Simplify. 
Step 3. Put the value of x and get the required result. 
Solution : х 


1-хХ-41-х (Vix М) (М et-x) 


x x(Vi+x+vi-x) 


Маж) -Ja-x? 
(е) 


MATHEMATICS м є 


Limit and Continuit, 


MODULE - V _ (0*3-0-3 
Calculus ЕГЕТТЕ) | 


1+х-1+х | 


UU 


x Л-х» 1-х) | 


2х 


х(Л+х TE x) [^x 0,... It can be cancelled] 


2 
~ М+х+Л-х 


2 
= lim ——————— 
x0 x x20A1--x - J1-x 


2 
- 4ie0 41-0 


20.2 LEFT AND RIGHT HAND LIMITS 


"You have already seen that x >а means x takes values which are very close to 'a', i.e. either 
the value is greater than 'a' or less than а. 

In case x takes only those values which are less than 'а' and very close to 'a' then we say X is 
approaches а! from the left and we write itas x — a^. Similarly, if x takes values which am 
greater than 'a' and very close to 'a' then we say x is approaching "а from the right and we write 


itas x ^ a*. 


Thus, ifa function f (x) approaches a limit £}, as x approaches "а! from left, we say that theleft 
hand limit of f(x) as x > a is (1. 
We denote it by writing 
lim f(x)- £ or lim f(a-h)2 4, h»0 
xoa | һ->0 


Similarly, if f (x) approaches the limit £, as x approaches 'a' from right we say, that the right 
hand limit of f(x) as x эа is £5. 


We denote it by writing 
lim #(х)= £5 or Іш (ағһ)-7;,һ>0 
xat h>0 
Working Rules 
Finding the right hand limiti.e., Finding the left hand limit, i.e, 


lim f(x) lim f(x) 
xat ха 
MATHEMATICS 


Limit and Continuity 


MODULE - V 


Put x=ath Р: х=а-һ 
: i : Е Calculus 
Find lim ((а+һ) Find lim £(a-h) 


LIMIT OF FUN 
Consider an example : 


Find lim f(x), where f(x)- x? 45x43 
x21 


lim год - im (98 +s(1+h)+3] 


Bre xo1* 
= lim [1+2h+h? +5+5h+3] 
1-0 
=1+5+3=9 TE qe Pet () 
ba lim f(x) = lim [а-в 5 51-һ)+3] 
хә һә0 
= lim [1-2h+h? +5-5h+3] 
x0 
р Оо" (ii) 
From (1) and (ii), lim Ғ(х)- lim f(x) 
x1 хә 


Now consider another example : 


Evaluate : lim цаа 
хәз Х-3 


ШТЕПЕ 7227! 
Н lim ——= lim ——— —— 
ga Im x-3 вм 3+8) 3] 


= lim — (as h»0, so |h| b) 
n0 


and Жаа а астай 


caine e o [G-5)-3] 


MATHEMATICS | ШЕШЕ 


Limit and Continuity | 


MODULE - V e 
Calculus giae (as h> 0, so |-h|-1) 
ELM MM (iv) 

lim Ix-3] lim [х-3| 


- From (ii) and (у), lim Су m 


Notes : 
s Thus, in the first example right hand limit —left hand limit whereas in the second example right 
hand limit + lefthand limit. 

Hence the left hand and the right hand limits may not always be equal. 

We may conclude that 

[x-3| 
х-3 


tim (x? +5х +3) exists (which is equal to 9) and lim does not exist. 
xol x33 


20.4 BASIC THEOREMS ON LIMITS 


1. lim сх = c lim x, c being a constant. 
xa xa 


To verify this, consider the function f (x) =5x. 
We observe that in вэ 5x , 5 being a constant is not affected by the limit. 
x 


lim 5x =5 lim x 
x2 x22 
=5х2=10 


2. lim[g(x)+h(x)+p(x)+-..]= lim g(x)* lim h(x)+ lim p(x)+ M 
"| where g(x).h(x). p(x).... are any function. ; 


3 lim [f (x)-g(x) ]= lim fx) lim g(x) 
xa xoa xoa 


Limit and Continuity 


MODULE - V 


To verify this, consider f(x) = 5х242х13 
Calculus 


and g (x) - x * 2. 


lim f(x) lim (5x? 
Then ke (x) lim ( x +2х +3) 


=5 lim x? 42 lim x 43-3 
x0 x30 


lim g(x) = lim (x +2) = lim x+2=2 
x20 x0 x0 
lim (5х2 +2x +3) lim (x +2) =6 © 
x20 ASQ A MA. an ERD eC m T 
Agin lim [f(x) 09] = Вых” +2х +3 +2)] 
= lim (5x2 4 12x? + 7x +6) 
x20 


:5 л x? «12 lim x? +7 lim x+6 
x0 x20 x20 


ыы e (ii) 


From (i) and (ii), ш [5х2 +2х+3)(х+2)]= Ши (5x? +2х+3) ШИА (х+2) 
x x x 


lim f (x) 
2216262) 
По о xa l ] : 
4. im [E] lim (х) provided lim 50) #0 
xoa Р 


х2 +5x+6 


To verify this, consider the function (x)= ХЕ? 


we have lim (x? +5х +6) - CD? +5 (—1)+6 
x>-1 
=1-5+6 
=2 


andi HEE (х+2)=-1+2 
1 


x>- 


=1 


lim (x? +5х +6) 


MODULE - V 


Limit and Continuity 


e 
Calculus DE RETO 
me lim (х2 +5х+6) _ lim (x+3)(x+2)| 2 x? +3х+2х+6 
х-э-1 х42 хэ-1 х%2 =x(x+3)+2(x+3) 
=(x+3)(x+2) 
Nowe = lim (x+3) 
х>-1 
Ете ANS ESMOR а 245 (i) 
2. From (i) and (1), ] 
i 2 
lim gases _ lim, (x +5x+6) 
х--1 x+2 lim (x +2) 
x2-1 


We have seen above that there are many ways that two given functions may be combinedto 
form anew function. The limit of the combined function as x — a can be calculated from the 
limits ofthe given functions. To sum up, we state below some basic results on limits, which can 
be used to find the limit ofthe functions combined with basic operations. 


If lim f(x) = апа lim g(x) 2 m, then 
xa xoa 
@ diui kf(x)-k ед (х) = КЁ where kis a constant. 
Gi) lim [f(x) + g(x)] = lim f(x) lim р(х) =¢+m 
xa xoa xa 
(iii) lim [£()-g(x)] = lim f(x)- lim g(x) = /-m 
xa xa xa 
lim f(x) 
f(x) x5a : ; 
; —— = es -—, ded 1 
(v) d g(x) lim g(x) sc Sas is 579 
xa 


The above results can be easily extended in case of more than two functions. 


Find lim f(x), where 
: х-! 


Solution : 


ы А х-1 
errr 


MODULE - V 


= (xl) [-х #1] 
Calculus 


lim f(x) = lim(x +1) 
xl x > 


Example 20.2 


2714 
Solution : lim Ž s 
А хэ2 х-2 
11 2 
СУН (x -2)(x^ +2х +4) 
x32 (x-2) 
зарахын 
= lim (x +2x+4) [-x #2] 
225 +2х2+4 
=12 


Ехашре 20.3 Evaluate: lim Ri Jet Satis 
X32 2—X 


Solution : Rationalizing the numerator, we have 


43-x -1 5 43-х-1,43-х41 
2-х 2-х 43-х-1 


3-х-1 


= — С 


(2-x)(J3-x +1} 


2-X 
(2-х)(/3—х +1) 
limi l-n 
x32 2-х x22 (2-x)(45-x +1) 


1 
= і ——— .. 
lio nti [:x*2] 


| 25141 
MATHEMATICS ; 185 | 


Limit and Continuity 


MODULE - V 
Calculus 


R Solution : Rationalizing the numerator as well as the denominator, we get 
Ф f 
12-х-х t (vi2=x -xJ(Vi2-x +x)-(V6+x +3) 
lim = и 
м xod V6+x-3 хәз J6+x —3(у6+х +3)(2-х +х) 


Ехатшрс 20-3 Evaluate асч 
Example 20. valuate : lim 2 


(2-х-х2| па 46-х-3 


lim ~———— Ш 
x33 6+х-9 х-3,12-х%х 


-Qe4)(x-3) i V6+x +3 Же! | 


im 
хэз (x-3) x23412-x +x 


6 
--044)2--7 
8-4-6 


dn 
Ехашрїе 20.5 Find — , ifit exists. 
x0 X 


Solution : We choose values of x that approach 0 from both the sides and tabulate the 


Let us consider the example given below : 
correspondling values of 1 A | 


[s [ox] oF [т [т] 


HOS 
X 


2 1 
We see that as x — 0, the corresponding values of х ме not getting close to any number. 


ЖАЙ : S. 
Hence, ш T does not exist. This is illustrated by the graph in Fig. 20.2 


а Oe ea TE "MATHEMATICS 


Limit and Continuity 


MODULE - V 
Calculus 


Fig. 20.2 
(1х1+1—х]) 


Exam ple 20.6 Evaluate : 


lim 
x0 
Solution : Since |x| has different values for x > 0 and х<0, therefore we have to find out both 
left hand and right hand limits. 


lim (х141-х)- lim (10811-0 ))) 


x0 


= lim (| —h|+|-(-h) \) 
һ-0 


— lim h+h= lim 2h=0 440) 
h20 һ-0 
li х |) = lim (|0-h|--|-(0--h)] 
= Jm epa х) ший | ) 
= lim h+h= lim 2h 2 0 448) 
x0 һ-0 
From (i) and (ii), 


lim (|х|-|-х|)- lim Їх1-1-Х1| 
x07 h-0* 


lim [[x|-1—: 1-9 
m I+ 5 


МАТНЕМАТІС5 


Limit and Continuity 


MODULE - V Find the vlaue of 'a' so that 


Calculus ; udi xis yi 
Lai T 07 2х +а,х>1 
% Solution : lim f(x)= lim (3x +5) [:f00 23x +5 for x«i] 
хә xl 
Notes = lim [3(1- b) - 5] 
һ-0 
а 72 (i) 
lim f(x) = lim (2x +a) [^f(x) 22x +a for x>1] 
хэ? xo 
= lim (2(1+h) ға) 
һ->0 
ем X (ii) 
We are given that lim f(x) will exists provided 
x21 
lim = lim f(x) 
= хэГ xt 
; From (i) and (ii), 
2+a=8 
ог, a=6 
he (OPAL If a function f (x) is defined as 
| x , 0<х<- 
f(x)240 х= =. 
' 2 
1 
х-1,-«х51 
2 
Examine the existence of lim f(x). 
хэ! 
2 
ХЭЛЖ А з (i) 
2 
1 
Solution : Here f(x)=40 , x= 2 
А EE (ii) 


2 


) n f(x) = lim (12) 


Lond 1 1 sus den 44) 
- (2-8)  Б 6 3 2 


MATHEMATICS 


Limit and Continuity 


“| MODULE - V 


EN. i. 
= MIO А Sa E (ii) Calculus 
1 
lim reo e jim (28) 
1 + 
0) 
= lim БЕРЕ weit pus and soni (1+) (в) 
һ-0|(2 2 2 2 2 
ES 
2 
=> e (iv) 


From (iii) and (iv), left hand limit: + righthand limit 


lim f(x) does not exist. 


1. Evaluate each ofthe following limits : 


i im (х2 lim | (x +3)? -16, 
(а) lim [2(x+3)+7] (b) lim (x +3x +7) (с) imt ) ] 
3 2 ; 3 2 lim (3x +1)(x +1 
(d) № [e are] © lim [ @x «y -5] (біт (3x+1)(x+1) 
2. Find the limits of each of the following functions : 
‚ x-5 +2 
lim 
(a) M om (bim (9 lim 35 10 
x- 32525 
рх +0 io x 
li lim 
@ xo0ax b (©) lim" x-3 (бы; х+5 
. 92-1 
lim хде lim 28 
191552 -2:42 -3х-2 0) ху 2 
3. Fvaluate each ofthe following limits: 
(a) | ыг lim х°+7х (c) lim arl 
i 
= х-1 C) lim 53 +2x x» х-1 


1 2 
lim | 2—— — 
in ра 1х2 2 


MATHEMATICS | 189 | 


Limit and Continuity 


MODULE - V |4.Evaluate each ofthe following limits : 


Calculus V44+x-V4-x _ А24х-42 ‚‚ V3+x-V6 
(а) Ш (b) lim — —— —— Фш— 
x0 х x0 x x33 х-3 
Ч d) lim — 1223 
( ) ЛДА ©) x32 2-46-x 
Notes meo Е РАТОР 1: 
5. (a) Find lim —, if it exists. (b) Find lim ——, , if it exists. 
х>0х х>2х-2 


6. Find the values ofthe limits given below : 


li lim 
@ jim — |х| (b) т e 21x 2 


[х-51 


(d) Show that bad тт: does not exist. 
7. (a) Find the left hand and right hand limits ofthe function 


f(x) = -2х%3,х<1 
3х-5,х»1 


as x1 


2 
(b) If t-f AEE) 
1,x>1 хә] 


, 


E МУ Т ЕЖЕЛ МЕ Р 4х+3,х<4 
lim f = { 
(c) Find lim (x)ifitexists, given that f(x) Е to yin 
8. Find the value of'a' such that lim f(x) exists,where f(x) = ED 
x22 х-1,х>2 
KAN 
9; Let f(x) 24 1,x 21 
x^x»1 
Establish the existence of lim f(x). 
x21 
10. Find lim f(x) ifitexists, where 
x2 
х-1,х«2 
f(x)-4 1—2 
х-1,х»2 
20,5 FINDING, LIMITS OF SOME. OR THE IMPORTANT 
А FUNCTIONS ЦЭГ 


n n 
у . X -àa Е i HE 
(i) Provethat lim = na"! wherenisa positive integer. 


xoa Х-а 


ECN MATHEMATICS 


Limit and Continuity 


n n n n 
-a . (ath) -a 
1 gg (2272 
х-а |ho0 ат -а 


c DR 
Proof: lim 
xa 


EC h 

1 nde: Ма) aun ме) 
= lim “А--4 = 
= lim Ї qu nre Fate + "| 


(b) lim cosx=1 


lim sinx 20 
x20 and x20 


Proof : Consider a unit circle with centre В, in which 2 С isaright angle and Z ABC =x 


radians. 

Now sin x = A C and cos x = BC 

As x decreases, A goes on coming nearer and nearer to С. 
ie,when х-»0,А-»С 

or when х-»0,АС-»0 

and BC > AB,i.,BC > 1 

<. Whenx 0 sinx — 0 and cosx +1 


Thus we have 


lim sinx=0 and lim cosx=1 
x0 x0 


Bes UR SEDIS: 
(iii) Provethat lim =1 
х-0 X 


Proof: Draw acircle of radius 1 unit and with centre at the origin О. Let B (1,0) 


the circle. Let A be any other point on the circle. Draw AC LOX - 


MATHEMATICS 


MODULE - V 
Calculus 


Limit and Continuity 


MODULE- V 


: п 
Calculus Let ZAOX - x radians, where [кс 


Draw atangentto the circle at В meeting OA produced 
at D. Then BD 1 OX. 


Area of ЛАОС < area of sector OBA < area of 
AOBD . 


ог, OCxAC <x)? <;ОВхВр 
Е area of triangle = E basexheight and area of sector- 70 4 


1 К 1 1 
—С05Х5пх<—х<—.1-{апх 
2 2 2 


2) рек Махал над їап х -28-0Х -1:008 
ОА ОА ОВ 


заттан Oting throughout by З 
ie. CUTS ivi ugho zsinx 
f sinx sinx в 72 

х 1 E 
or cosx « —— < 
sinx cosx 
1 $ j 
or »—— < cosx 
cosx | 
{ sinx 1 : 
Le., cos x < —— < 
Хх. с08Х 
Taking limit as x — 0 , we get 
М ECT: 1 
lim cosx < lim — < lim 
x0 x20 x x0 COS x 
. sinx 3 : 1 
or 1< lim —— «1 Ч lim соѕх =1 and lim а] 
x20 X x0 x20cosx 1 


(iv) Prove that lim (1+x)* Se 
x20 : 


| Proof : By Binomial theorem, when | х | « 1, we get 


Limit and Continuity 


IODULE - V 
Calculus 


x 1 
1 zs - 
(1+х) "us UNUM Е iu dove: oo 
qo ERE lie = | 
2! 3! 
1 
ш (1+x)* = tin) SE ы. ТА nt 14274 VERS d 
—0 0 2! 3! 
1 
=|1+1+—+—+.......... 00 
ен] 


=е (Bydefinition) 


Thus lim (1+ x)" =e 
x0 
(v) Prove that 
log(1 
lim a li m dog (1+x) = lim ір (1+ х)!" 
0 X x20 


x0 


Using lim (1+х) те 
=loge du ) 


2 3 
Proof: Weknowthat e Е Я | 
2-49 
т Жы. ny 
e eee 2 3 йл. | 
( xb х} 
=| X+— + 
( 21:28! 
х2 x 
оны 
e*-1. 2! 3! [Dividing throughout by x] 
Ха х 
X| L+H H 
2] 731 


'ATHEMATICS 


Limit and Continuit, 


MODULE - V ix 
Calculus = Sight ae > tH 
. e*-1 . x x? 
li = lim | 1+—+—+.......... 
ese x iaf 23 | 
Notes =1+0+0+........ =l 
x -- 
Thus, fu Sy 
x20 X 
e*-e* 
|Ехатріе 20.9 Find the value of lim 
x0 x 
Solution : We know that 
х 
Би Эн E. 
x30 X 
Putting x = -x in (i), we get 
EX 
Ба yl аш ӨӨ ИЛЭЙН- — c 5 Gi 
х-0 -Х 
Given limit can be written as 
M ын х 
Titae Ай ос [Adding (i) and (ii) 
x0 х 


-1 e*-1 
= lim + lim 
` х-э0 X х-0 -X 
=1+1 [ Using (i) and (ii)] 
x -х 
Тнь lim “—*— =2 
x20 х 
5 ; . e*-e 
| Example 20.10 | Т lim 2 
x31 Х-1 
Solution : Putx = 1 +h, whereh 0 
E hh _ 
6 те PE е 


x31 Х-1 hoo h 


| 194 | MATHEMATICS 


Limit and Continuity 


MODULE - V 


oh 
seve —e 
vlr -—— —— 
mrt Calculus 
h 
lim е(е —1) 
n20 h 
h 
Segni 
hoo h 
=ех 1 = 
x — 
Thus lim 5 =@ 
x Х-1 
: ЭХ 
Ехашрїс 20,11 Evaluate : lim 
x30 "X 
Sut lim sin 3x lim sin 3x 3 Neat 
olution : n BET ividi 
^g x20 X x20 3x [Multiplying and dividing by 3] 
4 (ЗІП ЭХ 
=3 lim — — [> when x —> 0,3x > 0] 
3x20 3x 
=3.1 | lim жақ. 
x20 X 
=3 
Thus, їй sin3x 3 
x20 X 


2X 1 cos2x =1—28їз^ 5: 
“. 1—cos 2x -2sin? x 


22Х 
or 1-eosx -2sin* > 


[Multiplying and dividing the denominator by 2] 


MATHEMATICS ———— ЫШ 


Limit and С continuit 


MODULE - 


xat 
Calculus a ER 724 
. I-cosx- 1 
lim == 
x30 2x 4 
Notes | Г le 20.13 Eval lim 1-cos 40 
= хш sus esate cos 60 
et ee slim COE ng e е 
0-0 1—соѕ60 0502 sin? 30 
: 2 2 
sin 20 30 1 
— li 2 E ds. 
-8|| 28. o) Ex | 
4 ES 30 Ks 
=lim - L0 
050i 20 sin 30 / 9g? 
-(3 Ji m (02) m ( 30 ) 
20:30 30:30 sin 30 
S xa 
9 9 
| Example 20.14 Find the value of lim IM 
x т (n- 2х)? 
T т 
Solution : Put x - > +h E when X2 7, h 0 
2x=n+2h 
2 1+соз2х _ > 1+0082( +в) 
хэл (n- 2х)? Вэб [л-(л+2Һ)]?. 
xdi 1%сов(л--2Һ) 
h>0 4h2 
.. 1-cos2h 
=lim 
вэ0 4h? 
. 2sin?h 
= іт 
) h20 4h? 
1 sin 3 
=— lim 
2h>0\ h 


TI THEMATICS 


Limit and Continuity 


mal 
2 


2 


„ЛА со052 1 
lim —= ли Ыы 


x37 (x e 2х}? 2 


sinax 


Ехатр!е20.15 Evaluate ha 


sinax 
sinax ха 
= lim —8X 


Solution : lim DXX 
xo0tanbx x90 tanbx xb 


bx 


i sinax а 
x>0tanbx b 


1. Evaluate each of the following : 


2x _ хе 


(b) lim 


x30 ех +e 


(a) lim © 
x0 


2. Find the value of each of the following : 


-Х -1 


(a) lim © 


x3) x- 


(b) lim 


x тү 


3. Evaluate the following : 


lim ——— 
(d) x20sinbx 


MATHEMATICS 


. sinx 
с) lim ——— 
( ын х 


Limit and Continuity 


MODULE - V. | 4. Evaluate each ofthe following : 


Calculus lim 1-совх lim 1-сов8х m 5102х(1-сов2х) 
(a) х->0 х2 хэд х (c) Em x0 x 
li 1-cos2x 
(d) im = 2 


x20 3tan^x 
Notes | 5. Find the values ofthe following : 
1-cosax (ТЕ 022252 lim cosec х —cotx 
(а) x20 1—cosbx (b) хәб 1—cos x S x90 X 


6. Evaluate each of the following : 


cos—x 
lim È i 2 c) li -t 
(2) ирен (b) lim "ER. ( хон x-tan x) 
2 
7. Evaluate the following : 
sin5x ‚_ tan 70 sin 2x + tan3x 
lim lim lim ———— —— - 
ide x90 tan 3x uer sin 40 КУ er 0 4x-tan5x 


20,5 CONTINUITY OF A;FUNCTION'A’ "А POINT 


(a, See 
есін (а, Ка) (а, M 


" d 2 


Fig. 20.5 
Let us observe the above graphs of a function. 


We can draw the graph (iv) without lifting the pencil but in case of graphs (i), (ii) and (iii), the 
рег! has to be lifted to draw the whole graph. 


In case of (iv), we say that the function is continuous at x = а. In other three cases, the function 
is not continuous at x =a. i.e., they are discontinuous at x = а. 


Incase (i), the limit of the function does not exist at x = а. 


Incase (ii), the limit exists but the function is not defined at x=a. 
j Incase (iii), the limit exists, but is not equal to value of the function at x =a. 


Incase (iv), the limit exists and is equal to value of the function at x =a. 


как енен теле те ннен TERI 
Le "MATHEMATICS 


Limit and Continuity 


MODULE - V 
Calculus 


Examine the continuity of the function f(x) = x —a atx —a. 


Solution : i f(x)- he f(a--h) 


= lim[(a--h)-a] 


=0 
Also ҒҚа)-а-а-0 
From (i) and (ii), 
lim f(x) = (а) 


Thus f (x) is continuous at x =a. 


Ехатрїе 20.17 Show that f(x)=c¢ is continuous. 


Solution : The domain of constant function c is R.Let'a' be any arbitrary real number. 
lim f(x) =cand f(a) 2c 


xoa 


lim f(x) 2 f(a) 


xa 
2. f(x) is continuous at x = a. But'a’ is arbitrary. Hence f(x) = c is a constant function. 


ШИ Ж Show that f (x) = cx +d isacontinuous function. 


Solution : The domain of linear function f (x) = сх+4 is R; and let'a! Бе any arbitrary real 
number. 
lim f(x) = lim f(a--h) 

һ-0 


xoa 
= lim[c (a - h)* d] 
ha 
Aus. 0 И C E (1) 
Also о ан (ii) 


From (i) and (ii), lim fœ) =£@) 


f(x) is continuous atx=a 
and since ais any arbitrary , f(x) isa continuous function. 


ИИА УС Prove that f (х) = ѕіп x isa continuous function. 
Solution : Let f(x)=sinx 
The domain of sin x is R. let 'a' be any arbitrary real number. 
lim f(x) = lim f(a +h) 
xa һ->0 
— lim sin(a+h) 
һә0 
-lim [sina.cosh+cos a.sinh] | 
h90 2 


МАТНЕМАТІС5 i 


MODULE - V z 


Calculus 


Limit and Сопіт | 


—sina li h lim sinh ч lim kf(x) =К lim fi hi i 
c — Mage oin | um (x) Ши, (x) where k is a constan | 
25 -limsinx-0 and lim =i | 
=sinaxl+cosax0 | ХЭ) мик > х=] 
SR OO 00 (i 
Also f(a)=sina ii) 
From (i) and (ii), lim f(x) = (а) | 
xa 
-. Sin х is continuous at x - a | 
ч Sin х is continuous at x =a and а is an aribitary point. | 
Therefore, f (x) = sin x is continuous. | 
ЦУСТ ЧУЛ Given that the function f (x) is continuous at x = 1. Find a when, 
f(x)=ax+5 and f (1) - 4. 
Solution : lim f(x) = lim (1+ h) 
xl h20 
= lim a(1-- h) - 5 
h0 
=а+5 г.) 
Also £54 ог 12200 о (i) 
As f(x) is continuous at x = 1, therefore ИЧП f(x) - f(1) 4 
„From (1)and (ii), а+5=4 i 
or a=4-50r а=-1 
Definition : | 
1.  Afunctionf (x) is said to be continuous in an open inteval ]a,b[ if it is continuous ateVery 
point of Ja,b[*. 


2. A function f(x) is said to be continuous in the closed interval [a,b] if it is continuous at 
every point of the open interval Ja,b[ and is continuous at the point a from the right and 


continuous at b from the left. | 
ie. lim f(x) = (а) | 
xa 
and lim f(x)-f(b) 
xb 


5 In the open interval Ja,b[ we do not consider the end points a and b. 


"MATHEMATICS 


Limit and Continuity 


MODULE - V 


) Е л 
[Example 2021 | Prove that tan x is continuous when 0 < x < E Calculus 


Solution : Let f (x)= tan x 


The domain of tah x is R-Qn*D7,nel 


Let aeR - 2n +05, be arbitrary. 
lim f(x) = lim f(a+h) 
xoa h0 
‘= lim tan(a+h) 
һ-э0 


RR sin(a +В) 
h0 cos(a +h) 


sinacosh + cosasinh 


~ в->0 cosacosh -sinasinh 


sina lim cos h+cosa lim sin h 
x h0 һ->0 


“соза lim cos h-sina lim sin h 
h0 h0 


_ sinaxl+cosax0 
cosaxl—sinax0 


sina 
~ cosa 
=tana 2... (i) . [~ Yae Domain of tan x, cos a #0] 
Also f(a)=tana ... (ii) 


s. From (i) and (ii), lim f(x) = f(a) 


-.{(x) is continuous at x = a. But 'a' is arbitrary. 


à : т 
.tanxis continuous for all x in the interval 0< x <>. 


m 
Ul CHECK Y 


1. Examine the continuity of the functions given below : 


OUR PROGRESS 20.3 


(a) (х) e x-5atx -2 (b) f(x) - 2x 7atx =0 

(c) fG)- 5x &Tatx -3 (d) f(x) = px « qatx =-9 ў 1 
2. Show that f(x)-2a43b is continuous, where a and b are constants. 3 
3. Showthat5 x + 7isacontinuous function 
4, 


(а) Show that cos x is a contir.uous function. 


Pep DNE. 22. кычы аНЫН уали Ee 
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Limit and Continuit; 


MODULE - V 
Calculus |5 Find the value of the constants in the functions given below : 


(а) f(x)=px —5 and f(2) = 1 such that f (x) is continuous at x= 2. 


&7 


(b) )=а+5х and Ғ(0)-4 such that f (x) is continuous at x = 0. 
(c) f(x) =2x-+3b and f(-2) 7 such that (x) is continuous at x = 2. 


20.7 CONTINUITY OR OTHERWISE OF A FUNCTION AT А 


POINT 


So far, we have considered only those functions which are continuous. Now we shall discuss 
some examples of functions which may or may not be continuous. 


(Example 20.22 that the function f(x) = ех isa continuous function. 
Solution : Domain of ех is К. Letae R . where 'a'is arbitrary. 


lim f(x) = lim f(a + В) , where his a very small number. 
xoa һ-0 


= lim e*^ 
h30 


= lim e? -e” 
h20 

=e" lim e" 

һ->0 


шейхі 
E IM 4% (ii) 


ше 
Also Ғ(а)-- ез 

-.From (i) and (ii), lim ГО = (а) 

х f(x) is continuous at x =a 

Since ais arbitary, e* is acontinuous function. 


х?-1 


ЖЕШТЛӘРІРЖЕВу means of graph discuss the continuity ofthe function f(x)- a 


Solution : The grah ofthe function is shown in the adjoining figure. The function is discontinuos 
as there is a gap in the graph at x = 1. 


| 20257 —— — —"WATHEMATIO 
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Fig. 20.6 


P 
CHECK YOUR PROGRESS 20.4 


1. (a)Show that f (x)= e>* is a continuous function. 


-2 
ж 
(b) Showthat f (х) =е 3  isacontinuous function. 


(c) Show that f (x)= еЗх+2 15 a continuous function. 
(d) Show that f (x) = e ?*X*5 is a continuous function. 


2. Bymeans of graph, examine the continuity of each of the following functions : 


(о) =. ® 69-157 
2 у 
(с) (=> (4) f(x)» € 


() ^ Considerthe function f(x) 7 4. Graph ofthe function 
f(x) 4 is shown in the Fig. 20.7. From the graph, 
we see that the function is continuous. In general, 
all constant functions are continuous. 

Gi) ^ Ifafunctionis continuous then the constant multiple 
ofthat function is also continuous. ў 


Consider the function f(x) = 5х Ме know that x 


is a constant function. Let 'a' be an arbitrary real 
number. 


lim f(x) = lim f(a +h) 
xoa һ->0 


i 


——— Hla > — n —— D —— = (oe А 
MATHEMATICS ud | 


Limit and Continuity 


MODULE - V 


d 
= lim —(а+һ 
Calculus ра (а Кю 
221 
m^ ө (i) 
Also Ка) = 2а (i 
EINEN Ш ii 
Notes 2 
> From (1) and (ii), 
lim f(x) =f(a) 
xoa 
toT : 
E fG9-7x is continuous at x —a. 
7 Ч h 
As 1 is constant, and x is continuous function at x — a, 7 xisalsoa continuous functionatx-a. 
(ii) Consider the function f(x) = x? 42x . We know that the function x? and 2x are 
continuous. 
lim f(x) = lim f(a+h 
Now pd cr аі) 
‘ 2 
E lim | ath) -2(а-1 ] 
іш [(a-+)?+2(a-+h) 
= lim [22 + 2ah +12 +2а +2ah | 
һә0 
Eo Ж @ 
Also f(a)= a? HOUSE ҙҙҢҘҙ (ii) 


л, From (i) and (ii), lim (х) = (а) 
2. f(x) is continuous at x = a. 
Thus we can say that if x? and 2x are two continuous functions at x =a then (x? +2х) is also 
continuous at x =a. 
Gv) Consider the function f(x) = (x? + I(x +2). We know that (x? + 1) and (x +2) ate 
two continuous functions. 
Also f(x) =(x? +1)(x+2) 
2x +2х2+х+2 
As x?,2x?,x and2 are continuous functions, therefore. 
x? 4 2x? + x +2 is also acontinuous function. 
We can say that if (x? + 1) and (x+2) are two continuous functions then (x? + 1) (x+2) 
is also a continuous function, 


MATHEMATICS. 


Limit and Continuity 


2 MODULE - V 
(№) Consider ће function f(x) = T = atx = 2. We know that (x? a 4) iscontinuousat| Calculus 


х= 2, Also (x + 2) is continuous at x =2. 


2 
: . x^-4 , (x*2)(x-2) 
Again 1 = lim 5——————. 
ub xv2 woe #82 


lim, f(x) = f(2). Thus f(x) is continuous at x =2. 
x 


х2-4 


Н,2-4 and x +2 are two continuous functions atx =2, then 222 isalso continuous. 


(vi) Consider the function f(x) 4 x - 2|. The function can be written as 


v -(x-2)x«2 
25 (x-2)x22 


lim f(x) = ШВ) һ>0 
Шы , 


x32. 
= lim[2-h)-2 
Jim [@-h) ] 
=2-2=0 


lim f(x)= lim ECO) py gae Е СВТ... (i) 


x32* 

= lim [@+h)-2] 

оо d БИШ елка тайы Gi) 
Also £(2)=(2-2)=0 vc LOT abs бй) 
^; From (i), (ii) and (iii), lim #(х) =#(2) 

Thus, |x –2| is continuous at x 72. 
After considering the above results, we state below some properties ot continuous functions. 
If f(x) and g (x) are two functions which are continuous ata point x=a, then 
(i) C f(x) is continuous at x =a, where C is a constant. 


(0) f(x) + g(x) is continuous at x =a. 
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(iii) f x) - g(x) is continuous at x =a. 
(iv) f (x)/g (x) is continuous at x =a, provided g (a) + 0. 


(v) [f(x)| is continuous at x = а. 


20.9 IMPORTANT RESULTS ON CONTINUITY 


By using the properties mentioned above, we shall now discuss some important results oy 
continuity. 


@ 


@) 


Consider the function f(x) = px-- x €R 1 


The domain of this functions is the set of real numbers. Let a be any arbitary real numb, 
Taking limit of both sides of (i), we have 


lim f(x) = lim (px+q)=pa+q [=value of px +q at x = а] 
xoa xoa 
px +q is continuous at x = a. 
Similarly, if we consider f (x) = 5х2 + 2x +3, wecan show that it is a continuous function 
In general f(x) = ag “аха. жар jx"! a, x" 
where аџ,аџ,аз.....а, are constants and n is a non-negative integer, 


we can show that ao,a,x, ax? ,....a,x" are all continuos at a point x = c (where cisany 
real number) and by property (ii), their sum is also continuous at x = c. 

~. f(x) is continuous at any point c. 

Hence every polynomial function is continuous at every point. 


Considera function f(x) = E o f(x)is notdefined when x — 5 = die, ХХ 
ло 


, Since (x + 1) and (х + 3) are both continuous, we can say that (х + 1) (x +3) is also 
continuous. [Using property iii] 


2. Denominator of the function f (x), i.e., (x — 5) isalso continuous. 


2. Using the property (iv), we can say that the function өсө 18 continuousatdl 
х= 
points except at x = 5. 
In general if f(x) = ре, ‚ Where p (x) and q (x) are polynomial functions and q бдг) 
4(х 


then f (x) is continuous if p (x) and q (x) both are continuous. 


Example 2024 Examine the continuity of the following function at x =2. 


3x-2 forx«2 


“9-1 


х%2 forx22 
< И 


Limit and Continuity 4 
Solution : Since f (x) is defined as the polynomial function 3x — 2 on the left hand side of the 


point x =2 and by another polynomial function x +2 on the right hand side of x= 2, we shall find Calculus 
the left hand limit and right hand limit of the function at x = 2 separately. 


Fig. 20.8 


Lefthand limit = lim f(x) 


x2 
= lim (3x -2) 
x72 
=3x2-2=4 
Right hand limit at x =2; 
lim f(x) = lim (x+2)=4 
x2 


x2* 
Since the left hand limit and the right hand limitatx = 2 are equal, the limit of the function f(x) 


exists at x =2 and is equal to 4 i.e., lim f(x) 74: 
x32 


10 f(x) is defined by (x +2) atx 7 2 
“£(2)=2+2=4. 
Thus, lim f(x) =f(2) 
x32 
Hence f (x) is continuous atx 72. ( 


yc MEME COELOS 
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(i) ^ Discusssthe continuity of f (x) at x — 0. 


Draw the graph of f (x) |х|. 


Solution : We know that for x 2 0,|x|- x and for x <0,|x|=-x. Hence f (x) can be written 


-X,x«0 


rwx] 221 


(i) The graph ofthe function is given in Fig 20.9 


-4 -3 -2 -1 


Fig. 20.9 


(ü)Lefhandlimit = lim f(x) 
x0 


= lim(-x)-0 
x0 
Righthand limit шо 
= lim x=0 
x0 
Thus, lim f (x)=0 
Also, £(0)=0 


lim f(x) = f(0) 
x0 


Hence the function f (x) is continuous at x =0. 


| Example 20.26 Examine the continuity of f(x) x — b |at x =b. 


Solution : We have f(x) 4 X — b|. This function can be written as 


-(x-b),x «b 
(x-b),xzb 


—— € —— —— ———— а 


=] 


1 Limit and Continuity 


Lefthand limit = lim f(x)= 


xb 


= lim[-(b-h-b)] 


lim £(b-h) “| MODULE - V 
a Calculus 


= lim h= 
їийхд EM NET с, @ 
Righthandlimit = lim. f(x)- lim f(b +h) 
xb* h0 
= lim[(b+h)-b 
Tig )-b] 
= lim ba ee ees s a - 
Bio, (0-:-b-0. И О О ТАК os (ii) 


From (i), (ii) and (iii), Bm f(x) - f(b) 


Thus, f(x) is continuous at x — b. 


sin2x 0 
Example 20,27 ВОЗ ИА 
2, x-0 
find whether f(x) is continuous at x — 0 or not. Ч 
sin2x 0 
Solution : Here f(x)=4 x ^" B 
2: х-0 
СУБХ 
Lefthandlimit = lim 
хо” X 
-li sin 2(0—h) 
h0 0-h 
. —sin2h 
= іт 
h>0 -h 
ШІ Е 2h 2) 
hoo 2h 1 
=1х2=2 50 ЗОЯ А Т л Aa (i) 
Righthandlimit = lim 8122 
хэд! X 
= lim 512 2(0--һ) 
һэ0 0+һ 
sin2h 2 
= lim x= 
no0 2h 1 
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Notes 


Limit and Continuity 


=1х2=2 (i) 
f(0)-2 (Given) (i) 
From (i) to (iii), 
lim f(x) 22 - f(0) 
x0 


Hence f(x) is continuous at x = 0. 


л forx =1апа (х) =2 when x = 1, show that the function 


Example20.28 816325 x 


f(x) is continuous at x = 1. 


221 


х-1 
2.31 


Solution : Here f(x) = ‚х#1 


xl 


= lim f(1-h) 
h0 


- 22 
= tin CREST 
вэд (1-1)-1 


тов ев 1 
= lim ————— —— 
ho0 -h 


= lim- (h -2) 
h0 
=2 
қама эн ш ә 0108 
x1* 
= lim f(1--h 
um (1+8) 
2 
= lim Q*hy -1 
h>0 (1 h)-1 


"qp heehee 
-Ша---с-- 
һ-0 h 


lim h(h +2) 
h>0 h 


= lim (+2) 
һ-э0 
Also f(1) 22 (Given) 2 


Limit and Continuity 


lim f(x) = #0) MODULE - V 
jt Calculus 


Thus, f(x) is continuous at x = 1. 


Example 20,29 f Find whether f (x) is continuous at x = 0 or not, where 


х 
‘on: lim f(x) = lim = 
Solution : lim (x) bee 


=lim1=1 
x0 


and Ғ(0) -2 
Eun f(x) = f(0) 


Fig. 20.10 
Hence f (x) is not continuous at x = 0. The graph of the function is given in Fig. 20.10. 


Clearly, the point (0,1) does not lie on the graph. Therefore, the function is discontinuous at x =0. 
Signum Function : The function f (x)=sgn(x) (read as signum x) is defined as 


-1, x<0 
Ї(х)-4:0, х-0 
1, 175020 


Find the left hand limit and right hand limit of the function from its graph given below: 


Fig. 20.11 


From the graph, we see that as x > 0”, Ғ(х)->! andas (х)-» 07» f(x)>-1 


Hence, lim f(x)=1, lim f(x) --1 
x0* x30” 
As these limits are not equal, lim f(x) does not exist. Hence f(x) is discontinuous at x =0. 
x0 


MATHEMATICS 211 | 


MODULE UN Greatest Integer Function : Let us consider the function f (х)=[х] where [x] denotes 
Calculus | greatest integer less than or equal tox. Е ind whether f (x) is continuous at 


@ х-2 @х=1 


To solve this, let us take some arbitrary values of x say 1.3, 0.2,—0.2..... By the definition 


REA greatest integer function, 
[1.3] = 1,[1.99] = 1,[2] = 2,[0.2] = 0, [-0.2] =—1,[-3.1] = -4, etc. 
In general : 
for -3<x<-2, [x]=-3 
for -2<х<-1, [х]=-2 
for-1«x «0, [x] » -1 
forü«x «1, [x]=0 
fori«x «2; [x]=1 and so on. 


The graph ofthe function f(x) = [x] is given in Fig. 20.12 


(i) From graph y 
lim f(x)=0, lim f(x)=0, 
Y + 4 
> ХЭ, 
lim f(x) 0 
x 
Mo ( өя-0 
lim Ғ(х)- 44) 
Thus x > 2 
Hence f (x) is continuous at 
1 
х=— 
2 
4 : Fig. 20.12 
lim f(x) =0, lim f(x) -1 
@ x17 хэ” m 


Thus lim f(x) does not exist. 
xl 


Hence, f (x) is discontinuous at x = 1. 


х=1 
[Ехатрїе20.30 № what points is the function (х+4)(х—5) continuous? 
MATHEMATIÓ 
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х-1 
(x+4)(x-5) Calculus 


Solution : Here f(x)= 


The function in the numerator i.e., х – 1 is continuous. The function in the demoninator is (к+4) 
(x-5) which is also continuous. 


But f (x) is not defined at the points - 4 and 5. 
г. The function f (x) is continuous at all points except — 4 and 5 at which itis not defined. 


In other words, f(x) is continuous at all points of its domain. 


2 
Example 20.31 ЫШ the points of discontinuity of the function f(x) = X 4 2**5 | 
x? -8x +12 
Solution : Here f(x) is a rational function. 


Denominator= x? —8х +12 
- (x -2Yx —6) is zero atx=2 andx=6 
2 f(x) is not defined at x =2 and x =6. 
Also we know that a rational function is continuous at all points of its domain. 
2. f(x) is continuous for all values of x except x = 2 and x — 6. 


CHECK YOUR PROGRESS 20.5 


1. (a) If f(x) 22x +1, when x1 and f(x)-3 when x = 1, show that the function f (x) 
continuous at x 71. 


(b) If f(x) = bo %% E find whether the function fis continuous at x =2. 
3x+5, x= 


(c) Determine whether f (x) is continuous atx = 2, where 


4x43, х<2 


f(x)= 
(x) 8-х, x>2 


(d) Examine the continuity of f(x) at x = 1, where 


Y Ant 
= Хх 
X45, хэ! 


(e) Determine the values ofk so that the function 


оа ун 
(х) = kx" ,х52 i. con tinuousat x =2. 


3; ж>2 


Examine the continuity ofthe following functions : 

(а) f(x)-|x -2|at x=2 (b) f(x) =| x 5|at х=—5 

(с) f(x) -a-x|at x-a : 
МАИ 
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Ix-2| *2 
Calculus (@ #(х)=4 292° * atx-2 
Ы xz 
; [x-a| 
(е) (х) = Xen x*a atx=a 
1, x-a 


uL rj 
3 eit o P 2 ах-0 


sin 7x xU 
(МН 1(5) 4 х” ә aixe0 
7, x-0 
(c) For what value ofa is the function 
sin 5x хад 
Ё(х)=1 3x 7 continuous at x ^ 0 ? 
а, x=0 


4. (а) Show that the function f (x) is continuous at x = 2, where 


2 
x'-x-2 
f(x)- ХУ IU for x «2 
3, for x -2 


(b) Test the continuity ofthe function f(x) at x = 1, where 


х2-4х-3 
f(x)= ет. for x «1 
-2 for x=1 


(c) For what value оЁК is the following function continuous at x = 1? 


2 


f(x)- x when x z1 


k when x =1 


(d) Discuss the continuity ofthe function f (x) at x = 2, when 


хоо 
f(x)- тағ for x#2 


т X 


Іх| 
(aIff(x)24 х? xao , find whether fis continuous at x =0. 
0 50 


se 


bl 


Limit and €entintüity 


"MODULE - V 


(b) Test the continuity ofthe function f (x) at the origin. 
ү Calculus 
where (х= ік” -— 
Ti эше) 


6. Find whether the function f(x)=[x] is continuous at 

4 2 

()x-;()x-3 Oxs- (фх-3 
7.  Atwhat points is the function f (x) continuous in each of the following cases ? 


f EE ion t6 x-3 
©) 9“ атат 


x42 


(а) f(x) = 


e  Ifafunction f(x) approaches / when x approches a, we say that / is the limit of f (x). 


Symbolically, it is written as 
lim f(x) 2 £ 
xa 
Ы Е lim f(x) = ий lim g(x) =m, then 
() lim kf(x) =k lim f(x) - k£ 
xoa xa 
Gi) lim [Ё(х) + g(x)] = lim f(x) + lim g(x) = £m 
xa xa xa 


(ій) lim [£(x)g(x)] = lim f(x) lim р(х) = m 
xa xa xa 


| lim f(x) ; 
@ ња). хә 4 ,provided lim g(x) #0 
xoag(x) limg(x) m xa 
xa 


Ч LIMIT OF IMPORTANT FUNCTIONS 


n n 


@ lim E28 дай " lim sinx =0 
xoa X-a 6) x20 
i lim cosx=1 li sinx _ 

a 0) im 

1 

x log (1+x) 
у 4 х : i 1 
м lim (1+х) =e (vi) хэн IA 

x - 
о tim 2 
x90 X 
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1. lim 5 Э? lim V2 


x1 x0 


5 2 
3. lim аз? 4. lim X *2x 
x1 3x 


+х? +1 хэ-2 3 + х2 –2х 


s tim бсн -x* 2 im Мах Мх 
Y x20 К(К+2х) л x0 x 


х--1 


2: . Jim ЕЕ dad | & ба QX-3Nx 1 


x«l x?-] x1 (2x +3)(х -1) 


2 

r x^ -4 ; 1 2 

ї lim ————————— lim | ——- 

2 mic er EN 1-2 26: tin | 


$ 2 2 

. Sinx . X^ —(a+l)x+a 

11. lim —— 12. lim —( Б 225 
хәлл-х xa No 


hitp://www.wikipedia.org 
e. http://mathworld.wolfram.com 
TERMINAL EXERCISE 
Evaluate the following limits : 


Find the left hand and right hand limits ofthe following functions : 


-2x43if xxl х2-1 
13.f(x)- f(x)= 1 
(х) М 4 14. f(x) быш? 
Evaluate the following limits : 
| | .. x-2] 
lim 1 
he ee ines ay 17. 


2 
18. If f(x)= (+2) -4, prove that lim f(x) =4 though f (0) is not defined. 1 
x x! 


5х+2,х<2 | 


Н lim f(x) i f(x)= 
19. Find К so that 1 * G may exist where f(x) E EL 2 | 


. sin7x 221 е-е х –2 | 
) 20. Evaluate lim 21. Evauate lim [er | 
x0 2x x20 х 


MATHEMATICS 


—_ сы: 


1-сов3х 


" 
22. Evaluate m 


24, Evaluate ints x)tan == 25. Буй ин 


Examine the continuity of the following : 
1+3x if x »-1 
fi 
26. 2) 2if x<-1 
ах--1 
--х,0<х<- 
1 1 
f(x)-4 -,х-- 
27. (x) 2 X 2 
АМУ 0 
2 
tx=+ 
|. 
28. For what value оЁ К, will the function 
е 
fe if x4 
E ü х=4 


be continuous atx 74 ? 


29. Determine the points of discontinuty, if any, ofthe following functions : 


23.Find the value of lim 


sin2x +3x 
х-02х +sin3x 


sin $1150. 
50 tan 80 


»« х2 +3 4х2 +3х+5 
@) x)! x«l 0) x?-2x41 
2 
x^-x-4l ^ 16, x 22 
b ив х > 
©) x? -3x 41 што) | 16, x=2 
sin x 


30. Show that the function f(x) = 


+cos, X#0 is continuousat x =0 


21 x=0 
31. Determine the value of'a’, so that the function f (x) defined by 


acosx т 
——‚х#— 


ТЭГ п-2х 2 


iscontinuous. 


Linst and Созу. 


d 
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CHECK YOUR PROGRESS 20.1 
l. (917 (7 (c) 0 d 2 


(е)-4 (98 
2 00 On o- wt (96 
(f) -10 (g)3 @ 2 
3. (ауз 07 (с) 4 ox 
1 1 1 
4. (9 075 (96 (d) 2 (е) -1 
5. (а) Ооеѕпоѓехіѕі (b) Does not exist | 
6. (a) 0 он (c) does not exist 
T (8)1,-—2 (b)1 (c) 19 | 
8. а--2 | 
10. limitdoesnotexist 
CHECK YOUR PROGRESS 20.2 | 
Cels | 
Ш Эа е | 
G- = | 
1 a | 
(а)2 (0-4 © о d 
1 2 
(27 (b)0 (c)4 (07 
2 
(er фр ©; 
С) 5 ©) 0 
(өз ОИ ()-5 
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CHECK YOUR PROGRESS 20.3 
1. (a)Continuous (b)Continuous 


(c) Continuous . (d) Continuous 
5. @р=3 (b) a-4 (© b=> 


CHECK YOUR PROGRESS 20.4 
2. (a) Continuous 
(b) Discontinuous at x =2 
(c) Discontinuous at x = -3 
(d) Discontinuous at x —4 
CHECK YOUR PROGRESS 20.5 
1. (b) Continuous (c) Discontinuous 
(Ð Discontinuous (6% -3 


) (a)Continuous (c) Continuous, 
(d) Discontinuous (e) Discontinuous 


! — (a)Discontinuous (b) Continuous © 
(b) Continuous (c)k=2 
(d) Discontinuous 
. (a)Discontinuous (b) Discontinuous 
} (а) Continuous (b) Discontinuous 
(c) Discontinuous (d) Continuous 
7. (a) All real number except 1 and 4 
(b) All real numbers except —2 and 3 
(c) All real number except —6 and 1 
(d) All real numbers except 4 
TERMINAL EXERCISE 


1.5 2. 42 3.4 4-- 


| MODULE - V 


Calculus 


, Limitand Continuity 


MODULE - V 


1 a-l 
Calculus 9. -8 10. 5 1:1 ^ 
13:1-2 14. -2,2 15:1:1 16. 1 
1722: 19. k-8 20. i 21.1 
ua" 22.5 23.1 24. 2 дё 2 
2 л 
26. Discontinuous 27. Discontinuous 
28. k=8 
29. (a) No (b) х=1 
(c) x21, х=2 (d) x 2 
31.10 
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Notes WU 


DIFFERENTIATION 


The differential calculus was introduced sometime during 1665 or 1666, when Isaac Newton 
first concieved the process we now know as differentiation (a mathematical process and it yields 
aresult called derivative). Among the discoveries of Newton and Leibnitz are rules for finding 
derivatives of sums, products and quotients of composite functions together with many other 
results. In this lesson we define derivative of a function, give its geometrical and physical 
interpretations, discuss various laws of derivatives and introduce notion of second order derivative 
ofa function. 


FN 
е) OBJECTIVES 


After studying this lesson, you will be able to : 


e define and interpret geometrically the derivative ofa function у= f(x) at x =a; 
prove that the derivative of a constant function f(x) = с, is zero; 


find the derivative of f (x) = х", п e Q from first principle and apply to find the derivatives 
of various functions; 


find the derivatives of the functions ofthe form chx), [f (x) + в (x )] and polynomial functions; 
° state and apply the results concerning derivatives ofthe productand quotient oftwo functions; 
state and apply the chain rule for the derivative ofa function; 

1 findthe derivative of algebraic functions (including rational functions); and 

1 — find second order derivative ofa function. 


EXPECTED BACKGROUND KNOWLEDGE 


1 Binomial Theorem for any index 
Functions and their graphs 
Notion of limit ofa function 


21.1 DERIVATIVE OF А FUNCTION 
8 


Onsider a function and a point say (5,25) on its graph. If x changes from 5 to 5.1, 5.01, 
MATHEMATICS 


1 


1 


Differentiatio, 
MODULE - V | 5.001..... etc., then correspondingly, y changes from 25 to 26.01, 25.1001, 25:010001,:4 

Calculus | small change in x causes some small change in the value of y. We denote this change in the we 
of x Буа symbol бх and the corresponding change caused in y by dy and call these краш 


3 5 2 . Ox 
as an increment in x and increment in y, irrespective of sign of increment. The ratio 5) of increment 


is termed as incrementary ratio. Here, observing the following table for y =x” at (5,25), we 
have for dx -0.1,0.01,0.001, 0.0001,...... бу =1.01,.1001, 010001, -00100001, 


x 51 501 5.001 5.0001 
ex 4 01 001 .0001 
y 26.01 25.1001 25.010001 25.00100001 
y 1.01 .1001 .010001 .00100001 
бу 
ат 10.1 10.01 10.001 10.0001 
5x 


We make the following observations from the above table : 
(y бу varies when бх varies. 
@) | 8y— O0 when ӛх->0. 


[o 
(іі) > The ratio 2 tends to a number which is 10. 


: : б А 
Hence, this example illustrates that бу — 0 when 8x — 0 but Ё tends to a finite number, not 


: BENE ду... dy dy. va 
: lim — =, — vative 
necessarily zero. The limit, “шүрэн is equivalently represented by dx dxP called the deri 
of y with respect to x and is read as differential coefficient of y with respect to x. 


ea Фуад 
Thatis, lim Z = SY 19 in the above example and note that while 8x and бу are small 
6x200x dx 


; 219 : 
numbers (increments), the ratio 22 ofthese small numbers approaches a definite value 10. 


In general, let us consider a function 
у=!) е 


To find its derivative, consider §x to be a small change іп the value of x, so x + 8х will be the 
new value of x where f (x) is defined. There shall be a corresponding change in the value Фу. 
Denoting this change by ду; y+ бу will be the resultant value of y, thus, 


y+dy=f(x+6x) «9 
Subtracting (1) from (ii), we have, 
(у + y) - y=f(x + 8x) - f(x) 
ог dy = f(x + x) - f(x) «80 
То find the rate of. change, we divide (iii) by 5x 


ЕРЕ аэ MATHEMATICS 


—— 


| 
| 


Differentiation 


MODULE - V 


5х 5х | -(v)| Calculus 


Lastly, we consider the limit ofthe ratio E aséx—>0. 


f lim бу. lim f(x +8x)-f(x) 


5х—>00х 5—0 бх (у) Notes 
isa finite quantity, then f(x) is called derivable and the limit is called derivative of f(x) with respect 


to (w.r.t.) x and is denoted by the symbol f'(x) or by «of f(x) 
m d dy 4 
ie. f(x) ог qx (read as = of y). 


BY im 80-80) 


Thus, lim 


$x200x 6x30 ox 
dy d 
Тэг P 
REI (x) 2 f(x) 


Leta particle initially at rest at 0 moves along strainght line OP., The distance 5 
f(t) f(t +t) 


о P 9 
Fig. 21.1 
Covered by it in reaching P is a function of time t, We may write distance 
| OP =s=f(t) ak 
Inthe same way in reaching a point Q close to P covering PQ 
i.e., 8s isa fraction of time 8t sothat 
OQ =ОР+РО 
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=f(t+8t) A 
The average velocity ofthe particle in the interval 54 is given by 
. Change in distance 


Change in time 


_ (s+ôs)-s 
© (t*8t-t* 


 f(t«80)- f) 
ôt 
(average rate at which distance is travelled in the interval gi ) 


[From (1) and (ii)] 


Now we make $; smaller to obtain average velocity in smaller interval near P. The limit of: average 
velocity as 8t — 0 is the instantaneous velocity ofthe particle at time t (at the point P). 


f(t 6t) - f(t) 


Velocity at time t= lim 
y 51-0 бї 


Itis denoted by 2. 


Thus, if f (t) gives the distance ofa moving particle at time t, then the derivative of'f at t= [n 
represents the instantaneous speed of the particle at the point P i.e. at time t = tos 


This is also referred to as the physical interpretation ofa derivative ofa function at a point. 


aie OU s 
Note: The derivative t represents instantaneous rate of change of y уул. x. 


[Example21.1 | The distance 's' meters travelled in time t seconds by a car is given by 


the relation 

( s=3t? 

Find the velocity of car at time t=4 seconds. 
Solution : Here, f(t) =5 = 312 


Г(@+&)=5 + $$ = 3(1+ 8t)? 


Velocity ofcaratanytime t= lim NONE) 
&—0 ôt 


22752 
Ёс 3(t--6t)* —3t 
Ж 6t250 ôt 


--302-218:58:2)-302 
= lim —————7 27921. 
_ 550 ôt 


= lim (6t 4-38t) 
5-0 


=6t $ 
|224 | MATHEMATICS 


мас 
ЖД 


= (6 x 4) m/sec 
= 24 m/sec. 


Find the velocity of particles moving alonga straight line for the given time-distance relations 
at the indicated values of timet: 


1 
(a) -2196 ат ()  s-8-7t-4. 


3 
(c) з= Зы =. (d) 57+. 


The distance s metres travelled in t seconds by a particle moving та straight line is given 
by s=t* -18t. Find its speed at t= 10 seconds. 


A particle is moving along a horizontal line. Its distance s meters from a fixed point O at t 
seconds is given by 5 =10-— t? +В. Determine its instantaneous speed at the end of 3 
seconds. 


21.3 GEOMETRICAL INTERPRETATION OF dy/dx 


Lety f(x) be a continuous function of x, draw its graph and denote it by APQB. 


Fig.21.2 

Let P (x,y) be any point on the graph of y = f(x) or curve represented by y = f(x). Let 

О(х4-6х,у + бу) be another point on the same curve in the neighbourhood of point P. 

Draw PM and QN perpendiculars to x-axis and PR parallel to x-axis such that PR meets QN at 

RJoin QP and produce the secant line to any point S. Secant line QPS makes angle say o: with 

Ё Positive direction of x-axis. Draw PT tangent to the curveat the point P, making angle 9 with 
€ X-axis, 


MATHEMA TICS 


MODULE - V 
Calculus 


Notes 


MODULE -V |Now, In AQPR, ZQPR =a. 


Calculus _QR_QN-RN_QN-PM (y*&y-y бу 
WE TR ae Bx) x ox () 


Now, let the point Q move along the curve towards P so that Q approaches nearer and nearer 
the point P. 

Notes | Thus, when Q 5 P, 8x» 0,6y — 0, a — 0,(tana — tan) and consequently, the secant Qpg 
tends to coincide with the tangent PT. 


i tana = Sy 
From (i). 5х 
БАЕТ * onu Oy. 
Inthe limiting case, lim tana = lim => 
6x0 6x0 бх 
бу->0 
a0 
dy 
tan0 = — „(i 
or T (i) 


d : : 
Thus the derivative Б ofthe function y= f (x) at any point P (x,y) on the curve represents the 


slope or gradient of the tangent at the point P. 


28, MUN Е d 
Thisis called the geometrical interpretation of. = р 
It should be noted that > has different values at different points of the curve. 


е ; : : d 
Therefore, in order to find the gradient of the curve at a particular point, find = from the 


: Я | Ni. od 
equation ofthe curve y — f (x) and substitute the coordinates of the point in Z 


dx? 
Corollary 1 


(ins teed ; d o 
If tangent to the curve at P is parallel to x-axis, then 0 = 0° ог180°, i.e., x = tan0 or tan’ 


arcc dy 
180° i.e., d 


L0, 
x 


That is tangent to the curve represented by y= f (x) at P is parallel to x-axis. 


Corollary 2 
dy: 


Iftangent to the curve at P is perpendicular to x-axis, 9 = 90° ог TEE tan 90°=00 
ГЛ x 


"That is, the tangent to the curve represented by y = f (x) at P is parallel to y-axis. . 
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Statement : The derivative ofa constant is zero. 


“Proof : Let y = c bea constant function. Then y = c can be written as 


у= схо [ехо =1] 40) 


Let бх be a small increment in x. Corresponding to this increment, let бу be the increment in the 
value of y so that 


y + 8y 2 c(x +8x)? 861) 
- Subtracting (1) from (ii), 
(у +бу)-у =с(х +8х)° –сх0, (ex? =1) 
ог óy-c-c ог бу=0 
и. буу ду _ 
Dividing by &х› с == NOE зол 0 
Taking limit as 5x — 0, we have 
‚ by Чу 
lim 2--0 2 
өхэд ex а dx 2 
я ас $ 
or КШ [y=cfrom ()] 


This proves that rate of change of constant quantity is zero. Therefore, derivative ofa constant 
quantity is zero. 


21.5 DERIVATIVE OF A FUNCTION FROM FIRST PRINCIPLE 


Recalling the definition of derivative ofa function ata point, we have the following working rule 
for finding the derivative ofa function from first principle: 


StepL Write down the given function in the form of y = f (x) 440) 
Step П. Let dx be an increment in х, бу be the corresponding increment in y so that 
y+ dy 2 f(x +6x) (di) 
Step Ш. Subtracting (i) from (ii), we get 
бу =f(x + бх)—Ї(х) (iii) 


Step IV. Dividing the result obtained in step (11) by бх , we get, 
by _ каво) 
ӛ | бх 

Step у, Proceeding to limit as 8x — 0 . 

бу _ lim f(x + 5x) —f(x) 


lim 


8x0 5x ӛх-0 бх 


MATHEMATICS ЕСІ 


Differenti 7 : 


Next, we find derivatives of some standard and simple functions Бу first principle, 


OF THE FUNCTIONS FROM 
PRINCIPLE 


MODULE - 
Calculus 


Fora small increment ёх in x, let the corresponding increment in y be бу. 
Then yy =(x 46x)". 40) 
Subtracing (i) from (ii) we have, 

(y + y)- y = (x - 6x) - x^ 


e d : ! ; хү M 
Since P “1, as бх is a small quantity compared to x, we can expand ( 1+ *) by Binomial 


theorem for any index. 


Expanding (1.2 23] by Binomial theorem, we have 


Pant БЕ; =), n(n- a(x) 200-285), 4 
х 21 (х 3! E os 


25 Шинэ “ан c RM 


3! ҮЗ 


Dividing by 5x , we have 
бу Е n(n – 1) ôx 10- D(n- =D (x) | | 


бх х 21 3 3! x) 


Proceeding to limit when 5х > 0, (5х)? and higher powers of Бх will also tend to zero. 


3: ТҮРЭН ae 
lim E ont m. DU E e 1Xn—2) (6x) go 
8x0 бх ӛх->0 21- x^ 3! х? 
бу dy пп 
lt —=— = x"|—+0+04... 
| Ж óx200x dx X 
or dy in EM 


dx : x 
MATH, EMATICS 
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d 2 (х!) =nx"™1, Ё у= x] 


This is known as Newton's Power Formula or Power Rule 


Find the derivative of each of the following : 


Example 21.2 
(i) х! (ii) x50 (ш) х?! ын 


Solution : 
О 05") - оо =лохә 
IX 
@ E(x) - so =50x® 
х 4 ЁО 
(0 22% 


Remark : Newton's power formula is also applicable when n is a rational number. 


көме =91x% 


ў 1 
i.e. say when n= 5. Рог example, 


1 
Let ВЕ 
1 -1 
о 
Pan ағына 2 aU a 


Weshall now find the derivatives of some simple functions from definition or first principles. 


[латы | Find the derivative of x? from the first principles. 


Solution : Let y=x2 () 


Forasmall increment 3x inx let the corresponding increment in y be 8y. 


y +8y = (x - 8x? (i) 


Subtracting (i) from (ii), we have 


MATHEMATICS 


MODULE-V | | 


2 
( +8y)-y 2 (x-- 8x)? -x 
Calculus : 


бу= х2 + 2х(6х)- (8x)? Ay? 


бу = 2x(8x) + (5х)? 


EE 
бх 


Proceeding to limit when 8x — 0 , we have 


lim m = lim n +ӧх) 
6x 


5x0 бх 
or dy =2x+ lim (5x) 
dx $х—0 
—2x- 0 
=2х 
d d | 
ог dex Or Ke- | 


Рхатрие 21.4 Find the derivative of L,x +0 by delta method. | 
x 


1 
Solution : Let УЛС 0 | 


For a small increment ôx in x, let the corresponding increment in y be бу. | 


1 | 
2 22 i) 
minua X+6x 
Subtracting (i) from (ii), we have, | 


1 1 


ày)-y- LB 
(ул буу-у x+6x х 
бу Х-(х+ӧх) 1 
ok с (x +бх)х 
BE. 03 @ 
x(x + 6x) 
Dividing (iii) by 5x , we have 
бу. -1 


ӛ | x(x +6x) 


ен to limit as 8x — 0 , we have 


бу 2 
lim —= lim -———__ 
ёх-06Х x20 x(x + 5x) 


MATHEMATICS | 


! 


dy ae Tow ym MODULE - V 
or dx x(x+0) % mal J- Calculus 


[ЖОПЫ УЛ КУЩ Find the derivative of ./x by ab-initio method. 


Solution: Let у= x 49 
Forasmall increment àx in x, let y be the corresponding increment in y. Notes 
y + by =Vx4+8x 5228 wii) 
И cing (i) from (ii), we have 
(y+8y)-y = /х+дх—Ух (iii) 
or dy = Vx +8x - Vx 


Rationalising the numerator of the right hand side of (iii), we have 


Vx +8x - x 
бу = eR gere УХ) 


_ (x *éx)-x бх 
г 95 Е 
Dividing by бх , we have 
дуг, ЛАШЫН 
öx Vx+8x+-vx 


Proceeding to limit as 8x — 0, we have 


lim ày = lim lá | 
8x0 6x 8x30 TE 
ШІ Y E a or “(vi ) = E 
[Example 21,6 | Iff (x) isa differentiable function and c is a constant, find the derivative of 
ф(х) = ef(x) 
Solution : We have to find derivative of function 
ф(х) = cf(x) KO 
Fora small i increment 5х in x, let the values ofthe functions ф(х) be ф(х + 6x) and that of f 
(X)be f(x + ôx) 
(x + ёх) = cf(x + 5x) 20) 
Subtracting (i) from (ii), we have 
ф(х + x) - ф(х) = [Ех + 0x) - £()] 
Dividing by 5х, we have 


Ax +&х)—ф(х) _ fec 99- 9) 
бх 2 8x 


MATHEMATICS i {24 


НЫ. 


MODULE КТ Proce = limitas 8x — 0, we have 
Calculus іш $6 599-909 үс 9 2 


8x0 бх ӛх->0 ӧх 
3 "iut on A(x Ox) -f(x) 
or 90) =< lim | 8x | 
ог ф(х)-с (х) 


4 аг 
Thus, d [ef (х)] E di 


CHECK YOUR PROGRESS 21.2 


І.  Findthe derivative of each ofthe following functions by delta method : 


(a) 10x (b) 2x +3 (c) 3x? 
(d) x? +5x ()7x3 
2. _- Find the derivative of each of the following functions using ab-initio method: 
1 1 1 
—Xxz0 —,x#0 ed 
(а)-. x# = х (© x+—.x¥0 
1 -b ах+Ь -d х+2 -5 
Башы 0505 


d Find the derivative of each ofthe following functions from first principles : 


1 1 -b 1 
(а) dert? OE. (У +-=,х#0 
А oÑ, x#1 
4. Find the derivative of each of the following functions by using delta method: 
(а) f(x) 2 3 x . Also find f'(2). (b) £(r)=nr2. Also find Ғ(2). 


(c) f) = rr, Alsofind f (3) 


21.7 ALGEBRA OF DERIVATIVES 


Many functions arise as combinations of other functions. The combination could be Sum 
difference, product or quotient of functions. We also come across situations where a 011 
function can be expressed as a function ofa function. 


In order to make derivative as an effective tool in such cases, we need to establish rules |. 
finding derivatives of sum, difference, product, quotient and function ofa function. T 
turn, will enable one to find derivatives of polynomials and algebraic (including rational) functio® 
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If f(x) and g (x) are both derivable functions and В (x) = f (x) + (х), then what is h' (х)? 
Here h(x)=f(x) +g (х) 


Let бх be the increment in x and бу be the correponding increment in y. 
h(x + ôx) = f(x + 8x) + g(x + 0x) 


Hence h'(x) = lim [fx +5x)+9(x+8x)]-[*(x) +200] 
E x0 бх 


т [6:599 0+ |в(х+8х)-—в(х)] 
6x20 5x 
Жо E +5x)-f(x) | a(x roze] 
6x0 бх ôx 


E f (x -6x)- f (x) m 8(х+5х)-в (х) 
8x0 бх 6x20 бх 


or h'(x)=f'(x)+g'(x) 
Thus we see that the derivative of sum of two functions is sum of their derivatives. 


This is called the SUM RULE. 


eg у=х2+х3 
г 43 E 
Then y = (х a ) 
-2x43x? 
Thus у'=2х+3х2 


This sum rule can easily give us the difference rule as well, because 
: h(x)- f (x)-g(x) 
беп h(x) =f (x) (x)+[- g(x (x)] 
h'(x) «f '(x) (x)+[- g'( (х)] 
-f'(x)-g'(x) 
le. the derivative of difference of two functions is the difference of their derivatives. 


*hisis called DIFFERENCE RULE. 
Thus we have 


Sum rule 5 [г (x)*g 69] = EU oJ e (x)] 
mamn ңғ 


TICS 


Differentiatio, 


MODULE-V 
Calculus | Ditfrencene: [f (x)-8(x)] == [ (9)]-4 [869] 


@ y =10t? +208 
Notes | (ii) yz2x)-3x? 
ATE) 
(іі) E EE 
Solution : 


G ^ Wehave, y-10t? +208 


2 -10(2)«20(s) 


=20t+60t? 
0) у=2х3 — 3х2 


LR — 6x 
dx 


(ii) у-к 3-1 хж0 


| 3 Zon? +(-2)x3 -(-1)x? 


EM Evaluate the derivative of each of the following functions at the indicated 


value (s) : 


@ 5-492%24, t=1t=5 G) — у=х?+3х?+4х+5, х=1 


Solution: (1) Wehave 5=4.9 424 


ds 
qr 4900 
=9.8{ 
ds 
—| =9.8(1)=9.8 
а) 930) 
ds 
— =9.8(5)=49 
| 4,7%) | 


ЕТЕ TS EEG 717770000 
Sa i 


Differentiation E 


() ^ Wehave у=х?+3х^+4х+5 | MODULE - V 
à 33 Calculus 
= ? 43x? +4х +5] =3х? 46x44 

dy 2 
E =3(1) +60)+4 71 
x (07+6@+4 - 13 | 
Notes 
Та! 
e 4 CHECK YOUR PROGRESS 21.3 


1. Findy when: 
@ у=12 (b) y= 12x (c)y=12x+12 
2. Find the derivatives of each of the following functions : 


(a) f(x) = 20x? +5x (D f(x) =-50x4 -20x? +4 


(б) ((х)-4х7-9-6х2 (d) f69- 338 +3x 


(e) £(x)=x9 ~3x? «3-2 (f) по) aE 


= - 1 
O о-и 


3. (a) ‘If f(x) =16x +2, find f (0), (3), (8) 


3 2 
( If го) = >"> +x -16, find f'(-1), £'(0), Е") 


4 
© Е го) t? 42x —5, find f'(-2) 


dV 
(d) ^ Giventhat V = ap , find — and hence A 
3 dr dr |—2 


21.9 DERIVATIVE OF PRODUCT OF FUNCTIONS 


Youare all familiar with the four fundamental operations of Arithmetic : addition, subtraction, 
multiplication and division. Having dealt with the sum and the difference rules, we now consider 
the derivative of product of two functions. 

Consider y=(x2 «n? 

This is same as y =(x2 +062 +1) 

Sowe need now to derive the way to find the derivative in such situation. 

Werte y=? «Da +1) 

Let & be the increment in x and бу the correrponding increment in y. Then 


атс ТТ Эш 


OA 
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y +бу =[(x + 8x)? +1][(х + 8x)? +1] 
Calculus 


> бу =[(x + 8x? +1][(х + 8x)? 1] - (x? - Dx? +1) 
= [(x +8x)? + 1][(x + 8x)? - x^] +(x? +1)[(х + 8x)? +1]- (x? + 


=[(x +x)? +1[(х + 83)? -х?]+(х? +1у[х + 8x)? +1- (x2 +1] 
=[(x +8x)? +1][(x + 8x)? -х?]+ x?  D[(c- 8x)? - х2] 
2-2 2 v 
8 х-6х) -x (x+8x)° -x 
2-|(хекр [EEG «але 
2x8x + (8х)? 2хёх + (ôx)? 

=[(x+8x)? [eee peer 
=[(K +x)? +1](2x + 8x) + (x? +1)(2x + 8x) 

бу 


dim == im Gc 8x)? +1]-[2x + 8x] + Jim (х? +1)(2x + 5х) 


or a(x? +1)(2x)+(x? +1)-(2x) 
= 4x(x? +1) 


Letus analyse : S - (x? +1) (2x) +(x? +1) (2x) 


derivative derivative 
of х?+1 of х?+1 
Consider y= х3 . x? 
dy 33 2 (ane 
Is x (2x)+x (3x ) 2 


Letuscheck х (2х)-х? (3x?) 


=2х4 +3х4 


Wehave 94 


In general, if f(x) and g (x) are two functions of x the :* > derivative of their productis defin 
by 


ЕШ — — —— — — — — — — — —,snnió 


Differentiation | 

4 MODULE - V 
ax E0986] - 6986) +а(х) (5) Calculus 

= [Ist funcion] 4- (Second function ) * [Second funtion 4 (Ist funtion 


which is read as derivative of product of two functions is equal to 


= [Ist function] [Derivative of Second function] + 
[Second function] [Derivative of Ist function] 
This is called the PRODUCT RULE. 


MES Ы 
Example 21.9 Find ЭЭ if y 2 5х6 (7x? +4x) 
dx 


Method I. Here y is a product of two functions. 
dy 6) d (7.2 2 d (26 
— 5x?) — — 
ae (5x ) a Ux +4х)+ (7х ғақ) x ) 
= (sx$)(14x + 4) +(7х2+4х)(30х5) 


= 70x? +20х6 +210х7 +120х6 
=280х7 +140х6 


Method II y =5x°(7x? +4х) 
235x +20х7 


2 =35х8х7 +20х7х6 =280х7 +140х6 
Xx 


which isthe same as in Method I. 
This rule can be extended to find the derivative oftwo or more than two functions. 


Find the derivative of [f (x)g(x)h(x)] if 


f(x) =x, g(x) 2 (x -3), and h(x)=x? +x 


Solution : Let y=x(x- 3)(x? + x) 


To find the derivative of y, we can combine any two functions, given on the R.H.S. and apply the 
Product rule or use result mentioned in the above remark. 


In other words, we can write 
y= [x(x -3)](x? + x) 
CS ee 


MODULE-V ha u(x)=f(a)a(a) 


Calculus =x(x—3) 
=x? —3х 
Also h(x)=x?+x 
y=u(x)xh(x) 
dy d (2 a NEN 
Hence S =х(х-3)-_(х +x)+(x +) (х зх) 


=х(х-3)(2х+1)+ (x? + х)(2х -3) 
= х(х-3)(2х+1)+(х? + х)(х -3)+ х(х? + х) 
-[f (x) g(x)]- h'(x) - [g(x) во Ех) + [в (x) fG)1.g ©) 
d 
Hence E (х) (5)8(хЛ-1 (x)g69]- a, 100] 
At (x)hGO1 [r9] + подго fto 
Alternatively, we can directly find the derivative of product ofthe given three functions. 
s =[x(x E +х)+[(х—3)(х? Moore +x): xL -3) 


=х(х-3)(2х +1)+(х-3)(х? +х)-1+(х2 +х)-х-1 


=4х? — 6x? - 6х 


CHECK YOUR PROGRESS 21.4 
1. Find the derivative of each of the following functions by product rule : 


(a) f(x)» Gx +1)(2x-7) (b) f(x) =(x 4 (-3x -2) 
(c) f(x) = (x * D(-2x -9) (d) y =(x-1)(x-2) 
(e) у= х2(2х2 +3х +8) ( | у=(2х+3)(5х^-7х+1) 


(g) u(x) = (x? - 4x +5)(x3 - 2) 

2. Еше derivative of each of the functions given below : 
(а) f(r) = rl - rni? +r) ©  fG)e(x-Dx-2(x-? 
(c) f(x) = x? +2)(x3 - 3x? +4)(х* -1) 


(d) f(x) = Gx? +7)(5х - (8х2 +9х+8) 


Differentiation 


21.10 QUOTIENT RL \ MODULE - V 


А Calculus 
“You have learnt sum Rule, Difference Rule and Product Rule to find derivative of a function 


expressed respectively as either the sum or difference or product of two functions. Letus now 


take a step further and learn the "Quotient Rule for finding derivative of a function which is the 
quotient of two functions. 


Let 80)- = y [r(x)#0] 
etus find the derivative of g (x) by first principles 


g(x 9-15 


1 1 
6x0 бх vf 


adi r(x) - r(x + 8x) 
&х—э0| 5(x)r(x)r(x + 6x) 


|59 gro | d 1 


= lim сан 
8x20 ex 8x20 r(x).r(x + 6x) 
в zac 
бор “тор 
Consider any two functions f (x) and g (x) such that ф(х) = ES 5 a(x)«0 
g(x 
We can write ф(х) =f (x)- 2. 
1 
22 ғ" Ғ(х)-- 
и MM E 
-EO ea) BO 
2% 47) de 
_ £GOf (х) -fg (x) 
(80) 
_ (Denominator)(Derivative of Numerator) — (Numerator)(Derivative of Denominator) 
(Denominator) 
ЖК ie | _ Года) -fG)g'G) 
dx! goo ЇеСОР 


“Жи is called the quotient Rule. 
"MATHEMATICS 


MODULE - V 
Calculus 


Solution : 


(2x -1) 2 (ax «3)- (4x 43) o (2х -1) 
--. fx) c dx dx 

(2х -1y 
_ @х- 1)4- 2 +3).2 

(2х- 1)? 

210 
(2х-1)2 
Let us consider the following example: 


Nl 


1 
f(x)= 
Let fr mb 


d d 
E jam. ue 
dx (2x=1)? 


(2х-1)х0-2 d | 
=o v --(І)- 
) (2x-1)? | dx | 


Я X MITES NE 
Lo 4х| 2х-1 (2х-1)? 


28-17 


"am" 
6. CHECK-YOUR:PROGRESS 21.5 


1. Find the derivative of each ofthe following : 


7 3х-2 51 


2 x 
ай r ERN z— = OP 
(а) y ors ӨР х «x-1 (y хар 


5 - 
(gf) 2 


4 

(г) = 
Som 
Ух 


f(x)= 
(о) х3-4 


2. Find f(x) if © 


@ 199438523. [x«2] 


(b) F(x ys UEM [x*3, х>4) 


(x —3)(x — 4) 
Еш rir 


Earlier, we have come across functions ofthe type 54 +8х2 +1. This function сап not be 


expressed as a sum, difference, product or a quotient of two functions. Therefore, the techniques 
developed so far do not help us find the derivative of such a function. Thus, we need to develop 
arule to find the derivative of such а function. 


Let us write : yeux! «8? +1 or y=vt 


That is, y isa function oft and tis a function ofx. Thus y isa function ofa function. We proceed 
to find the derivative ofa function ofa function. 


where t= x4 +8x? +1 


Let 8t be the increment in t and ôy , the corresponding increment in у. 
Then Sy — 0 as 8t — 0 
дуг 6У 
= = lim = i 
dt 80 ôt © 
Similarly t isa function of x. 
п ôt—>0 as 
dt OE 
--- lim — 
dx  àx200x 


6x 3 0 


Here y is a function oft and t is a function of x. Therefore бу — 0 as 6x — 0 
From (i) and (ii), we get 


b. lim бус lim а E 3] 
dx ёхә0ӧх [5-05 8х-06х 


Thus CAL Sees 


This is called the Chain Rule. 


pu dy 
Example 21:12 y — x4 48x? +15 find de 


Solution : We are given that 


у= х^ +8х2 +1 


Which we may write as 


у= у, where ¢=x4 +8х2 +1 © 
y c dt 


3 
=—= ---4х” +16х 
dt. 2Jt ud 


ӘДЕ; 2:42 +16x) 
dx dt dx 


Her 
e 5 d 


MODULE - V 
Calculus 


Notes 


MATHEMATICS 1241 | 


om Sins, curs АЛЕ" 
MODULE - V 4x3 4 16x 2 2x) +8x 


Calculus d AUCH a рр (Using (i) 


СТРАНЕ Find the derivative of y - 3x? +5х-7 | 


—— Solution : We have 


Notes 
у=х? +5х-7 
Pe eee where tex 5x7 0) 
dx dx 
23s, dt ing chainrul 
dt ay (Using chain rule) 
1,223 
--і -(2х-5 
3 ( ) 
4 1 - 
42.12 e5x-7 = [х2 e 5x - 7] 2 -(2x +5) [Using (i)] 
dx 3 
ТОИ ВЯ Find the derivative ofthe function y = x 5 
(x^ -3) 
iom dy |. d (s(x2 зу? 
Solution : 34 215 3) | 
sine? -3)*]- 6 -3) (Using chain ші) 
=-35(x? -3) 8 .(2х) 
3 -70х 
(х2-3у 
4 
ЕхатрЕе 21.15 Find where y-lv5 and v=2x345 
dx 4 3 
Ё ЧЭ 4 2 3 
Solution : We have Хэ and ұла +5 
мя, 0 
dv 4 3 
and dv 22 2 (i) 
==ж =< 3 хэ “| 
42 Sem) 2x 
Thus dy dy dv 
dx dv dx 


MATHEMATICS 


MODULE - V 
Calculus 


We have seen in the previous examples that by using various rules of derivatives we can find 
derivatives of algebraic functions. 


Q “СНЕСК YOUR PROGRESS 21.6 


l. Find the derivative of each ofthe following functions : 
(a) f(x) = (5х -3) (b қо-Ох2-15)9 
2% 
3- 
(с) Г(х)=(1-х?)!7 @ qo 029. 
1 
(е) КА > (f у- 2-1) 
x^ +3х +1 
5 
| e Da T 
(g) Y т h) ЯГ, юэ? а 
(i) y-Qx? «5x -3) * () у=х+үх2+8 


3-v 4x 2 x 
a = УБЕ уға с 
(а) y зүүнэ (5) 2a 


21.12. DERIVATIVES OF A FUNCTION OF SECOND ORDER 


БЕ ТІ ЧУ 
Second Order Derivative : Given y is а function of x, say f (x). If the derivative dibus 


derivable function of x, then the derivative of 2 is known as the second derivative of y = f(x) 
х 


2 
With respect to x and is denoted by 2 . Other symbols used for the second derivative of y are 
X 


2 on 
D',f y y etc. 


Thus the value off" at x is given by 


ШОГ 0510 
ы ee 


MATHEMATICS |243 | 


CI 


шэг 


Differenti; 


110) | 


MODULE - V 
Calculus 


Find the second order derivative of 


(ii)x3 +1 (ші) (x? +1)(x -1) 


Solution : (i) Let y=x?, then Zox 
| Фу а d(x) 
—-——(2x)22.—— 

and dd ДҮ х) 1; 


=21=2 


y=x° +1, then 


4 Res 
2 =3х? (by sum rule and derivative ofa constant is zero) 


d? 
and PEE ОхЭ=32х=6х 


у= (х2 +1(х-1), then 


dy d d 
acre DE D+ AD с +1) 


=(X7 +1у-1+(х—1)-2х or Dax? 41428? 2x к? -2х+1 


oa -2к+1)=6к-2 


dy (х-01-(хэр1 —2 
dx END 


er 


Differentiation 


2 MODULE - V 
d LXX eS ce Soe анса, Эй Calculus 
an dx? dx (x1 i-r (хар 1)? 
f A 
dx (х-1)? 


E the derivatives of second order for each of the following functions : 


(a) х” ( x4 +353 49x? +10х+1 
х? +1 
Са (d) x +1 


Z 
(25) 
© LET US SUM UP 


e Тһедегіуайуе ofa function f(x) with respect to x is defined as 


"(x)= It f (x+8x)-f (x) 


‚ ox >0 
5x0 òx 


de : 
° The derivative ofa constant is zero i.e., de = 0, where c ais constant. 


е Newton's Power Formula 


«(e ) зах"! 


4 \ : А 
e  Geometrically, the derivative T ofthe function y =f (x) at point P (x, y) isthe slope 


or gradient ofthe tangent on the curve represented by y =f (x) at the point P. 

© The derivative of y with respect to x is the instantaneous rate of change of y with respect 
tox. 

° If f (x) is а derivable function and c is a constant, then 


d . 
alt (x)]=cf'(x), where f'(x) denotes the derivative of f (x). 
e  'Sumordifferencerule' of functions : 
d d d 
Eres] 1 СЕРУ) 


Derivative of the sum or difference of two functions is equal to the sum or diference of 
their derivatives respectively. 


Eta Ee 
_ MATHEMATICS | 


Differentiation 
MODULE -V |е Product rule : 
Calculus сар (x) (х)]=г(х)-©в(х)+в(х)-=г(х) 
dx в dx dx 


: 4 
- (ist function) а IInd function * (Ind function) Е 151 function 
x 


x) 


e Quotient rule : If ф(х 707 g(x) #0, then 
g 


(y EOE) (к) в (9) 
ҮР [в(х)] 


= (Denominator) 2. 4 (Nunenar))- — Numerator (E (Denominator) 


(Denominator)? 
e Саше: — *[F{g00}]=f te) Ча 
dx dx 
=derivative of f(x) w.r.t g (x)xderivative of g (x) утіх 


а (dy) d? 
° The derivative of second order of y w.r.t. to x is 25 y )- = 
dx\dx/ ах 


SUPPORTIVE WEB SITES 


e. http://www.wikipedia.org 
° http://mathworld.wolfram.com 


TERMINAL EXERCISE 


. 2 
1. The distance s meters travelled in time t seconds by acar is given by the relation s= Г. 
Caclulate. 


(a) the rate of change of distance with respect to time t. 
(b) the speed of car at time t= 3 seconds. 


2. Given f(t) 2 3- 412. Use delta method to find f (t), f iB 7 


MATHEMATICS 


3. Епа the derivative of f(x) = x^ from the first principles. Hence find MODULE - V 


| Calculus 
KONES - 
о) 
4, Find the derivative ofthe function ,/2х +1 from the first principles. 
5. Find the derivatives of each of the following functions by the first principles : Notes 


(a) ax + b, where а and bare constants (b) 2х? +5 


(c) x3 +3х2 +5 * — (d)x-0? 
6. Find the derivative of each of the following functions : 


(а) (х) = px^ «qx? +7х-11_ (b) P E 


(ого) =x += (d) го) pa 


7. Find the derivative of each ofthe MUR given жы by two ways, first by product 
rule, and then by expanding the product. Verify that the two answers are the same. 


3 
(a) viec (b) EJ 
x 
8. Find the derivative of the following functions : 
Тох) == Puce el 
(a) f(x) E (b) f(x). GE S 
(xx -2) 
ии (dicor ur 
3x? «4x - 5 
f(x) 2 ————— f — 
(е) f(x) s (б(х)- T 
_ (x? «1 x22) 
Po- 5-0 


9. Usechain rule, to find the derivative ofeach of the functions given below : 


2 
[s ©) (b) a (с) dto? +3) 
x 3 
10. Епа the derivatives of second order for each of the following : 
(а) сі (b) хүух-1 


MATHEMATICS Е № 


"ч 


MODULE - V 
Calculus 


[8] ANSWERS 


`| CHECK YOUR PROGRESS 21.1 


Notes]1. (а)3 (b) 8 (c) 6 (d) 31 
2.  3640m/s 3. 21 m/s 
CHECK YOUR PROGRESS 21.2 
1. (4210 62 (с) 6х (d) 2x+5 (e) 21х2 
1 1 | -a ad - bc 
2 (0-209-22 Of Oui Ока 
O “ау 
mci: -а >” ‘| 
% O 8 xaebX [mob © 5 та 
2 
@п-х)? 
37:83 
4. Ok 2/2 (b)2nr ; 4x 


CHECK YOUR PROGRESS 21.3 


1. 
2: 


(a) 0 © 12 

(а) 180х8 +5 (b) —200х3 — 40x 
(d) 5x5 +3 (©)3x? - 6x +3 
(g) "S erg —6х 3 

(а)16, 16, 16 (b) 3,1 1 

(d) 4nr?,16 


CHECK YOUR PROGRESS 21.4 


1: 


(а)12х-19 
(d)2x -3 


(g)sx* -16х3 +15х2 - 4x 48 


(b)-6x -5 


(е) 8x3 +9х2 +16х 


(c) 2л? ; 361 


(c) 12 
(©)12х2 -12x 
(9х7 -x5 m 
1 1 
E: 
2x2 
(c) 186 


(h 


(c) 4х-11 


(0 30x? +2х-19 


МАТНЕМАТ! С 


Differentiation 


2. (a) -4mr? «3(n- Dr? + 2r (32 -12x411 ODULE - V 
Calculus 
(с) 9x8 —28x7 +14х6 1232 — 5x4 +44х3 —6х? +4х 
(d) (5x - DGx? +9х +8).6х + 5(3x? +7)(3x? +9x +8) +(3х2 + 75x -1)(6x + 9) a 
CHECK YOUR PROGRESS 21.5 и 


-3x? +4х—1 4х 


-10 
L Gc y Or w Og 
“72-02 7 M 24 4-5х2 
(d) (2-3) (© (9 gx (8) 5 xc +4)? 
2x3 -6x? -6 —4x? 4 20x - 22 
d. (a) (х-2)? (x -3) (x -4y 
CHECK YOUR PROGRESS 21.6 
1. (a)35(5x-6)° s (6) 210х(3х2 -15)^ 
= 
(c) -34x(1 -x2)6 @>6-»! 
2 
(е)-(2х +3)(х? +3x +1)? ee ау 
x$ xc 1 
(g)3x(7 - 3x2) 72 ($56? (Ee) 
Q-44xesQaxiesk-3)3 077 ny 
(4x + S(2x* + 5x -3) x48 
2. —5(1+ х?) Xs 
oF Оха ©) 74 
CHECK YOUR PROGRESS 21.7 
4 1 
1 @6x (b) 12x? +18к+18 (Әса (9x57 


TERMINAL EXERCISE 


l. (a)2t 
а 
3 3. 


(b) 6 seconds 


28) 1 


9%” = 2х+1 


MATHEMATICS E ———————— —— Em 


MODULE -V |5. (ааз (b) 4x (с) ax? +6х (d)2(x -1) 
Calculus 


(a) 4px? +2qx+7 (b) 3x? -6x +5 


(1-4 oZ 
7. QE O 34i Salk +e | 
8 @) 33 (b) TRE | 
ER 9 $a 
өз ЕЕ 
(3d -2 5 
» Qul Qo ==, 
М+х-@-х)? 3(x* +3х2)3 
| о 3 gat 
4(x +1)? 4(x -1)2 


Ew М. 


"m 
JP 


. MODULE -' 


Calculus 


DIFFERENTIATION OF TRIGONOMETRIC 
FUNCTIONS 


Trigonometry is the branch of Mathematics that has made itself indispensable for other branches 
ofhigher Mathematics may it be calculus, vectors, three dimensional geometry, functions-harmonic 
and simple and otherwise just cannot be processed without encountering trigonometric functions. 
Further within the specific limit, trigonometric functions give us the inverses as well. 

The question now arises : Ате all the rules of finding the derivatives studied by us so far appliacable 

to trigonometric functions ? 

This is what we propose to explore in this lesson and in the process, develop the formulae or 
results for finding the derivatives of trigonometric functions and their inverses . In all discussions 
involving the trignometric functions and their inverses, radian measure is used, unless otherwise 
specifically mentioned. 


OBJECTIVES 


After studying this lesson, you will be able to : 


® find the derivative of trigonometric functions from first principle; 

*  findthederivative of inverse trigonometric functions from first principle; 

e — apply product, quotient and chain rule in finding derivatives of trigonometric and inverse 
trigonometric functions; and 

*  findsecond order derivative of a function. 


EXPECTED BACKGROUND KNOWLEDGE 


* — Knowledge of trigonometric ratios as functions of angles. 
* — Standard limits of trigonometric functions namely. 


i . tan 
0) limsinx-0 Gi) lim ХТ (ш) lim cosx=1 (фу) іш 44-1 
x30 x20 X x20 x00 X 


*  Definitionofderivative, and rules of finding derivatives of function. 


MATHEMATICS ЕЗИ 


Differentiation of Trigonometric Function; 


МИНИЙ |21 DERIVATIVE OF TRIGONOMETRIC FUNCTIONS 
Saugus FROM FIRST PRINCIPLE 
(i) Let y ^ sinx 


For a small increment 5х in x, let the corresponding increment in y be бу. 


5 у + dy =sin(x + 5x) 
Notes 


and ду =sin(x + 5x) —sinx 
=2cos ғұз Tl ТЕЕ 
2 2 2 2 
Ox 
sin — 
== зо х * %) 2 
бх 
Өв inox 
lim S lim [хе б), lim 2 lim —2— -1 
8x206x 5—0 2) x20 ÒX: =cosx.1 8х0 Ox 
2 2 
Thus, gy =cosx 
dx 
ie. Дауа ых 
ie T 
(ii) Let у=созх 


Fora small increment 8x in x, let the corresponding increment in y be бу. 
y + dy = cos(x + 6x) 


and бу = cos(x + óx) - cosx 


5 | x) . бх 
= 25109 x +— |sin — 
2 2 


бх 
16-3 | 
| нш SR sin eee ой 
8x0 бх ӛх->0 2 ) ӛх- 5х 
2 
--sinx.l 
Thus, dy --біпх 


dx 


MATHEMATICS 


ші 


Differentiation of Trigonometric Functions 


MODULE - V 


үе, <(c0sx) = –5іпх 


- Calculus 


qi) Let y = tanx 
Fora small increament àx in x, let the corresponding increament in y be бу. 


у + бу =tan(x +ӧх) 


and бу =tan (x - 6x) — tanx 


_ 5ш(х+ёх) sinx 
cos(x +ӧх) cosx 


_ sin(x + 6x): cosx — sin x.cos(x + 5x) 
cos(x + 6x)cosx 


= sin[(x + 5x) - x] 
cos(x + 5x)cosx 


me sin x 
cos(x + óx)- cosx 


бу. ѕіпӧх 1 
5х ӧх сов(х--бх)совх 
48 lim бу _ jg 38 бх um 1 


= lim . 
8хә08х 550 Ox ёх—э0соз(х + ӧх)соѕх 


Ere E lim ны 


cos? x 5х0 бх 
=ѕес2 х 

d 
Thus, СУ = бес? x 

4х 
: 4 
le. —(tanx)- sec? x 

dx 

(v)Let у=зесх : 


Fora small increament 5х in x, let the corresponding increament in y be бу. 
у + бу = sec(x + х) 
and бу =sec(x + 6x) -sec x 


pue or | 
7 соз(х +ӧх) cosx 


_ cosx — cos(x +ӧх) 
cos(x + дх)созх 


: | x . ex 
2sin| x + — |sin — 
2 2 


cos(x + бх)совх 


MATHEMATICS EX 


Differentiation of Trigonometric Function 


MODULE - V 


; xix . Ox 
Calculus ii dou уун py eae 
505 ёх зо cos(x + Ox) COS x ex 
2 
sin E) sin ^ 
„абу as 2. : 2 
lim ——= iim ——————— 
ӛх-0ӛх 8x30 cos(x + 5x)cosx ӛх-0 OX 
2 
ын ын 4 
cos^x 
= $n CD tanx.secx 
cosx cosx 
Thus, EA 
dx 
ie. Crue ETT MIR 
ie: dx 
Similarly, we can show that 
d 2 
— (cotx) =—cosec 
a ) x 
d : 
| апа a ree X) =—cosec x-cot x 


Find the derivative of cotx from first principle. 


Solution : y = cotx? 
Fora small increament àx in x, let the corresponding increament in y be ôy . 
y + ду = cot(x + 8x)? 
and бу =cot(x + 8х)? — cot x? 
_ cos(x + 8x)? Үс cosx? 
sin(x+8x)? sinx? 
2 


—cosx? sin(x + 8x)? 
2 


a: соѕ(х + бк)? sinx 
sin(x + 5х)? sinx 


2 sin[x? -(х+ 5х)?] 
sin(x + 5х)? sinx? 


_ зіп[-2хӧх — (6х)?] 
sin(x 4 8x)? sin x? 


En —— 9 — Ar | 


Differentiation of Trigonometric Functions 


ob —sin[(2x + ӧх)ӧх] MODULE - V 
sin(x + 8x)" sin x? Calculus 
By __~sinf(2x-+8x)8x)_ 
6x  óxsin(x-- 8x)? sin x? 
7 lim бу EU sin[(2x + ёх)бх] lim 2x +ӧх 
an ӛк-эбӛх | 8x20 бх(2х%бх) 8x0 sin(x + 8x)? sin x? 
dy ее 3 тип ӨМ х +8х)ёх] _ 
pr dx sinx?.sinx? “эхэд ӧх(2х + ôx) 
@ -2х -2х 
Ginx)? вш?^х? 
--2х.совес? x? 
Непсе (cot х2)--2х-сов ec? x? 
X 


Find the derivative of Jcosecx from first principle. 
` Solution: Let у=./созесх 
and у+бу = cos ec (x + x) 
_[|/созес(х +8x) = Jcosec x | /cosec (x + 8x) + усо ecx] E 


бу= 
\[созес (х+5х) + (о созесх 
|. cosec (x + 6x) – cosecx 
\/созес (x + ёх) + \созесх 
_ O4 0534 
У sin (х+ӧх) sinx 
\/созес (x + 8x) + \[созесх 
>: sin x -sin (x + ôx) 
| /созес (x 8x) + У/созесх |[sin (x +6x)sinx] 
| в) èx 
2cos к sin» 
А hee 
(Кее (x + бх) + co secx [sin (x + &x)sinx] 
lim буг lim 2 2 ӧх/2 з 
ӛх-0бх бх-0 {cos ес(х + ôx) + cosecx] [sin(x + 5x).sin x] 
(is = 


or 


dx ^ (2 Kcosec x)(sin x)” x)(sinx)? 
MATHEMATICS |255 | 


Differentiation of Trigonometric Functions 


1 
= -2 (cosee x) 2 (созес x cot x) 


MODULE - V 
Calculus 


 ( [cosec x) = -у(соес іі (cosec x cot x) 


Tos dx 
| Example 22.3 2 the derivative of sec? x from first principle. 


Solution: Let y-sec?x 

and у 8y = зес? (x + 8x) 

then, бу = sec? (x + 8x) - sec? x 
E cos?x — eos? (x +8х) 


cos? (x * 8x) cos” X 


Е sin[(x + 5x + x]sin[(x + 8x — x)] 


cos? (x + ӧх)соѕ2 х 
. sin(2x + x)sinóx 
cos? (x * 8x)cos? x 
бу. sin(2x +8x)sinx 
8X cos?(x + 8x) cos? x.8x 


Х5-бу Lote sin(2x + 5x)sin 8x 
Now lim — = lim 5 2 
> 8x300x x0 cos? (x + 8x) cos? x.x 
ду sin2x 
dX cos? xcos? x 
2sin xcosx 
EE z -2tan x.sec? x 
cos” Xcos^x 


= 2secx(sec x.tanx) 


= 2sec x (sec x tan x) 


CHECK YOUR PROGRESS 22.1 


Find the derivative from first Principle of the following functions with respect tox: 


(a) cosec x (b) cot x (c) cos2x 
(d) cot 2x (е) cosec x? (f) sinx 


Find the derivative of each ofthe following functions : 
(8) 2sin?x (b) cosec?x (с) tan? x 


MATHEMATICS 


MODULE - V 
Calculus 


Youhave learnt how we can find the derivative ofa trigonometric function from first principle 
andalso how to deal with these functions as a function ofa function as shown in the alternative 
method. Now we consider some more examples ofthese derivatives. 


| Example 22.4 | Find the derivative ofeach ofthe following functions : 


(i) sin 2 x (ii) гал х (iii) cosec (5х3) 


Solution : (i) Let y =sin2 x, 
=sint, where і-2х 
dy dt 
—=cost — = 
mu аю 
; 4у dy HE 
By chain Rule, dx dt dx’ we have 
dy 
a 51072. cost = 2cos2x 
d. 
Hence, — (sin 2x) = 2cos2x 
dx 
(ii) Let y = tan Jx 


=tant where t= x 


By chai ау АРЕ 
y chain rule, х dp odo RR 
dy STE sec? Vx 
=== 
d sec? Vx 
Hence, (tan Vx) - —— 
dx 24x 
Alternatively : Let y = tan vx 
2 
dy = ээ Е sec? Vx. 
d sec? Vx a Ух Wx 
(Ш) Тес у =cosec(5x>) 
d 1 
2 - — возес(бхЗ)сокбх?)- Dx] | 


=-15x? cos ес(5х3)соі(5х3) 
9r youmay solve it by substituting t — 5x? 


MATHEMATICS 


MODULE - V 


Find the derivative of each ofthe following functions : 


Calculus ; лли 
@y = x^ sin2x (ШУ ерден 
Solution : y =x‘ sin2x 
dy 4 Чы 2 ysslom 4 (9) (Using product rul 
Notes | (1) aub aD X dx ер! е) 
= х%(2соз2х)+5їп 2х(4х3) 
= 2x* cos2x + 4х3 sin2x 
= 2х3[хсоѕ2х + 2sin2x] 
$ _ sinx 
Gi) y 1+cosx 
2sin—cos— 
i sin cos 
2cos? X 
IN 
2 
dy. 2x d(x) 1 2х 
dx  2ф(2/2 2 


Alternatively : You may find the derivative by using quotient rule 


_ sinx 
Let Ч 14-08 x 
(1+ созк)- (sin x) - sin х. (1 * cos x) 
dy _ dx dx 
dx (1+ соз xy? 


_ @+созх)(созх) — эт х(-я x) 
(1+ cos xy? 


_ cosx + cos? x « sin? x 


(1+ cos ху 


__ 60$х+1 
(1+ соѕ xy 

e 1 
(1+соз х) 


1 2х 


1 
2соз? > 2 2 
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шивнээ. 


Differentiation of Trigonometric Functions 
Fxample22.6 | Find the derivative of each ofthe following functions w.r.t. x : 
(0) cos? x (ii) Jsin? x 


Solution : (i) Let у= cos? x 


Pu 
MODULE - V 
Calculus 


=t? where t = cos x 
d dt 1 
- z2t and dx --sinx 
Using chain rule 
dy dy d 
dx dt dx’ Меня 


dy _ ы 
AN 2 cos x. (-sinx) 


= -2cosxsinx = –ѕіп2х 
(i) Let у=уѕіпх 


Sy. Цель 
2 


2. 
dx ) 


43 
Зол х) 


1 


, 2Nsin? x 
= > sin X cos X 


Thus, 4 sin’ x | => sin X COS X md 
x 


-3sin? x-cosx 


Example 22.7 Find = , when 
dx 


Я ]-sin x d 
0) Ул үз i)  y=a(l-cost), x=a(t+sint) 


Solution : We have, 
: 1-81 
9 y= a 
1+sin x 
-l 
dy l|l-sinx|2 d БН 
dx 2|1+sinx|  dx|l-sinx | 


MATHEMATICS E 


Differentiation of Trigonometric F 


UNCtions 


MODULE - V _1 [sin х (-cosx)1 *sinx) - (sin x)cosx) 
Calculus ~ 2V1-sin x (l+sinx)? 


_1 fl+sin x. —2cosx 
О 2N1-sinx (1+ sinx)? 
__vitsinx VI-sin^x 
A1-sinx (1+sinx)? 
__vi+sinxvi+sinx _ -1 


(1+sinx) ~ 1+sinx 


Thus, dy/dx -- ттт: 
Alternatively, it is more convenient to find the derivative of such square root functionty 
rationalising the denominator. 


d sin x 1 
dy =зес x tan xs! x = 2 


X cos?x cos?x 


Sims o. 1 


1-sin?x 1-віп x 


(ii) x=a(t+sint), y=a(l—cost) 


dx dy з 
—=а(1+ t) —= 
% a(1+cost) dt a(sint) 


: ) dy dy dt 
Using chain rule, ёс dde t have 
dy . (sint) 


dx a(l-cost) 


2sin — cos— 


Differentiation of Trigonometric Functions 


example 22.8 [ШШ the derivative of each of the following functions at the indicated points : MODULE - V 


т Calculus 

Q  y=sin2x+(2x-5)? at х-2 
(ii) y 2 cot x sec? х+5 at x=7/6 
Solution : 
© y =sin2x+(2x-5) 

dy d d 

— = cos2x— (2x) - 22x -5)— (2x - 

dx a P p 


= 2с052х+4(2х - 5) 


т ду 
=— ——=2совлт+4(т—5 
81559772 (1-5) 


=-2+4n-20 
-4n-22 


(i) у = cot x sec? x 5 


d 
4 --совес?х +2sec x(secx tan x) 
x 


= —cosec?x + 2sec? x tanx 
At х=, ЧУ __соѕес2 = 42sec? T tan 
6 dx 6 6 6 
EN Ed 
3 43 
8 
=-4+—= 
343 


[ЖШ If sin y = x sin (ағу), prove that 


dy _ sin? (a+y) 

dx sina | 
| Solution : It is given that 
| siny 
| siny =x sin (а+у) or do sin(a + у) 
| — Differentiating wrt. x on both sides of (1) we get 


| т sheep syst 
sin?(a ty) dx 


_ | sin(@a+y—y) ду | 
Ч “| sint(aty) |4 
y) 
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MODULE - V | dy sin? (а+у) 
Calculus |?" ин. 
Example 22.10 If y= ysinx + /sinx +....to infinity , 
dy _ cosx 
Notes prove thes dx 2у-1 


Solution : We are given that 
y = Jsinx + Jsin x +...to infinity 
or у= /зшх+у ог y! =sinx+y 


Differentiating with respect to x , we get 


dy dy dy 
——= — 2 -)--- s 
D ir K+ or (2y x cosx 
д dy _ cosx 
Thus, ах 2y-1 
жа 
6. CHECK YOUR PROGRÉSS:22.2 
1 Find the derivative of each of the following functions w.r.t x : 
(a) y 23sin4x (b) y 2 cos5x (c) y 2 tan x 
(d) y 2 sin х (е) y 2 sinx? (f y = V2 tan2x 
(g) y = itcot3x (b) y =ѕес10х (i) y = соѕес2х 
2. Find the derivative of each ofthe following functions : 
secx—1 sinx +cosx 
f(x)mERE = а =x si 
(а) f(x) secx +1 (b) f(x) sin х -cosx (е) TG = xiang 
(d) f(x) =(1+х?)созх (е) f(x) = х cosecx (f) f(x) = sin2x cos3x 


(в) f(x) = Vsin Зх 
3: Find the derivative of each of the following functions : 
(à у=зш'х (©) у-со?х © у-өпіх 


) (d у-соғх © y =sec> x (f y = cos ecx 


_ /secx+tanx 
@ у-жсУк () у= шлак 


EN — — ———————————— —ussuná 


Differentiation of Trigonometric Functions 


4. Findthe derivative ofthe following functions at the indicated points : | MODULE - V 
(a) у = cos(2x+n/2),x=— (b) есу MA Calculus 
3 cosx 4 


5. f y = Jtanx +,/tanx tan x 4... to infinity 


Show that (2y -)2 = sec? x, 


6. If cosy = x cos(a + y), 


2 
prove that ИИ 
dx sina 


DERIVATIVES OF INVERSE TRIGONOMETRIC 
FUNCTIONS FROM FIRST PRINCIPLE 


(5 
15 
> 


We now find derivatives of standard inverse trignometric functions sin! x, cos ! x, tan! x, by 
first principle. 


(i) We will show that by first principle the derivative of sin"! x угл. x is given by 


ie 


Let y -sin!x. Then x = sin y and so x +5x = sin(y + dy) 


4а 
-- (81 x)= 
FEN n x) 


Asóx —0, бу > 0. 
Now, бх =sin(y + 6y) - sin y 
Ed [On dividing both sides by ёх] 
x 

 sin(y--6y)-siny oy 

бу Òx 

» ход 5 

lim sin(y -6y)-siny | у 


im -- je 0 when ôx > 0 
ày—0 бу 8x0 бХ Сте ! 


1 24141 
: 2со8 E T sy) sin (1 iy) 4% 
түше акаа хэн PNE 
5у-> бу dx 


or 1 


1S 


dy 
(cosy) То 


1 1 1 


ас cosy ТЕТІ ТЕЗ 2) 
——— E ÁO RR 
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MODULE - V 
Calculus 


For proof proceed exactly as in the case of sin! x. 


(i) ^ Now we show that, 


A (tan! x)= id 
x 


Let y= tan"! x -Then x=tany and so х+5х = tan(y + бу) 
Аѕӧх 0, аіѕоду 0 


Now, бх = tan(y + dy) — tan y 
1.1800 + у) (апу бу. 
бу 5x 


p: tan(y + y) - (апу lim бу 
5у- бу 8х-0 6х 


=| tim {30907 8) ву), | dy 
dy0 | соѕ(у + ӧу) cosy dx 
-4У. jim SPO + By) cosy - cos(y + y)sin y 
dx бугд бу.соз(у + By)cosy 


[^y > 0 when ôx 0] 


dy lim sin(y + бу-у) 
dx y0 dy.cos(y + By)cosy 


= іш |. | 


dx буэ0| бу сов(у--бу)сову 
„Чу „ЧОЧУ Ыр 
dx cos? y dx 5 
dy | el > IRI 
dx sec? y 1+tan? y 1+х2 
Er 1 
— t = 
zi an x) E 
d 1 1 
(v) - ео x|-- 
rm ) 12x? 


For proof proceed exactly as in the case of tan"! x , 
EN —— — — ———————— wur | 


Differentiation of Trigonometric Functions ! 
i MODULE - V 


qa 


Let y «sec ! x . Then x = sec y and so x + ôx = sec(y + By). 


Calculus 


(к)  Wehave by first principle ES (sec! x) = 
x 


As 6x —> 0, also бу > 0. 


Now бх = зес(у + ду) —зесу. 
| = Sooty + бу)—зесу бу. 
бу бх 
. sec(y+Sy)—secy |. бу 
ке . lim 20 
50 бу алай [> бу > 0 when dx — 0] 


dy d зун 3v sin $8] 
dx àyo0 6у.с0зусоз(у+5у) 


d sin 129) sin (1 2 
E M lim "—————— 


“ах ày0| cos y сов(у бу) 15у 
2 


.dy, siny ФУ суу 
dx cosycosy dx 


dy _ 1 ex 1 = : 

dx secytany у (sec? y -1) «(4 -) 
d (іу) 1 

—-sec х) = 

ах xv x? -1 

EC 

x (4 -1) 

For proof proceed as in the case of sec! X- 

Ехашрїс 22.11 Е 14 derivative of sin! (x?) from first principle. 


Solution: | Let yssin!x? 


(vi) Z (совест) = 


х2 = siny 


Now, (x+ 8x) =sin(y + бу) 
(x +8x)” -52 _ sin(y -6y)- siny 


5x 5x 
MA E 


THEMATICS 


Differentiation of Trigonometric Function; 


MODULE - V 


Sy | п бу 
Calculus н (x «8x? -x? : доу Ju eg ву 
im c E 
8x30 (х+5х)-х буе 2 бу ӛх-0бх 
2 
dy 
2х =cosy-— 
5-2 у di 
dy 2x 2x 2x 
БЭ eth 5222: == 
dx cosy || шу 41-х! 


Find derivative of sin"! Vx w.r.t. x by delta method. 
Solution:Let y- sin! x 
= ѕіпу= x 40) 
Also sin(y + бу) =Vx+8x 40) 
From (1) and (2), we get 

sin(y + 6y) - siny = Vx x - Ух 


( 5) (2) (Vx+8x -Vx)(Vx+8x + Vx) 
or 2cos| y+—|sin}] — |= 
д 2 2 хтб Ук 
LN |. 
Vx 8x +-Vx 
aeos (y Jai (2) 
ЖЕЗ 26 1 
5x Ух--бх +Vx 
: ĉr) 
ШЕ 
or S (s) 2 = 1 
8x 2 бу Ух+ӧх «АХ 


sin (53 
lim 22 lim 2) lim 112) 


8x20 бХ 8y20 бугд бу 
2 
Bp de an ax 
8x20 Vx +8x + x (о 8y-0 as dx 
d 
or aT ору, E 1 E 1 
x dx 2Vx cosy 2vxyi-sin? y 24x -x 
Wy ER 
dx 24х 41-х 
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Ч CHECK YOUR PROGRESS 22.3 
1. Find by first principle that derivative of each ofthe following : 
j -l 
(cos! x? (у25-5 (iti) cos! Vx 
: tan ! : 
(iv) tan! x? (у) m x (vi) tan"! Ух 


JNOMETRIC FUNCTIONS 


22.4 DERIVATIVES OF INVERSE TRIG 


In the previous section, we have learnt to find derivatives of inverse trignometric functions by 
first principle. Now we learn to find derivatives of inverse trigonometric functions by alternative 


methods. We start with standard inverse trignometric functions біп”! х,сов” х, ... 
(i) Derivative of sin !x 


Solution:Let у =sin7! x 


u x=siny 
Differentiating w.r.t. y 
LUN 
dy ü 
75 EA р " 
—=yl-sin’ у ..[Using (i) | 
EUM 
or dx isin? y 
dy 
бу 1 
ЕЙ БОР О. cma 
dx Ji-sin?y 1-х dy 
H аа ef : 
ence, 4 Mis 
8%» dX х2 
Similarly we сап show that 
abis z 
dx 12x? 


(ii) Derivative of tan"! x 
Se'ntion : Let tan! x= y 
x=tany 


: dx _ 2 
Differentiating w.r.t. y, dy SOCKS 


MODULE - V 
Calculus 


MATHEMATICS EU 
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MODULE - V 


Calculus dx „sec? y 
1 E ° 
то [:: We have written tan y in terms of x] 
1+tan* y 
Tees. 
1x? 
dg 1 
—|tan х|- 
Hence, A ) 1+x? 
e ч) —( pl = 21 
Similarly, (cot x) ee 


Solution: Let sec™!x =y 


sec y [£ysec? y-1] 
1 


р tsec y sec” y-1 
A 1 
sec? y-1 


Ixl 


As ec!x) = 


21 
dx [x| Vx? -1 
Find the derivative of each of the following : 


(sin! Vx (i)cos ! x? (iii) (cosec-!x y? 
Solution : 
@ Іа угз Vx 
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dx 2 dx 
1-(vx) 
MER DS 
1-х 2 
x 1 
24x M - x 
sin! x = : 
dx . 24x 1 - x 
(ii) Let y = cos! x? 
LANs x?) 
dx hi - oy? dx 
-1 
- “(2х) 
1-x* 
A (Cor TRIS x 
x 12:24 
(iii) Let у = (cosec™!x)? 
dy 


ae x(cosec x) (овес) 


E -1 
= 2(cosec хүү a 
Ix| vx? -1 


73 -2совес !x 


|х|Ух?-1 


-2совес х 


43 (ов естік)? = 
dx |х| ЇР) 


mem Find the derivative of each ofthe following : 


-р cosx Е 
@ fan Ere (i) sin(2sin! x) 
| Solution : 
Lei) y-tan! cosx 


1+sinx 


MODULE - V 
Calculus 
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MODULE - V m :] 
Calculus sing en 080) 
Br 
707% 
Sy . 1/2 
dx 
10) y =sin(2sin! X) 
Let y -sin(2sin"! x) 


z = cos(2sin™! x): E osin 


9 -сов(26іп”! x) 
dx 1-x? 


2cos(2sin | X) 


7 41-х2 


(aes С -1 2x 20025. 
Show that the derivative of tan ix wrt sin 1+ 18 1; 


Example 22.15 


Solution : Let y=tan"! Xand z-sin'! = 
1-х 1+х 
Let x — tano 
-і 2tanO 
y-tan! 2. and Өсекке ае. 
1-tan^0 1+tan?0 
= tan"! (tan 20) and z = sin"! (sin 20) 
720 and z= 20 
dy dz 
S =2 2322 
de m s 
dy dy d0 1 А 
Малым ы MN АШ rule 
тыз 2 1 (By chain ) 


Find the derivative of each of the following functions w.rt. x and express the result 
in the simplest form (1-3) : 


l. (six? (саг os 


-1 cosx —sinX 
2: vl 2 —1 tap 1 557 ——— 
(а) тал” Цсовесх — cot x) (b) cot"! (secx +tanx) (c) sx+sinx 
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3. (a)sin(cos™! x) (b)sec(tan"! x) (c)sin (12x?) 


(9) соз (4x? 3x) (е) cot! (vi +х? + х) 


4, Епа the derivative of: 


а МЫ tan! x. 
1+tan х 


22.5 SECOND ORDER DERIVATIVES 


We know that the second order derivative ofa function is the derivative of the first derivative of 
that function. In this section, we shall find the second order derivatives of trigonometric and 
inverse trigonometric functions. In the process, we shall be using product rule, quotient rule and 
chain rule. 


Let us take some examples. 
Ехашр!е 22,16 Find the second order derivative of 
@sinx (ii) xcosx Gti) cos! x 


Solution : (i) Let y = sinx 
Differentiating w.r.t. x both sides, we get 


dy 
—=cosx 
dx 


Differentiating w.r.t x both sides again, we get 


2 
434 3 (соз x)--sinx 
dx? dx 
2 
21 --sinx 
dx 


(ii) Lety=x cosx 
Differentiating w.r.t. x both sides, we get 


SY _ «(- sinx) +008x.1 
dx 


d А 
СУ = -xsinx-*cosx 
dx 


Differentiating уул, x both sides again, we get 


dy - Tos sinx + cosx) 

dx^ dx 
=—(x.cosx+sinx)—sinx 
=—x,cosx — 2sinx 

а?у 


5 =—(х.созх +2sinx) 


is P 
MATHEMATICS EM 


MODULE - V (iii) Let y = cos !x 


Calculus Differentiating w.r.t. x both sides, we get 


d -1 -1 то, 
а 


Бин Differentiating w.r-t. x both sides, we get 


oy. а-а)” ^29] 


dx? 
УГ х 
т ( Ё 42 p 
а?у -Xx 


Example22.17 If y = sin™! x , show that ( -х)у, - ху! =0, where y; and y; respectively 
denote the second and first, order derivatives of y w.r.t. x. 


Solution: Wehave, у=зт х 
Differentiating w.r.t. x both sides, we get 


dy sl 
dx Ji-x? 
2 
dy 1 : 1 
жаң | 22225 des 
or (8) UE (squaring both sides) 
or - (1-х2)уі =0 


Differentiating w.r.t. x both sides, we get 
а 
(1-2) 2n 5-01) +(2x) Yt =0 
ог (1-х?).2ууу; -2x уі-0 


ог (1-х)у;-ху,-0 


CHECK YOUR PROGRESS 22.5 


1.  Findthesecond order derivative of each ofthe following : 
(a)sin(cosx) (b) x? tan"! x 
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ity; (sn Ix), show that (1- x 2), —xy,=1, MODULE - V 


Calculus 


Қ; d 
2. Ify-sin(sinx), prove that D шах усо? x=0, 
х х 


a? 
4. Ify=x+tanx, show that cos? xd 2y+2K=0 


LET US SUM UP 


Lo х) =cosx (i) MM x)--sinx 
dx dx 
(üi) Lye x)= sec? x (iv) 5 (ай X) = —cos ес2х 
dx dx 
(у) 4 (ес X) =secx tan x (vi) PM ecx) = —cosecx cot x 
dx dx 


e — Ifuisaderivabale function of x, then 


®© Z бін u) = cosu (ii) Ecosu) s-sinu 

(iii) (tan и) = sec? шаш (v) (со i) = - созес?и “ 

(v) Тоос и) =secutan E. (vi) Z cose u)=—cosec u coru $t 
.8 9 зо О a em TS 

@) “(tan x)-— 17 < (oot! x)= pes 


d 21 1 4 -l al 
Ди ee ——(соѕес х) = ——7—— 
(y) ES (вес x) = BE CER ік! [2a d 


©  Ifuisaderivable function of x, then 


Ded 1 ан а -1 du 
@ gun u)- ж бі) ХОС DL ЖЕТІ. de 
| dz 1 du quer -1 du 
2 2 ОН (сої ш) = р 
6%) а (е Ч 1+u2 dx @) ies ) 1«u? dx 2 
: (со: ec lu) E а ( 
ныг” i — (cos S T RE 
б) 4 бес ІШ- mi mum A (vi) ds Іші БЭЛ 1 ox 


The second order derivative of a trignometric function is the derivative of their first order 
Vatives, 


EEE 
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MODULE. V || 
Calculus 


9 http://www.wikipedia.org | 
ө http://mathworld.wolfram.com 
Notes 


е 
TERMINAL EXERCISE 


3422Ж dy 
=x" tan" = 554 
1. If y=x м, 


d 15 
9Д Evaluate, = sinf x +cos* x at х-2 and 0. 


5x 2 dy 
3. If y= + cos" (2x +1), find —. 
Уп -х)? ах | 


4. If y=s «EH, +sin кїз, then show that 2 =0 


2 
sh If x 2 acos? Ө, y = asin? 0, then find (9) 


а 
6. Hye fee fe find E. 


Find the derivative of sin"! x гі. соз! х2 


If у = соѕ(соѕх) , prove that 


Фу dy 
Aene ак +? x=0, 


ю 


If y= tan! X show that 
(1+х)2уз +2xy; =0. 


10. If y - (cos! x)? , show that 


(17 x5y; - xy, -220. 
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=| MODULE - V 
ANSWERS Calculus 


CHECK YOUR PROGRESS 22.1 


(1) (а)-совес xcotx (b) - cosec?x (c) -2sin2x 
cosx 
(d) -2cosec?2x (е)-2хсовес x?cotx? (=== Tm 
2. (а)25іп2х (b)-2cosec?xcotx  (C)2tanxsec” х 


CHECK YOUR PROGRESS 22.2 


2 
1: (a)12cos4x (b)-5sin 5x ome (d) j зегі 
(е)2х cosx? (2/2 sec? 2x (8) -3ncosec? 3х 


(h)10seclOxtanl10x ^ (i)-2cosec2xcot2x 


2secx tan х 


2: (а) (еск +1)2 (b) sinx -cosx)? (c) xcosx + sinx 
(d)2xcosx (1+ x2)sinx à 
3cos3x 
(e)cosecx(1- xcotx) (f)2cos2 xcos3 x -3sin2 x sin3 x (B); зх 
3. (а) 3sin? xcosx (b) -sin2x (©) Atan? xsec? x (d) -4cot? x cosec?x 
(е) 5sec? x tanx (f) -3cosec?xcotx (8) ——— — — вес.х tan Vx 
mae 2 
(h) secx(secx + tan x) 
4% (a (b) 42 +2 
CHECK YOUR PROGRESS 22.3 
D dos 21 
T б) -2х Oa FERAS х Gi) 
1-х* 1 2х2 (1-х) 
EX 1 i tan !x ў 
Qv) "wn (у) хіх?) 52 (vi) ü 
2x2 (1+х) 


CHECK YOUR PROGRESS 22.4 


2x a 1 
Deb. (mde gom 


MATHEMATICS 


1: 


"UN | 9i с € = ©- 
зау memo (b) Ws вес бап”! x) 
-2 =3 -1 
=? (8122 (©те х2у 
1 
4. (шаг) 


CHECK YOUR PROGRESS 22.5 


2 


l. (a) -0008 x cos(cos x) —sin^ xsin(cosx) 
2x(2+ x?) ЭЛ 
+2tan 
© (1+ xy 7 
TERMINAL EXERCISE 
UU AGE CUP ТАБИ? 8 
1. x ae sec 29x tan 5 22 0,0 
cs 3. 2sin(4x +2) 5. SS 
3(1- х)3 
1 1 
: m 5 241-х2 
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MODULE - V 
Calculus 


DIFFERENTIATION OF EXPONENTIAL 
AND LOGARITHMIC FUNCTIONS 


We are aware that population generally grows but in some cases decay also. There are many 
other areas where growth and decay are continuous in nature. Examples from the fields of 
Economics, Agriculture and Business can be cited, where growth and decay are continuous. 
Let us consider an example of bacteria growth. If there are 10,00,000 bacteria at present and 
say they are doubled in number after 10 hours, we are interested in knowing as to after how 
much time these bacteria will be 30,00,000 in number and so on. 


Answers to the growth problem does not come from addition (repeated or otherwise), or 
multiplication by a fixed number. In fact Mathematics has а tool known as exponential function 
that helps us to find growth and decay in such cases, Exponential function is inverse of logarithmic 
function. 


In this lesson, we propose to work with this tool and find the rules governing their derivatives. 


After studying this lesson, you will be able to : 

a define and find the derivatives of exponential and logarithmic functions; 

1 find.the derivatives of functions expressed as a combination of algebraic, trigonometric, 
exponential and logarithmic functions; and 

0 find second order derivative of a function. 


n - 
@ lim (+) =e @ lim(1+n)" =e 
noo n no 
- e*-1 ial. 
ш) lim ESI (iv) lim =logea 
хэ X x X 
0) "GEN 
hoo h 
* Definition of derivative and rules for finding derivatives of functions. ( 


аа, 
MATHEMATICS 


Differentiation of Exponential and Lo thmic Functions 


MODULE- V 23.1 DERIVATIVE ОЕ 
Calculus 


Lety-c*besnexmonenüalfunehon ONERE 2 @ 
y+8y=el***) (Comespondingsmallincrements) — (i) 
From (i) and (ii), we have 


бу= extdx ех 


Dividing both sides by бх and taking the limit as x — 0 
бу 


бх _ 
tim 87. tiny et U 
8x0 бХ. бх- бх 


Фу x х 
> ==e°.l=e 
dx 


Thus, we have ае) cm 


dx 
A ч Wi x) e dr x 
Working гше: % (е )=е "aO ze 
Next, let узе 5, 
Then у+бу= еа(х+ӧх)+ь 
[6x and бу are corresponding small increments] 
ёу= етә _ еах+Ь 
= сах+њь Бы -1] 
абх 

бу _ „ах+Ьь [e zi] 

нет 

бх бх 

ебх 21 
ca ch n [Multiply and divide Буа] 
Taking limitas 6x — 0, wehave 
lim Буг. a-e**5. lim еб 1 
8x0 бх 6x20 абх 
ог Sa «ах | im ley 
х х-0 X 
=geaxtb 


MATHEMATICS 


Differentia 
Working rul 


e: 


d ( ax+b ) ax+b d ax+b 
cy = с £ : 
ТЕ е 2 (ах--Б)- e? .a 
d (eaxtb) = geaxtd 
dx 
Example 23.1 | Find the derivative of each of the follwoing functions : 
285 
(де (фе ше 2 


Soution : (i) Let y=e*. 


Then yze! мћее5 х=ї 
dy еї and 5-4 
t 
dy dy dt 
Weknowthat, СУ У. et, 5 бех 
dx dt dx БУД 
Alternatively 4 (ок) e A. (sx) 20-5 = 5е5х 
ах dx 
(ii) Let y=e™. 
Then у=е' when t=ax 
dy 1 
— = — =a 
dt я deu 
dy dy dt. 
Wi k —=—х— =e :а 
e know that, de aU В ; 
Thus, dy ae 
dx 
(ii) Le 2 
iii) Let ума 
dy. 2 08 (23) 
dt dx \ 2 
-3x 
Thus, dy Cr 2 
dt 2 


Ехашре232 rid the derivative ofeach of the following : 


: 5 2 
0 y=e* +2cosx (і)у-е” +25пх те? +2e 


MATHEMATICS à | 279 | 
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Notes 


Differentiation of Exponentiat anc 


MODULE - V | sotution : 0) y =e* + 2cosx 


Calculus a 
aia 44524 о) =e* —2sinx 


2 
бі) yse* +2sinx-Že* +20 


2 5 
dy - сх S (x2)+200s т +0 [Since e is constant] 


2 
=2хе* +2cosx -že 


1 1 
Q ysam Qj зов yee 
Solution : (1) y =e" 


dy _ ехсовх 
dx 
dy 
dx 


d 
—(xcosx 
Х djs 
=@*°05Х ЕРИ 
dx dx 


= eX 995* [-xsinx +cosx] 


dy xdí(l1),l d'fix 
ёоо СН: ) [Using product rule] 


e* e* 
=—[-1+x]=—[x-l 
2 dl ] 


1-х 
у=енх 
1-х 
dy Lex ai 
dx dx\1+x 


Бар Lüsx)- a- x) 
@+х)? 


1-х 1-х 
=eltx | 22 2: 22 ех 
(l+x)?} (+x)? 
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me mme the derivative of each of the following functions : 


Q ех. sine" Gi) ед -cos(bx +c) 
Solution : y =e™% .sine* 
dy яах d . x d sinx 
—=e sine* )+sine* —e 
dx a Ч 
4 RT ИЙН 
езіпх Г x ^ sinx v. 
-cose* Sle (die e ax (rinx) 
eX . cose” -еХ + sine -e5™* -cosx 
= gii X[e* .соѕех + ѕіпех -cosx] 
(i) y =e™ cos(bx +c) 
dy qx A cosx +c)+cos(bx 29 Че 
dx dx dx 


= ех . [-sin(bx + (Ox +c) + cos(bx +c)e™ PS 


= —е®* sin(bx + c)- b + cos(bx + c)e™ a 
= e" [-bsin(bx + c) + acos(bx + c)] 


eX 


sin(bx + с) 


dy 
ха 23.5 Fi ЕГУ 
xample 23.5 Find dx ИУ 


і Як ох 4 бру ec 
dy Es e mul )l 


Solution : E 
dx sin“ (bx + с) 


_ sin(bx +c)e™ a-e 2X cos(bx + c).b 
sin? (bx +c) 


e?" [asin(bx +c) - bcos(bx + с)] 
sin? (bx +c) 


CHECK YOUR PROGRESS 23.1 


1. Find the derivative of each ofthe following functions : 
-1 


(а)е* е“ (ек Qe 


2. Find 5 22 


MOD 


Calculus 


EMEN ONU 2025-2207 
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MODULE - V 


2156 p : EI x 
Calculus (а)у=5е -5e (b) y =tanx +2sinx +3cosx 54 
(c) y = 5sinx - 2e* (d)y-e* +e * 
3. Find the derivative of each ofthe following functions : 
(а) к) =e"! (b) r(x) = еу 
22 
(с) Е(х) e e" * (d) (x)= exser?x 


4. Find the derivative of each of the following functions : 
(а) f(x) - (x -De* (b) f(x) 2 e?" sin? x 
d 
5 Би 
dx 
е2 e 


(а) 37775 (Duy EXT 
x +1 x sin x 


X .cos x 


23.2 DERIVATIVE OF LOGARITHMIC FUNCTIONS 


We first consider logarithmic function 
Let Melo c MM EE Ed EE, е (i) 
убу тор (tix) ord gy 40 5. ги (ii) 


(5х and бу are corresponding small increments in x and y) 
From (i) and (ii), we get 


dy = log (x +5x)—log x 


x+6x 


d |Н ӧх А 
TOR NM [Multiply and divide byx] 


Taking limits of both sides, as бх — 0, we get 


x 
ER 5. 
нш a) tim log 1+ 
8x20 бх х 8x30 x 


MODULE - V 
Calculus 


d 
Thus, 4 qogx)- 1 
dx x 
Next, we consider logarithmic function 
y - log(ax +b) 440) 
y + бу = log[a(x +x) + b] 40) 
[8x and бу are corresponding small increments] 
From (i) and (ii), we get 
бу = log[a(x + 6x) + b]- log (ах + b) 
a(x +x) +b 
ax+b 


(ax +6) + ax 
ax+b 


=log 


Taking limits on both sides as ёх — 0 


lim бу. - lim СБ | “ 
5х>06х ах+ zt 8х0 


———1оре | tim (1+) E 
х 


dy _ 
dx sa 


or 


or, 


d tied 
--1 5)-------(8х-0 
4х pate s b) bd ) 


Find the derivative ofeach ofthe functions given below : 


(i) y =logx* (ii) y = log Vx (iii) y =(log ху 


Solution: (i) y-logx?-5logx 


Шіл 
A 


у=хЎ logx 


dy c dan ge qd 
dx | OBXG OF) +x" (орх) [Using Product rule] 


=3x? logx+x3 1 
x 


ў =x? (3logx +1) 
a... a. 


li Differentiation of Exponential 


and Logarithmic Functions 
à y =e* logx 
dy 


xd dius: 
ЗУР ХЭМ ТЕХ 
Fe e (logx) + logx rud 


1 
=e*-.—+e*.logx 
x 


=65 Б 21 
х 


Find the derivative of each ofthe following functions : 
() logtanx (i) log [cos (log x )] 


Solution : (1) Let y =log tanx 
dy Asie 
—= -— (tan x 
dx tanx ax | ) 
= 1 “Бес? х 
їап х 
соз 
аер) 


sinx cos^x 
— cosec x.sec x 


(ii) Let y = log [cos (log x)] 


dy 1 d 
— z———  — .—[ceos(log x 
dx  cos(logx) m e Ei 


1 


4 
=i | “sin logx—{ lo; 3 
cos(logx) | и m M 


. -sin(logx) 1 


cos(logx) x 


= Mon x) 
х 
21. N AYENA 
Find dx Тул log(secx + tan x) 
Solution ; y= log (sec x + tax x) 
dj, vo EE 


—= secx+tanx 
dx secx+tanx ax ) 


ES еее x tan х - sec? x] 


secx+tanx 


1 -весх вес x+tanx] | 


MODULE - V 
Calculus 


Pt 


E. secx+tanx | 
MATHEMATICS 
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MODULE : ү _ sec x(tan x +зес x) 


Calculus secx tan x 


=sec x 


ШЕЛІ Find i 2 if 
dx 
1 


= (4x2 - 10 x5? 


3 
х3(х –7)* 


Solution : Although, you can find the derivative directly using quotient rule (and productrule) 
butifyou take logarithm on both sides, the product changes to addition and division changesto 
subtraction. This simplifies the process: 


1 
_ (4х2? да+ х2)2 
3 


хї(х-7) 


Taking logarithm on both sides, we get 


(еер | 


logy = log 3 
x (x-7) | | 


x 2.4) ЖЕ ойх 
ог logy = log(4x 1) eztoa(1 x?) 3logx -  log(x 7) 


[Using log properties] 
Now, taking derivative on both sides, we get 


СГ Жасты 
пат зс UM ad 
lex? x 4(х-7) 


dy | 8x 32:79 3 
Әз у. 
dx. [4x?-1 1«x^ x 4(x-7) 


+ 
4х2-1 lex? х 4(х-7) 


sl 8x x 3 3 | 
3 


x(x -) 


Differentiation of Exponential and.Logarithimic Functions Ste " 

з 77 | MODULE - V 
CHECK YOUR PROGRESS 23.2 Calculus 

1, Find the derivative of each the functions given below: 

(a) f(x) = 5 sinx — 2logx (b) f(x) =log cos x 


d 
МЕ: 
dx 


2 
e* 


2 
а) у-е" (b) у= 
(a) y=e* logx )y КЕ 


3.  Findthe derivative of each ofthe following functions : 


(a) y = log (sin log x ) у= овал (535) 
a+btanx 
(c) Y= "id (d) y=log (орх) 
fee dy, 
4 Find те, 
3 
1 2 е РДЕ, 0 Уха-2х)? 
(а) y=(1+x)2(2—x)3 (x? +5)? (+9) 2 (577 5 1 


4x) G - 7x2) 


3 DERIVATIVE OF LOGARITHMIC FUNCTION (CONTINUED) 


23 


We know that derivative of the function x" улі. xis nx" , where nisa constant. This ruleis 
not applicable, when exponentis a variable. In such cases we take logarithm of the function and 
then find its derivative. 


Therefore, this process is useful, when the given function is of the type [oor Е 
аххх etc, 

Note: Here f(x) may be constant. 

Derivative of ах w.r.t. x 

Let у=а*, а>0 

Taking log on both sides, we get 


PU 
logy =loga* = xloga [ logm? = nlogm] 


d d 1Ф р x) 
gler- 00088) о y ax Ват | 
dy 
or —--yloga 
pui 
MATHEMATICS EN 


Differentiation of Exponential and Logarithmic Function, 


MODULE - V M ode 


Calculus 4223 
Thus, ж” =a’ loga, a>0 
Find the derivative of each of the following functions : 
on ae @у xl xsinx 


Solution: (i) y=x* 

Taking logrithms on both sides, we get 
logy =xlogx 

Taking derivative on both sides, we get 


1 dy 


Эй” -logx Lw + xŽ бор x) [Using product rule] 


he e. logx+x- d 
y dx x 


=logx+1 


—=yflogx +1] 


Thus, 2- x*(logx +1) 


(ii) у= xsin x 
Taking logarithm on both sides, we get 
logy ^sinxlogx 


1 
у - inxloga) 
1 dy md 
=. = совх.1 = 
or y 4i cosx.logx +sinx z 
) or этэ онох I 
dy 9 хэл sinx 
Thus, --эх X| cosxlogx + —— 
dx x 


Ехатр! 23.12 Find the derivative, if 
= (log х)“ + (на? х)" 4 
Solution : Here taking logarithm on both sides will not help us as we cannot put 


"MATHEMATICS 


Jogarithmic Functions 


MODULE - V 


(logx)* + (sin 1 хутлх in simpler form. So we put 
Calculus 


u=(logx)® and у-(віп”! х) 


Then, у=и+у 
_ dy du, dv | 
СЕН ТЕСЕ ака қырқа 0751 Ra o m (i) 
Now u=(logx)* 


Taking log on both sides, we have 
logu = log(logx)* 


5 logu = xlog(logx) Ё log m" = nlog m] 
Now, finding the derivative on both sides, we get 

] du ДЕ] 

ЕЮ NEN A 

u dx PER E x 
Thus, A = нэрэн а 
Th 4ш dd x)* | log(lo; хулд ii 

Us, rri ыы игені Шы. (ii) 

Also, у = (sin! хуйх 


^ logv =sinx log(sin™! x) 
Taking derivative on both sides, we have 


Е у) = EE x log(sin"! х)] 
dx dx ! 


: = +cosx-log(sin™! x) 


——=sinx =I 
sin X 41-х 
dv sinx logs d 
ot, au ЖЕЛЕ аа logsin 
х  [sin'!xNl-x 
sinx in x .- M 
(вш) : 5 + cosx log(sin Т] -.. (iii) 
sin !xv1-x 


From (1), (ii) and (iii), we have 
sinx 


dy 1 sinx ed 
== (орх) [elles ++i —  —cosxlogsin х 
Ё logx sin 'xv1-x? 


Example 23.13 | If xY 2 eX, prove that | 


dy &| logx 
х (1+log x)” 


MATHEMATICS 7 E 


MODULE - V |Solution : Itis given that x! =е У 
Calculus 


Taking logarithm on both sides, we get 
ylogx = (x - y)loge 


-(х-у) 
ог уй-ювху-х [+ loge- Ц 
= x 
pr ХЭ 1+logx 


Taking derivative with respect to x on both sides of (ii), we get 


A (+їевз)л-5[ 7) 


dx (1+108 x) 


S 1-logx-l _ logx 
(1+108х)° (1+8 х) 


ЯЛЛ” 
Ехатріе 23.14 Еа, —— if 
4х 


е^ їору- эш” x «sin! y 
Solution : We are given that 
ех юру=зш | x «sin! y 
Taking derivative with respect to x of both sides, we get 


eC Eee AT IRR dy 


y dx 12:50 h-y? dx 


—е* logy 


8221. Fae. 
or y h-y? dx | пра 
ог dx [ex h-y? -y| ES: 


: Ну о 
ШШШ 20007 


Solution : Weare given that 


Taking logarithm on both sides, we get 
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log y =y logcosx е MODULE - V 


Differentiating (i) wr.t.x, we get Calculus 
ldy. 1 : Зу 
EP (-sin x)+log (cos Xu 

1 dy 
2 БС (cos J чу mx 
b [1-y log (cos x)] У-у? їапх 
dy 3 E tanx 

ДЕ dx 1-ylog(cosx) 

ғы 

Ы 

1. Find the derivative with respect to x of each the following functions : 


(a) y=5* (b) y 23* + 4* (c) y =sin(5*) 
2. Find 4У „if 
(а) y -x?* (Әу -(совху%% (©) ys (ogx)"* 


2. 
(d) y =(tanx)* ©у=а+ ху? (D у=х® +sinx) 
3. Find the derivative of each of the functions given below: 


(а) у =(tanx)'* + (cotx)* (b)y= х ОЁХ + (sin xin x 
(c) y- хх, (sin х) (d) у= (ху + (log x)lee* 


4 Ww ул T хуб" sin х).....0 поза 


dy y? cotx 


dx 1-уіов(віпх) 


ЧУ ы ш 
dx х(2х-1) 


ийй eee ЕЙ 


THEMATICS 


ial and Logarithmic Functions 


MODULE - V | SECOND O1 


Calculus In the previous lesson we found the derivatives of second order of trigonometric and inverse 


trigonometric functions by using the formulae for the derivatives of trigonometric and inverse 
trigonometric functions, various laws of derivatives, including chain rule, and power rule discussed 
earlier in lesson 21. Ina similar manner, we will discuss second order derivative of exponential 
and logarithmic functions : 

ОТОКА С Find the second order derivative of each of the following : 


@е* (ii) cos (орх) (ii) х" 


Solution : (i) Let y = e* 


d 
Taking derivative w.r.t. x on both sides, we get ES =е* 


Фу d 
Taking derivative w.r.t. x on both sides, we get =" = ©.) =е* 


(ii) Let y = cos (log x) 
Taking derivative w.r.t x on both sides, we get 


Ч 0122: 41 -sin(logx) 
) 477 sin (log x) 227) 


Taking derivative w.r.t. x on both sides, we get 
Фу d | sin (log 3 


dx? dx x 
x-cos (log x)-4 -sin (log x) 
or Uu E NT 
32 
а?у зіп (Іов x)- cos (log x) 
= д 
dx? x? 
(iii) Let у=х* 
Taking logarithm on both sides, we get 
logy=xlogx “Ш 
) Taking derivative w.rt. x of both sides, we get 
тк logx =1+ logx 
or З y(1+logx) 0) | 
dx 


Taking derivative уулл, x on both sides we get 


EUN Set MATHEMATICS | 


MODULE - V 
Calculus 


уа 
X dx 
= (1+1ор x)y(1+log x) 
x ; 
PEN 2 Mee 
geo (I+ log х)7у (Using (11) 
- Estee? 
x 


а?у 5 1 | 
— г. -4(1-108Х 
ах? 9 х ( $ ) 


Example 23.17 ЖШН cos”! x , show that 


2 
2ү4У e 
(1-х 15% Lv а“у-0 


-l [ 
. х 
Solution : We have, уе 727777 УУЛ БИ Ээ doe feb 8 а се 


dy T ies! J eoe 
dx 1-х? 
а 
LL. Using (1) 
1-x 
8-2 
ог --| = 5 
dx 1-х б 


ОБЕ 


Taking derivative of both sides of (ii), ме get 


2 dy 
56 ( xz ) doy x dy -a*y=0 [Dividing through out by2 ex | 
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Differentiation of Exponential t “ораг ic Functions 


MODULE -V |М cm 
Calculus ‚© A CHECK YOUR PROGRESS 23.4 

E Find the second order derivative ofeach ofthe following : 

log x 
x 


(а) xte (b) tan (e) © 


О Cae y=acos(logx)+bsin (log x) , show that 


-1 
3. If y 2e" Х prove that 


2 
2) ЧУ dy _ 
(iex +000 


LET US SUM UP 


e 0 Eese (i) PUEDE loga ; a>0 
ө If р is a derivable function of x, then 
() Jt) (i) 2088) =а ова: ;a»0 
@ е) аав 
, @ 2 (logx) = ` (i) Ё (logu) = ; Es , if is a derivable function of x. 


d 1 
ii 221 5)- „а= 
2 Gi) dx oua +) ax+b Ч ах+Ь 


ә http://www.wikipedia.org 
P http://mathworld.wolfram.com 
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9 
Calculus 
TERMINAL EXERCISE 


1. Find the derivative of each ofthe following functions : 


Differentiation of Exponential and Logarithmic Functions 


(a) (x*)* (b) x | 
2. Find < if 
(Юу 4 aX logsinx (b) y =(sin yy х 
3 
411429 БЭЭ Л ыг 
өу-(81) (d)y -log|e (4) 


3. Find the derivative of each ofthe functions given below : 
2 ie i 
(а) (х) = cos х1ор(х)ех хх (b) f(x) = (sin! x)? x5" X .e?x 


4. Find the derivative of each of the following functions : 


(а) y = (tan x)!°8* + (cos x)" * (ууг х Х +(sin ху? 
ES кыл г 
dx 
4 /х+6 р х нех 
x" 4x46 2136 
@ НУ ЛЫН? PEST — 
(3х--5) (е-е 
bey Find ғ 
dx 
x7 42x 
7. Find the derivative of each of the following functions : 
212 _ 2* cotx 
(а) у = x^e?* cos 3x (b) Y s 
Xo dy yl 
8. у= x* оч = 
шу-х ‚ prove that v 1-ylogx | 
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uc dr unctions 
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Calculus 


4 7 
-=x 
тээн нэ 
2: ();e зе? хе 2совх-3зіпк- е 


(с)5совх-2е< (d)e*-e* 


—cos = 


3. e Jeot x 
Ora es 25 ® 2Vcot x 
-2 
(c)e* 9 *[sin x -2x cos x]sin x 


2 
(4)е*5°° х (бес? x 2x sec? x tan x] 


4. (а) хех (b) 2e?* sinx(sinx +cosx) 
2x? -x 42 me e**[(2x — 1)cotx — x cosec?x] 
5. (а) б 21872 ° Та” 
CHECK YOUR PROGRESS 23.2 
їр (2)5cosx - 2 (b) -tanx 
2 1 2x? loggx-1 42 
2; ы = — 8. 
(а) е ЕСІ ХЕ e 
1 
3: Ae) (b) secx 
© 2absec? x 1 
a? b? tan (9) дорх 
JE: 3 ПЫ 1 2 2х 25 
= 4 90320-33645 (5+9) 2 law 3 70-5 sea) 


2х 1-2х 3+4х 2(3-7х2) 


3 
o re i 3 5 7х а 


(3-4х)43-7%2)4 


| тэм ли weil 


-pitterentiation of Exponential and Logarithmic Functions 


CHECK YOUR PROGRESS 23.3 


І. (9) S* logs (b)3* log3 + 4* log4 (C) cos5*5* log 5 
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log cosx 
x 


2. (а) 2x?*(1+logx) (b) (oes [108 cosx ~tanxiogx 


(X (log xin x [es х log (log дни | 


x 
t log tan x 4-——————- 
i | г sin х cos Ч 


2 3 
(е)(1+х)*` | 2х1ог(1+х?)+2 3 : 
1+x 
(f хб Pon Xs oig 
х 


3. (а) cosec?^x(1—logtan x) бап х) 4% + (logcotx — xcosec^x tan x)(cotx)* 


Гү logsinx 


inl 
(b) 2х(овх-1) logx + (ѕіпх)“" Шы х+ d 
1-х 


(с) xi (S. sec? xlogx ein?" * [cos x cotx —sin xlogsin x] 


1+ a 


(d) сс эх 2х) + (logs) | 3i 


CHECK YOUR PROGRESS 23.4 - 


Lh (ех (25x4 +40x? мох?) (в) 2567" sec? байга tan e) 


2logx-3 


х3 


TERMINAL EXERCISE 


1 (8) (x*)*[x+2xlogx] (b) x09" [x* + log x(logx +1)x*] 
2. (qax logsinx ор sin x +xcotx]loga 
. cos lx 23 logsinx 
. (b) (sinx) cos xcot P em. 
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Differentiation of Exponential and Logarithmic Functions 


f 2 

127 1 1 3 

ее 

e) өң ез) ino au 2-5 4) 4x44) 
x 


2 
(а) cos x log(x)e* эс tn : d 
xlogx 


sinx 
Ж +o] 
x 


(b) (sin 1y)2:x’ sinx е2х | 2 
4-x sin х 


(a) (апх)9%Х (ене 2x log x+Hogtanx| 
x 


+ (cosx) * [-sin x tan x + cosx log(cos x)] 


tan 
(b) x'&n* E sec? xlogx| + (sin х)” [cot x cos x -sin x logsin x)] 


x* x 46 Е 1 6 | -4e?* 


65,57. x 2x6) (3х+5) (5 2х-1р 


4 2 
(а)ах.х%Ца + xlog , a] (b) 7* *?* Qx +2)log, 7 | 


(a) х?е?* cos3x 2 +2- stan3x} 
x 


х 
(5) Шара | 


ЕТ ris 


MODULE - V 
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TANGENTS AND NORMALS 


Inthe previous lesson, you have learnt that the slope of a line is the tangent of the angle which 
this line makes with the positive direction of x-axis. Itis denoted by the letter 'm'. Thus, if Ө is 
the angle which a line makes with the positive direction of x-axis, then m is given by tan Ө. 


You have also learnt that the slope m ofa line, passing through two points (хі. уі) ава (хә, y2)is 


32:530 
X5-Xj 


given by m = 


In this lesson, we shall find the equations of tangents and normals to different curves, using the 
knowledge of differential calculus. We shall also study about Rolle's Theorem and Mean Value 
Theorems and their applications. 


OBJECTIVES 
After studying this lesson, you willbeableto: - 

e define tangent and normal to acurve (graph ofa function) at a point; 

e — find equations of tangents and normals to a curve under given conditions; 
e state Rolle's Theorem and Lagrange's Mean Value Theorem; and 

e test the validity ofthe above theorems and apply them to solve problems. 


EXPECTED BACKGROUND KNOWLEDGE 
* Knowledge of coordinate Geometry 

* Concept of tangent and normal to a curve 

e — Concept of diferential coefficient of various functions 

* — Geometrical meaning of derivative of a function at a point 
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24.1 SLOPE OF TANG 
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Let у= (х) be a continuous curve and let 


P (ху, y; )be a point on it then the slope PT at 


P (xj, y1 )isgivenby 
dy 
z—|at , „(i 
( ab (уу) 20 
and (i) is equal to tang 
T 
We know that a normal to a curve is a line Fig. 24.1 
perpendicular to the tangent at the point of contact 
Weknowthat а =5+0 (From Fig. 24.1) 
шош (1+6 =-cot@ 
= К 2 % 
5 d 
tan Ө 
Slope of normal а (х,у) ог - “|, (х,у) 
AS m ЕЙ 1931 ду 1» 71 
dx 


Let us consider some examples : 


гхатїс24:1 | the slope of tangent and normal to the curve 


x? «x? +3xy+y? =5 at (1,1) 


Solution : The equation ofthe curve is 


Ны - @ 


Differentialing (1), wr.t. x, we get 


Еее Ее 


sents and Normals 


MODULE - V 


2 dy dy _ И 
2х+3х ZE dx In jer UG е Бо инж (ii) Calculus 


Substituting x 21, y —1,in(ii), we get 


окно 
dx dx 


dy 
EA n Ав 
2 dx 20 dx 5 


8 
» The slope of tangent to the curve at (1, 1) is — 5 


5 
« The slope of normal to the curve at (1, 1)is 8 


” 1 
Ехашрїс 242 Show that the tangents to the curve Y = = Бі +2х3- 3x | 


atthe points x = +3 are parallel. 


: 330 42x? -3x : 
Solution : The equation ofthe curve is y = л ДЕ (i) 


Differentiating (i) w.r.t. x, we get 


ay _ (15x +6х2 -3) 


dx 6 
e : 0607-3) 
dx / x=3 6 


= [5994 54-3] 
- 3[405+17]=211 


(& ux s [Cote] «21 


х The tangents to the curve at x = +3 are parallel as the slopes at x = +3 are equal. 


ST 
[Example 243 | The slope ofthe curve бу? = рх? +q at (2, -2) is c 


Find the values of p and q- 
Solution : The equation ofthe curve is 


бу? = рх? +q 


MATHEMATICS " у EN 
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MODU LE-V Differentiating (i) wart. x, we get 
Calculus 


2 dy : 
—=2px n 
18y dx нээг... (1) 


Putting х-2,у--2, we get 


18(- -2 SY =2p-2=4p 


m P 
dx 18 
1 
Itisgivenequalto < 
lp: 
-= 3 
{ 05:18 Зоог 


г. The equation of curve becomes 
бу? =3х2+ q 
Also, the point (2, 2) Нез on the curve 
6(-2)? =3(2)? +q 
=: -48-12-4 or  q--60 
2. The value of p=3, а= -60 


CHECK YOUR PROGRESS 24.1 


1.  Findtheslopesoftangents and normals to each of the curves at the given points : 
G) y=x?-2x at x -2 (ii) x? +3y+y? 25 at (1,1) 
(iii) x =a (@-sin®), y -a(1-cos0) at 9=— 

2.  Findthe values ofp and q if the slope of the tangent to the curve xy + px + 4Y = 24 
(1, 1) is2. 

3. Find the points on the curve x? + y? = 1g at which the tangents are parallel to the line 
xty 73. 

4.  Atwhat points on the curve y = x? — 4x +5 is the tangent perpendiculat to the line 
2y+x-7=0. 


24.2 EQUATIONS OF TANGENT AND NORMAL TO A CURVE 
We know that the equation ofa line passing through a point (x , yı) and with slopem is 


ECN MATHEMATICS 
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У -ш(х-хі) 
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As discussed in the section before, the slope of tangent to the curve y = f (x) at (x ‚У ) isgiven 


dy Ў ах 
ТЕЙ at (хү, y; Jand that of normal is - z) аї(ху, у) 


2. Equation of tangent to the curve y = f (x) at the point (х, y; ) is 
d 
Y-Yie (2) [x-xi] 
Xr o ) 


And, the equation of normal to the curve y = f(x) at the point (x D ) is 


Let us take some examples and illustrate 
Find the equation of the tangent and normal to the circle x1 4 y? =25 atthe 
point (4, 3) 
Solution : The equation of circle is 

: x? +9? =25 | -Ф 
Differentialing (1), w.r.t. x, we get 


2х+ 2,9 =0 
dx 


Б (2) а= 2 


MATHEMATICS 


Tangents and Normals 


MODULE - V 5. Equation of tangent to the circle at (4, 3) is 


Calculus y-3=-5(x-4) 
or 4(х-4)+3(у-3)=0 on  4x+3y=25 
A) 
Also, slope ofthe normal 33 mS UNS 27 3 
E 
dx (4,3) 
2. Equation ofthe normal to the circle at (4,3) is 
53 
-3--(х-4 
у-3=2(х-4) 
ог 4y -1223x-12 
=> 3x =4y 


2. Equation of the tangent to the circle at (4,3) is 4x+3y = 25 
Equation of the normal to the circle at (4,3) is 3x =4у 


the point (ху, уу) where y; >0 and x, =2 


Solution : The equation of curve is 
Шоу A V. — o Q | 
Differentiating (i), w.r.t. x we get 


32x +18у У -0 | 
dx 


or aA I LCS 


As x, = 2 and (xi, y;) lies on the curve 


4 16(2)* «o(y?)-144 


80. 4 
= у=— 5 у=+—\/$ 
9 3 | 
4 
) As yi»02 y-v5 


3 4 | 
2. Equation of the tangent to the curve at e 3 45 | is 


EN : MATHEMATICS 
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4 16x 
86412) 4х-2 Calculus 
2 3 9y 3 к | 
4r 16 2х3 
or жыз 1 ул» 
33 345 -4 6.348 +8(x-2)=0 


3/5у-20%%х-16-0 ог 3\бу+8х=36 


4 
Also, equation ofthe normal to the curve at ® 3 45 | 18 


yA B= “(ily 44574; 2] 


3х8(у)-324/5 = 945 (x - 2) 
24y-3245 2945 x-1845 о 95x -24y 41445 =0 


2 2 
x 5 
ТТТ КЎ Find the points on the curve Ex "E =1 at which the tangents are parallel 


to x-axis, 


Solution : The equation of the curve is 


xe 0) 


ог Xo pP 


d 
Fortangentto be parallel to x-axis, = =0 


MODULE - V 


Calculus |^ “ооо 


This implies that there are no real points 


Example 


m х-1 
ve Я 1 
Solution Mira 
х-1 
2, use 4 
dx (x-1? 
Itis given equal to — 4 
21 : EF 
| (х-1) 
2 871 
х-1) -— 


> 


Puttingx=0in(i), we get y? --16 y =+4i 


2 
at which the tangent to EL. a =1 is parallel tox- 


ӘДЕ Find the equation of all lines having slope—4 that are tangents to the curve 


га 
2 
When = oo y=2 
2 
neis (32) (5 
2. The points are 22/42 
2. The equations of tangents are 
3 
a у-2--4х-3| 
MEE : 
= у-2=-4х+6 
(b) э2--4х-1| 
Э 2 
= у+2=-4х+2 


Tangents апа Normals 


2 
9 


or 4х+у=8 


or 4х+у=0 
MATHEMATICS 


Tangents ane : 


ШТА IS the equation of the normal to the curve y = x? at (2,8) гуму -V 
alicuius 


Solution : y= x? => dy =3x? 
dx 


а= 
ах atx-2 


1 
+, Slope of the normal = — — 


12 : : 

х, Equation ofthe normal is Ў 
; 3 
-8----(х-2 
y-8-- (ae 0 

or 12(у-8)+(х-2)=0 ог х+12у 298 
f. 
е. CHECK YOUR PROGRESS 24.2 


1.  Findtheequation ofthe tangent and normal at the indicated points : 
O y -x* -& +132 —10х +5 000,5) 
(ii) y = x2at (1, 1) 
(iii) y = x? —3х +2 at the point whose x-coordinate is3 
2.  Findthe equation of the targent to the ellipse а 5 =1 at (xı , yi) 
a 
3. Find the equation ofthe tangent to the hyperbola 
gu 
igre 1 at (xo, Yo) 
4. Find the equation of normals to the curve 
у-х 2x +6 Which are parallel to the line х+14у+4=0 


5. Prove that the curves x = y? and xy =k cutatright anglesif gk? =1 


Letus now study an important theorem which reveals that between two points a and b on the 
graph of y =f (x) with equal ordinates f (a) and f (b), there exists at least one point c such that 
the tangent at (с, f(c)] is parallel to x-axis. (see Fig. 24.2). 


'ATICS 


| _ ЕР УЕ ранние 


52274 


MODULE - V y 
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b x 
ola Я 
(а) (b) 
Fig. 24.2 


24.3.1 Mathematical formulation of Rolle's Theorem 

Let f be areal function defined in the closed interval (а, b] such that 

() fis continuous in the closed interval [ a, b | 

|) . fis differentiable in the open inteval (a,b) 

ш) f(a)=f(b) 

Then there is at least one point c in the open inteval (a, b) such that f '(c) = 0 


| Remarks 


For example f(x) =| x |, x e [-1, 1] iscontinuous on [-1,1] and differentiable on (-1, 1)and 
Rolle's Theorem is valid for this 


Let us take some examples 


ШЕШ Verify Rolle's for the function 


f(x) =x(x-1)(x-2), x e [0,2] 
Solution : f(x) = x(x-1)(x-2) 
=x? —3х2 42x 
@ f G)isá polynomial function and hence continuous in 0, 2] 
(0) ^ f(x) is differentiable on (0,2) 
(i) Also (0) =O and Ғ(2)-0 
MATHEMATIC 


Tangents and Normals 


£(0) - f) КЕ -Ч 
alicuius 


-. Allthe conditions of Rolle's theorem are satisfied. 


Also, f (x) =3x? -6x «2 
.£'(c) = 0 gives 322604220 "35 c- 6536-24 
6 
1 
с=1+— 
$ Б 


We see that both the values of c lie in (0, 2) 


Discuss the applicability of Rolle's Theorem for 
f(x)-sinx-sin2x, x e[0, 1] 40) 


() ^ isasine function. Itis continuous and differentiable on (0, т) 
Again, wehave, Ғ(0)-0 and f (x)=0 

> f(n)-f(0)-0 

+, Allthe conditions of Rolle's theorem are satisfied 

Now t (c) -2[2eos c-1]-cose- o 


9r 4cos? с-соѕс-2=0 


1514-32 


совс- 


As 433 <6 


cosc <7=0.875 


which shows that c lies between 0 and л 


Q CHECK YOUR PROGRES 
Verify Rolle's Theorem for each of the following functions : 


43. 


52 


3 2 
) fo% -X 42x, хе(0,31 G — fe9ex?-10n[-l 1] 


Ш f(x)-sinx-cosx-1 on (o. z) (v) ғо) = (x -1)(х-2) on [-1,2] 
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Tangents and Normals 


24.4 LANGRANGE'S MEAN VALUE THEOREM 


This theorem improves the result of Rolle's Theorem saying that it is not necessary that tangent 
may be parallel to x-axis. This theorem says that the tangent is parallel to the line joining the end 
points of the curve. In other words, this theorem says that there always exists a point on the 
graph, where the tangent is parallel to the line joining the end-points of the graph. 
24.4.1 Mathematical Formulation of the Theorem 
Let f be areal valued function defined on the closed interval (а, b] such that 
(a) fiscontinuous on (а, b], and 
(b) fisdifferentiable in (a, b) 
© f(b) = Ға) 
then there exists a point c in the open interval (a, b) such that 

f (с) a f(b) ж f(a) 

b-a 


Remarks 


Let us consider some examples 

Verify Langrange's Mean value theorem for 
f(x) = (x -3)(x - 6)(x —9) on [3, 5] 

Solution : f(x) = (x-3)(x-6)(x -9) 


= (x -3)(x? -15х+54) 
or f(x) =x? -18x? 4. 99x 162 -0 
() ^ isapolynomial function and hence continuous and differentiable in the given interval 
Here, Ғ(3)-0, £(5)=(2)(-1)(-4)=8  ` 
£(3) = f(5) 
г All the conditions of Mean value Theorem are satisfied 


Now f (x) =3x? -36x +99 
3c? -36с+99=4 Ог 3с2—36с+95=0 
36: 1296-1140 _ 36+12.5 
6 6 
= 8.08 or 3.9 
с-3.9є(3,5) 


„. Langranges mean value theorem is verified 
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[example ii apoint onthe parabola y = (x — 4)“ where the tangent is parallel to the| Calculus 


chord joining (4, 0) and (5.1) 


Solution : Slope of the tangent to the given curve at any pointis given by (f '(x)) at that point. 


£'(x) -2(x-4) 


Slope of the chord joining (4, 0) and (5,1) is 


1 2-1 
M хәт X] 


2, According to mean value theorem 


о | = 


д ба 

9 
= 45, 
which lies between 4 and 5 

2 
Now у=(х-4) 
2 

9 9 ) 1 

=- =|—-4] -- 
When х 27 (5 4 


9-1 
2. The required point is B i] 


l. Check the applicability of Mean Value Theorem for each of the following functions : 


С Oe ( 
Л 22222022 Е ИЧ 
х 


2.  Findapointon the parabola y =(x + зу ‚ where the tangent is parallel и the chord 


joining (3, 0) апа (74.1) 


Pis tetti ecu 
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è  Theequation of tangentat (Xj, у) to the curve у = f(x) is given by 


y-y -Ї 'ФОЩх y.) (х-х) 


e The equation of normal at (ху, уу) tothe curve y = f(x) is given by 


У-У LM (х-х) 


e Тһе equation of tangent to a curve у =f(x) at (х А yi) and parallel to x-axis is 
given by y = y, and parallel to y-axis is given by x= x; 
e X Rolle's Theorem states : If f (x) is a function which is 
@ continuous in the closed interval [a,b] 
(ii) differentiable in the open interval (a,b) 
ш) f(a) =f(b) 
then there exists a point c in (a,b) such that f'(c)=0 
e [артапреѕ Mean Value Theorem states that if (х) is a function which is 
0 continuous in the closed interval [a,b] 
(ii) differentiable in the open interval (a,b) 
ш) f(b) = f(a) 
then there exists a point c in (a,b) such that 


f(b)- f(a) 


b-a 
б http://www.wikipedia.org 
° http://mathworld.wolfram.com 


1. _ Find the slopes of tangents and normals to each of the following curves at the indicated 
points : 


f'(c)- 


SUPPORTIVE WEB SITES 


TERMINAL EXERCISE 
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@ у= х atx-9 i -y)4xatXxz2 
O у-х ший Calculus 


(ii) x = a(0 —sin Ө), y=a(1+cos@) 40-5 


Gv) y=2x*+cosx atx=0 (v) ху-6 at(16) 


2. Find the equations of tangent and normal to the curve 


x -acos? 0» у=азіп? 0 at an 


2 2 


3.  Findthe pointon the curve ELS =1 at which the tangents are parallel to y-axis. 


4. Find the equation of the tangents to the curve 


y= x? — 2x +5, (i) whichis parallel to the line 2x + y + 7 = 0 (ii) whichis perpendicular 
to the line 5(y -3x) =12 


5. Show that the tangents to the curve у = 7x3 +11 at the points x 22 and x = —2 are 
parallel 
6. Find the equation of normal at the point 


2 


(am am?) to the curve ay? =x? 


7. Verify Rolle's Theorem for each of the following functions: 


(i) £ (x) =(x? -1)(x-2) on [-1,2] (i) f (x)= "e 2 on (0, 2| 


Gi) f(x x)e SE as, 2 H 


1 
8.  IfRolle'stheorem holds for f (x) = x) «bx? +ах, x e[L3]with <= 2 "B » find the 
values ofa and b. 


9. Verify Mean Value Theorem for each ofthe following functions. 


© Ғ(х)-ах? «bx? «cx «d on [0,1] © fk lor тү on [-Ь4] 


(4) у=(х+ з)? on [-4,3] 
10. Finda point on the parabola f (x) = (x -3). where the tangentis parallel to the chord 
joining the points (3, 0) and (4, 1) 
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t ANSWERS 


CHECK YOUR PROGRESS 24.1 


Tangents and Normals 


лз г 
(1) 572 (iii) 1, 


Невы E (1) 10, 710 
2. p=5,q=-4 3. (3,3), (-3,-3) 4. (3,2) 
CHECK YOUR PROGRESS 24.2 
1. Tangent Normal 
()у+10х = 5 х-10у+50= 0 
(ii) 2х-у=1 х+2у-3=0 
(1)24х-у-52 x4 24y = 483 
XX) XYLon хх YYo 1 
4. x+14y-254=0, x 414y 486-0 
) CHECK YOUR PROGRESS 24.3 
) SENI oa ын " 
poU улас gut жатп 
3 4 3 
CHECK YOUR PROGRESS 24.4 
Я i: AMI 43 1 
1.0) с=2.5 G)c-1/log? (с = V3 (v)e74 2248,2.) 
TERMINAL EXRCISE 
=i ! 1 
шуна EHS 83-45 G)L-1 (iv) 0,motdefined | (9-6 
2. 2V2(x+y)=a; х+у=0 3. (3,0),(-3,0) 
4 (i) 2x+y-5=0 (i)12x +36y 2155 
) 6. 2x -3my -am? (2+3m?)=0 
247 ha, Rye rR 
7. ET (ii) Atnoreal point (iii) 0-4 ES b--6 
8 ое. (Марыю бов ton (dO G i 
2 2 “(274 


pesos nose cm RTT 
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Notes 


MAXIMA AND MINIMA 


You are aware that in any transaction the total amount paid increases with the number of items 
purchased. Consider a function as f(x) = 2x 4i, x > 0. Let the function f(x) represent the 
amount required for purchasing 'x' number of items. 

The graph of the function у= f(x) 2 2x «1, x » 0 for different values of x is shown in 
Fig. 25.1. 


о)-моһоо-ш 


Number of items 
—> 


Fig. 25.1 


A look at the graph of the above function prompts us to believe that the function is increasing for 
positive values of x i.e., for x>0 Can you think of another example in which value of the function 
decreases when x increases ? Any such relation would be relationship between time and 
manpower/person(s) involved. You have learnt that they are inversely propotional . In other 
words we can say that time required to complete a certain work increases when number of 
persons (manpower) invovled decreases and vice-versa. Consider such similar function as 


g(x)= 2 ‚х>0 
x 
The values ofthe function g (x) for different values of xare plotted in Fig. 25:2; 


ee oc X у; | 
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Maxima and Minima | 


Fig. 25.2 
All these examples, despite the diversity of the variables involved, have one thing in common: 
function is either increasing or decreasing. 
In this lesson, we will discuss such functions and their characteristics. We will also find out 
intervals in whicha given function is increasing/decreasing and its application to problems on 
maxima and minima. 


OBJECTIVES 


After studying this lesson, you will be able to : 
e define monotonic (increasing and decreasing) functions; 


e X establish that ч > 0 inan interval for an increasing function and s < 0 fora decreasing 
x x 


function; 

e define the points of maximum and minimum values as well as local maxima and local 
minima ofa function from the graph; 

e establish the working rule for finding the maxima and minima ofa function using the first 
and the second derivatives ofthe function; and 


e work out simple problems on maxima and minima. 


EXPECTED BACKGROUND.KNOWLEDGE 
e . Conceptoffunction and types of function 

e Differentiation ofa function 

e ^ Solutionsofequationsand the inquations 


25.1 INCREASING AND DECREASING FUNCTIONS 


You have already seen the common trends of an increasing or a decreasing function. Here We 
will try to establish the condition for a function to be an increasing or a decreasing. 


| 316. | MATHEMATICS 


онен f (x) be defined over the closed interval [a,b]. ES MODULE - V 


Let xj, хо €[a, b] then the function f(x) is said to be an increasing function in the given interval mem 
if f (x2) > f (xı) whenever x» > хү. It is said to be strictly increasing if f (хо) > f (x) for all 
X2» Xi, Xi X2 € [a,b]. 

Notes 


In Fig. 25.3, sin x increases from -1 to +1 as x increases from iz to oe 


Fig.25.3 


Note : A function is said to be an increasing function i inan interval if f(x + Pr 1й 
‚ (x) for all x belonging to the interval when his positive. 
A function f(x) defined over the closed interval fa Б] said to beadecreasing functioni in i the 


pn interval, if f (x7) < f (x1), whenever хо > хү, хь мын b]. Teji paidi рвана 


f(x) = -1 


Fig. 25.4 
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Let X1.X2 be any two points such that X; < X2 in the interval of definition of a function f(x), 
Then a function f(x) is said to be monotonic if it is either increasing or decreasing. It is said to be 
monotonically increasing if £(x2)2 f (xı) for all x5 > ху belonging to the interval and 


monotonically decreasing if f (xı) > f (xz). 


etn eM I Prove that the function f(x)=4x+7 is monotonic for all values of x ER, 
Solution : Consider two values of x say xi,x5 ЕК 
such that ОЛЖ (07 4 е 0) 
Multiplying both sides of (1) by 4, we have 4x» > 4x; mU 
Adding 7 to both sides of (2), to get 
4х2 47 »4xi +7 
We have f(x2)» f(xi) 
Thus, we find f (x2) > f (хи) whenever хо > x, 
Hence ће given function f (x) = 4x + 7 is monotonic function. (monotonically increasing). 
Show that 
f(x)-x? 
is a strictly decreasing function for all x « 0. 


Example 25.2 


Solution : Consider any two values of x say хү, x» such that 


. X2 > х], X1,X5 < бах о а (i) 
Orderofthe inequality reverses when it is multiplied by a negative number. Now multiplying () 
by хо, we have 


X2:X2 < Xj; X2 
ог, x3 BEEN Л - (ii) 
Now multiplying (i) by хү, we have 
Х1 Хо «Xi: Ху 
о, TP ра (8) 


From (ii) and (iii), we have 


32 XXjX5 < x? 


MODULE - V 


от, x « x? 
| Calculus 
or, f (x2) « х) (м) 
Thus, from (1) and (iv), we have for } 
X22Xp 
f(x;)«f(xi) M 


Hence, the given function is strictly decreasing for all x « 0. 


P^ 
Ul CHECK YOUR PROGRESS 25.1 


1. (а) Provethatthe function 
f(x)=3x+4 
is monotonic increasing function for all values of x € R . 
(b) Show that the function 
Ғ(х)-7-2х 
is monotonically decreasing function for all values of єв. 
(с) Prove that f (x) = ax +b wherea, b are constants and a » 0 isa strictly increasing 


function for all real values of x. 
2. (а) Show that f(x) = x? isa strictly increasing function for all real x> 0. 
(b) Prove that the function f (x)= x? — 4 ismonotonically increasing for ` 
x» 2 and monotonically decreasing for -2 <х< 2 wherex eR 
Theorem 1:1f f(x)is an increasing function on an open ir interval ир b, then its derivative 
f) is positive at this point for all x € [a,b]. ` 
Proof: Let (x, y) or [х, f (x)] be a point on the curve y= f(x) 


Fora positive ёх, we have 


x+6x>X 
Now, function f(x) is an increasing function 
Е(х+5х) >Ғ(х) 
en £(x+8x)-f(x)>0 


f (x +8x)—f(x) >0 [:8x» 0] 
бх 


Taking §x asa small positive number and proceeding to limit, when ôx > 0 


оо, 


lim =f) 
ax of CHO x). 


a ECC C | 
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Calculus Thus, if y = f (x) isan increasing function at a point, then f (x) is positive at that point, 


ап open 


Proof: Let (х,у) or (х, f(x)] be a point on the curve у= f(x) 


Forapositive 6x, wehave х+ӧх>х 
Since the function is a decreasing function 


f(x+8x)<f(x) 5х>0 
ог, f (x+6x)-f(x)<0 
f (x+8x)-f(x) 


X 


Dividing by 5x , we have «0 ёх>0 


‚_ f(x-&)-f(x) 
or, lim --------< 
6x0 бх 


f'(x)«0 


0 


25.3 RELATION BETWEEN THE SIGN OF THE DERIVATIVE AND 
MONOTONICITY OF FUNCTION 


We divide, our study of relation between sign of derivative of a function and its increasing Ч 


“авж ee 
`МАТНЕМАТИ 


7 


Maxima and Minima 


decreasing nature (monotonicity) into various parts as per Fig. 25.5 
(i) Pto R (i) Rto T (iii) Tto V 


() 


(d) 
(iii) 


We observe that the ordinate (y-coordinate) for every succeeding point ofthe curve from 
Pto R increases as also its x-coordinate. If (x,y) are the coordinates ofa point that 


succeeds (x, y; ) then x» > хү yields уҙ > yjor f (x3) » (хү) 


Also the tangent at every point ofthe curve between P and R makes acute angle with 

the positive direction of x-axis and thus the slope ofthe tangent at such points of the 

curve (except at R) is positive. At R where the ordinate is maximum the tangent is 

parallel to x-axis, as a result the slope of the tangent at R is zero. 

We conclude for this part ofthe curve that 

(a) Тһе function is monotonically increasing from P to R. 

(b) The tangent at every point (except at В) makes an acute angle with positive 
direction of x-axis. 


(c) The slope of tangent is positive i.e. = > 0 for all points ofthe curve for which y is 
x 
increasing. 


(d) Тһе slope of tangent at R is zero i.e. 2 -0 where y is maximum. 
x 


The ordinate for every point between R and T of the curve decreases though its x- 


coordinate increases. Thus, for any point x » x, yelds y; < yj. or f (x2) <f (x1). 


Also the tangent at every point succeeding R along the curve makes obtuse angle with 

positive direction of x-axis. Consequently, the slope ofthe tangent is negative for all such 

points whose ordinate is decreasing. At T the ordinate attains minimum value and the 

tangent is parallel to x-axis and as a result the slope ofthe tangent at T is zero. 

We now conclude : 

(a) Тһе function is monotonically decreasing from Rto T. 

(b) The tangent at every point, except at Т, makes obtuse angle with positive direction 
of x-axis. 


d Е : 
(c) The slope of the tangent is negative i.e., X « 0 forall points ofthe curve for which 
yis decreasing. 
d MT MS 
The slope ofthe tangent at T is zero i.e. 2 = 0 where the ordinate is minimum. 


Again, for every point from T to V 
The ordinate is constantly increasing, the tangent at every point ofthe curve between T 
and V makes acute angle with positive direction of x-axis. As a result of which the slope 
of the tangent at each of such points of the curve is positive. 

Conclusively, 
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d ЛЭ: 
at all such points of the curve except at Тапа V, where 27 — 0. The derivative a « on 


d d 
one side, x > 0 onthe other side of points R, T and V of the curve wher E =0. 
Example 25.3 8 for what values ofx, the function 
г(х)=х? —6х+8 

is increasing and for what values of x it is decreasing. 
Solution : f(x)- х2-6х-8 

f '(x)=2x-6 
For f (x) to be increasing, f ' (х)>0 
ie, 2х:-6>0 (05 2(х-3)>0 


or, х-3>0 or, X3 


The function increases for x>3. 
For f (x) to be decreasing, 


f'(x)<0 BR 


2x-6<0 or, x-3«0 


x<3 
Thus, the function decreases for x <3. 


Ехашрїс 25.4 Find the interval in which f (х)= 2x3 -3x? —12х+6 is increasing 01 


f(x)» 2x -3x? -12x «6 
f'(x)=6x" -6x-12 
=6(x? -x-2) 


=6(х-2)(х+1) 


For f (x) to be increasing function of x, 
f'(x)>0 
ie. 6(х-2)(х+1)>0 or, (x-2)(x+1)>0 


Since the product of two factors is positive, this implies either both are positive or botha? 
negative. 


Either х-2>0 and x+1>0 Or x-2«0 and х+1<0 


MATHEMATIC 
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ie. x>2 and х>-1 ie — x«2and x«-1 MODULE - V 
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x»2 implies x »-1 х<-1 implies x «2 
д х>2 AX жез 
Hence f (x) is increasing for x > 2 or x «-1. 
Now, for f (x) to be decreasing, 

f(x)«0 

ог, 6 (x2) (х+1)<0 ог, (x-2) (х+1)<0 
Sincethe product oftwo factors is negative, only опе ofthem can be negative, the other positive. 
Therefore, 


Either or 
х-2>0апах + 1<0 х-2<0апах+1>0 
ie  x»2andx«-1 ie x<2andx>-1 
There is no such possibility This can be put in this form 
that x > 2 and at the same time 
х<-1 -1<х<2 


г, The function is decreasing іп-1<х <2. 


СТТ 955528 Determine the intervals for which the function 


X 5 
f (x) = —5  isincreasing or decreasing. 
х“ +1 


(2:3) ( 241) 


Solution : f '(x) = 


2 
(x? +1) 
Кы es) 
(x? +1) 
As [x2 2. 
s(x +1) is positive for all real x. 
Therefore, if —1 <x < 0, (1—x) is positive and (1+x) is positive, so f (х) ас 


mu 0« x «1, (1-х) is positive and (1+ x) is positive, so f f ' (х)>0; 
MATHEMATICS 
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MODULE - V [i x « - 1, (1- x) is positive and (1+ x) is negative, so f'(x)«0; 
Calculus 


x» 1, (1- x) is negative and (1+ х) is positive, so f ' (x) <0; 


Thus we conclude that 
the function is increasing for-1«x«0and0 «x«1 
for-1«x«1 


ог, 


and the function is decreasing forx «— 1 orx > 1 


f (x)=cosx is decreasing in the interval 0 <x < т. 
(b) f (x)=x—cos x is increasing forall x. 


Solution:a) Ғ(х)-совх 


f'(x)2-sinx 
f (x) is decreasing 
If f'(x)«0 
i 3 —sinx <0 
кез ѕіпх>0 


sinx is positive in the first quadrant and in the second quadrant, therefore, sin x is positivein 
0<х<л 
f (x) isdecreasing in 0<х<т 
(b) f(x)2x-cosx 
f'(x) 21-(-sinx) 
=l+sinx 


Now, we know that the minimum value of sinx is—1 and its maximum; value 15 1 i.e.,sinx lies 
between —1 and 1 for all x, 


ne -1ssinxsl ‚_ ог 1-1<1+sinx <1+1 


or 0<l+sinx<2 
or Ў 0<{'(х)<2 
ог 0<f'(x) 


or f'(x)20 


= f (x) 2 x-cosx isincreasing for all x. 
н е dane”. MATHEMATIC 
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e. CHECK YOUR PROGRESS 25.2 


ёр the intervals for which the followiong functions are increasing or decreasing. 
г (a) f(x) =x? -7x +10 (b)f (x) -3x? -15x+10 

p (a) f (x) = х? - 6x? -36x +7 (b)f(x)=x° -9x? +24x+12 
3, (a) у= -3х2-12х+8 (bf (x) -1-12x -9x? - 2x? 


x-2 x? X2 
=——,x#-l = Би ан 
СТЕ у= хац. y=? 


т 
5) (а) Prove that the function log sin x is decreasing іп E , d 
(b) Prove that the function cos x is increasing in the interval [л, 2л] 
(c) Find the intervals in which the function cos (> кт z) :0<х<ті5 decreasing or 


increasing. 
Find also the points on the graph of the function at which the tangents are parallel to x-axis. 


254 MAXIMUM AND MINIMUM VALUES OF A FUNCTION 


We have seen the graph ofa continuous function. Itincreases and decreases alternatively. Ifthe 
value of a continious function increases upto a certain point then begins to decrease, then this 
point is called point of maximum and corresponding value at that point is called maximum value 
ofthe function. A stage comes when it again changes from decreasing to increasing . Ifthe value 
ofa continuous function decreases to a certain point anc then begins to increase, then value at 
that point is called minimum value of the function and the pointis called point of minimum. 


f(x) = sinx 


Minimum Minimum Minimum ( 
Fig. 25.6 


Fig. 25.6 shows that a function may have more than one maximum or minimum values. So, for 
continuous function we have maximum (minimum) value in an interval and these values are sin 
absolute maximum (minimum) ofthe function. Forthis reason, we sometimes call them as local 
maximaorlocalminima. ^ 

MATHEMATICS 


я 


Te 
a—b<a<atb (See Fig. 25.7), if. f (a)2 f (ab) forall sufficiently small positive , 


2 2) E а 
A function f (x) is said to have a maximum or a local maximum at the point x = a whe 


Fig. 25.7 Fig. 25.8 


A maximum (or local maximum) value ofa function is the one which is greater than all other 
values on either side of the point in the immediate neighbourhood ofthe point. 


A function f (x) is said to have a minimum (or local minimum ) at the point x = aif 
f (a) Sf (a+b) wherea-b«a«a-b 

for all sufficiently small positive b. 

InFig. 25.8, the function f(x) has local minimum at the point x — a. 


A minimum (or local miunimum) value ofa function is the one which is less than all other values, 
on either side of the point in the immediate neighbourhood of the point. 


Note ; A neighbourhood ofa point x е R is defined byopen internal ]x-e[, when 220, 
25.5 CONDITIONS FOR MAXIMUM OR MINIMUM 


We know that derivative ofa function is positive when the function is increasing and the derivative 
is negative when the function is decreasing. We shall apply this result to find the condition for 
maximum or a function to have a minimum. Refer to Fig. 25.6, points B,D, F are points of 
maxima and points А;С,Е are points of minima. 


Now, on the left of B, the function is increasing and so f ' (x) » 0, but on the right of B, the 
function is decreasing and, therefore, f ' (x) < 0. This can be achieved only when f'(x) becomes 
Zero somewhere in betwen. We can rewrite this as follows : 
A function f(x) has amaximum value at a point if (i) f (x) = 0 and (ii) f (x) changes sign from 
positive to negative in the neighbourhood of the point at which f'(x)=0 (points taken from left to 
right). 
Now, on the left of C (See Fig. 25.6), function is decreasing and f (x) therefore, is negative and 
on the right of C, f (x) is increasing and so f (x) is positive. Once again f (x) will be zero before 
having positive values. We rewrite this as follows : 
A function f(x) has a minimum value at a point if (i) f (x)-0, and (ii) f (x) changes sign from 
negative to positive in the neighbourhood of the point at which f'(x) = 0. 
қ МАТНЕМА TICS 
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We should note here that f(x) = 0 is necessary condition and 18 MODULE - V 
nota sufficient condition for maxima or minima to exist. We can Calculus 


have a function which is increasing, then constant and then again 
increasing function. In this case, f (x) does not change sign. The 
value for which f (x) = 0 is not a point of maxima or minima. 
Such point is called point of inflexion. 


For example, for the function f (x) = х?,х =0 isthe point of 


inflexion as £'(x) 2 3x? does not change sign as x passes 


through 0. f(x) is positive on both sides of the value '0' (tangents 
make acute angles with x-axis) (See Fig. 25.9). 


Hence f (x) = x? has a point of inflexion at x =0. 
The points where f'(x) = 0 are called stationary points as the rate ofchange of the function is zero 
there. Thus points of maxima and minimaare stationary points. 


The stationary points at which the function attains either local maximum or local minimum 
values are also called extreme points and both local maximum and local minimum values are 
called extreme values of f (x). Thus a function attains an extreme value at x-a iff(a)is either 
alocal maximum or a local minimum. ў ; 


725.6 METHOD OF FINDING. ;MAXIMA OR MINIMA 
We have arrived at the method of finding the maxima or minima ofa function. It isas follows : 
() Find f(x) i 

(i) ^ Putf'(x)-0 and find stationary points 


(4) Consider the sign of f (x) in the neighbourhood of siationary points. Ifit changes sign from 
+ve to—ve, then f(x) has maximum value at that point and if f(x) changes sign from -ve 


to ve, then f (x) has minimum value at that point. 
(v) Iff (x) does not change sign in the neighbourhood of a point then it is a point of inflexion. 


(local maximum) and minimum (local minimum) points of 


Example 257, Find the maximum 
the function f (x) =x? -3x7-9x. 
Solution : Here f (x)= x) —3x? -9x 


f'(x) 23x? - 6x -9 


Step I. Now f'(x)=0 gives us 3x? -6х-9=0 
or х2-2х-3-0 

ог (х—3)(х+1)=0 

ог x23,-1 

. Stationary points are х-3,х--1 


п м 
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For x«3 (х) «0 

and for x>3 f'(x)>0 

2. f(x) changes sign from -ve to tve in the neighbourhood of 3. 
2. f(x) has minimum value at x = 3: í 

Step Ш. At хас айр 

For x<-l, f'(x)>0 
andfor ` 805513 f'(x) <0 

г. f'(x) changes sign from +ve to -ve in the neighbourhood of-1. 
2. f(x) has maximum value at х=—1. ; 


х= 1 and x = 3 give us points of maxima and minima respectively. If we want to find 
maximum value (minimum value), then we have 


maximum value = f (-1) =(-1)° -3(-1)^ -9(-1) 
=-1-34+9=5 
and minimum value = f (3) = 3° -3(3)^ -9(3) = -27 
. (-1,5) and (3,-27) are points of local maxima and local minima respectively. 
[Example 25.8 20% the local maximum and the local minimum of the function 
| Г(х)=х?—4х 
Solution : fGO2x?-4x 
f'G)22x-422(x-2) 
Putting f' (х)=0 yields 2x-4=0, i.e., x-2. | 


We have to examine whether x =2 is the point of local maximum or local minimum or neither 
maximum nor minimum. 


Let us take x = 1.9 which is to the left of2 and x 72.1 which is to the right of 2 and find f(x) at 
these points. 


f'(1.9)=2(1.9-2) «0 
f'Q.1)22Q.1-2)» 0 


Since f'(x) < 0 аз we approach 2 from the left and f'(x) > 0 аз we approach 2 from the 
right, therefore, there is а local minimum at x = 2. 


We сап put our findings for sign of derivatives of f(x) in any tabular form including the one given 
below: 
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sign of Е" (x) Calculus 


point x 52 


Notes 


left of 2 
f'(x)<0 


BE 


Local minimum 


[ЖЕЙ Find all toca! maxima and local minima ofthe function 
f (x) =2x? —3x?-12x+8 
Solution : f(x) = 2х3 -3x? -12х+8 


£'(x)= 6x? -6x-12 


=6 (x? -х- 2) 

f'(x)=6(x+1)(x-2) 

Now solving f'(x)=0 for x, we get 
6(х+1)(х-2)=0 

= х=-1,2 
Thus Ё(х)-0 at х=-12. 
We examine whether these points are points of local maximum ог local minimum or neither of 
them. 


Consider the point x =— 1 
Let us take x =—1.1 which isto the left of-1 andx —— 0.9 which is to the right of -| and find 


f' (x) at these points. 
f'C1.026CL1-)C1.1-2) , which is positive i.e. f'(x)>0 
£'C0.9) = 6(-0.9+1)(0.9-2)> Whichis negative i.e. f (х)<0 
Thus, at x =— 1, there is a local maximum. 
Consider the point x 22. 
Now, let us take x = 1.9 which is to the. leftofx= 
find f (x) at these points. 
f'(1.9)=60 Жыра 9—2) 
= 6x(Positive number)x(negative number) 


FEE oos | 
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—2 andx=2.1 whichis to the rightofx=2 and 


Maxima ang Mir 


MODULE.V lie. f'(19)«0 
Calculus and #52.1)=6(2.1+1)02.1-2), whichis positive 


10.150 
f'()-0 

i'G) «0 cus f'(x)>0 — 
x=2 


Ч f'(x) <0 as we approach 2 from the left 

and — f'(x)»0as we approach 2 from the right. 

x х=2 15 the point of local minimum 

Thus f(x) has local maximum at x=—1, maximum value of f(x)=-2-3+ 12+8 =15 
f(x) has local minimum at x =2, minimum value of f (x)-2(8)-3(4)-12(2) 8—12 


Sign of f' (x) 


—- 
Leftof-—1 Right of-1 Left of 2 Right of 2 


positive negative negative positive 


[ПШР]: focal maximum and local minimum, ifany, ofthe following function 


f (х) = 
1+х2 
Solution: f(x) ——; 
1+х 
| 2 
hui шилэх эбэ» 
(1+x?) 
1-52 
n 2 
(1+x?) a! 
For finding points of local maximum or local minimum, equate f (x) to 0. 
11539) 
ii 1-x : 20 
c (+=?) 
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> 1- x? =0 
Calculus 
or (1+х)(1-х)=0 о ХОЛ: 
Consider the value x = 1. 
The sign of f (x) for values of x slightly less than 1 and slightly greater than 1 changes from 
positive to negative. Therefore there is a local maximum at x =1, and the local maximum 
1 1 1 Notes 


Ёо 1.03 14888 


Now consider х =- 1. 
f'(x) changes sign from negative to positive as x passes th:  ugh —1, therefore, f (x) has a local 
minimum at x =— 1 

-1 
Thus, the local minimum value = EY 


Find the local maximum and local minimum, if any, for the function 
f(x) = ѕіпх +cosx,0<x «2 


Solution : We have f(x) = sinx +cosx 
f (x) = cosx -sinx 
For local maxima/minima, f(x) = 0 
cosx —sinx =0 


T. т 
or, tanx =1 or, х--іп0<х<- 
24 2 
T 
At хэт, 
Е Л : 
or X <7, cosx »sinx 
f'(x) =cosx—sinx > 0 " 
т 5 
For ud cosx -sinx <0 


f'(x) = cosx -sinx <0 


T 
^ f'(x) changes sign from positive to negative in the neighbourhood of 4 


T . 
„х= 2 ISa point of local maxima. 


п 1 1 
Maxi Бы шш у 
«mum value 4 2 2 


<. Point of local maxima is (5, 4) 
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Find all points of local maxima and local minima of the following functions. Also , find the 
maxima and minima at such points. 


x? -8x 412 2 хэ бх? 49x +15 
2x? - 21x? 4 36x —20 4. x* -62x? +120x +9 
2 х-1 
f^ 4-29. —==——== 
5:548 (010422) 6. DEMENS 


25.7 USE OF SECOND DERIVATIVE FOR DETERMINATION 
OF MAXIMUM AND MINIMUM VALUES OF А FUNCTION 


We now give below another method of finding local maximum or minimum ofa function whose 
second derivative exists. Various steps used are : 


G)  Letthe given function be denoted by f(x). 
(ii) Find f'(x) and equate it to zero. 
(iii) Solve f' (x)=0, let one of its real roots be x =a. 
(iv) Find its second derivative, f "(x). For every real value 'a' of x obtained in step (iii), 
evaluate f" (a). Then if 
f"(a) «0 then x =a is a point of local maximum. 
f"(a)>0 then x =aisa point of local minimum. 


f"(a)=0 then we use the sign of f (x) on the left of'a' and on the right of'a' to 
arrive at the result. 


19611111 ИЯ VA Find the local minimum of the following function : 
2x? —21х? +36х-20 


Solution : Let f (x)=2x3 ~21x? 4 36x -20 
Then , f'(x) = 6x? - 42x +36 
=6(х2-7х+6) 


-6(х-1)(х-6) 


Forlocal maximum or min imum 


ог 6(х-1)(х-6)-0 —x-1,6 
(i ct 2 


ЕРЕ _` MATHEMATICS 


Maxima and Minima 


Now £"(x)=-<1 "(x) 


-6(2х-7) 
For х=1,Ё" (1) =6 (2.1-7)=-30<0 


х = 1 isa point of local maximum. 


and f(1) = 201 - 2101)? -36(1) - 20 = -3 isalocal maximum. 
For x = 6, 

f" (6)=6 (2.6 —7)-30 > 0 

x= 6 is apoint of local minimum 
and f(6) = 2(6)! —21(6)* + 36(6)—20 = —128 isa local minimum. 


120111 PER el Find local maxima and minima ( ifany ) for the function 


f(x) =cos 4x; 0«x«7 


Solution : f(x) =cos4x 
5 Г (х) = -4sin4x 
Now, f'(x)=0 55 -4віп4х-0 
95 sin4dx=0 oF 4x =0, m, 2n 
Or, A (pone 

42 

т 

х=— 

4 
Now, Е") = -16cos4x 

т 
at ye inertes 

=-16(-1)=16>0 


*: f()isminimumat X 1 


Minimum value f B =cost=—1 


| o<x<7] 
2 
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ГЕТЕ O Find the maximum value of 2x? — 24x +107 inthe interval [-3,-1] 
(b) Find the minimum value of the above function in the interval [1,3]. 


Solution :Let f (x)= 2x3 -24x +107 


f'(x)=6x?-24 
For local оа ано or minimum, 
f'(x)=0 
ie. 6x? -24-0 > E522 


Out of two points obtained on solving f'(x)=0, only-2 belong to the interval [-3,—1]. We shall, 
therefore, find maximum if any at x——2 only. 

Now f"(x) =12х 

: Ё"(-2)-12(-2)--24 

or f"(-2)«0 

which implies the function f (x) has a maximum atx —2. 


2, Requiredmaximumvalue | -2(-2) -24(-2) 107 
=139 
Thus the point of maximum belonging to the given interval [-3,-1] is—2 and, the maximum value 
of the function is 139. ) 
(b) Now f"(x)=12x 
f" (2)=24>0, [> 2 liesin [1, 3]) 
БЭР implies, the function f (x) shall have a minimum at x =2. 


. Required minimum = 2(2)3 –24(2)+107 


=75 
ТТ И RE Find the maximum and minimum value of the function 


f(x) =sinx(1+cosx) in (0,7). 
Solution: Ме һауе, £(x)=sinx(1+cosx) 
f'(x) =cosx(1+cosx)+sinx(—sin x) 


=cosx+cos? x -sin?x 


= cos x 4 cos? х- (1- cos? x)= 2cos? x +cosx-! 
For stationary points, f'(x) 2 0 


2cos? x +cosx—1=0 


-154148 _ -1+3 1 


cos x = ————— = ——---],- 
4 4 52 


E MATHEMATICS 


MODULE - V 


Я Calculus 
Now, f(0) =o 
2) = ша + est) - 28 + 1) ES 343 
2 2 4 EL 
Notes 
and f(n)20 


г. f(x) has maximum value Ed atx- 3 


and miminum value 0 at x ^ 0 and x =л. i 


Find local maximum and local minimum for each ofthe following functions using second order 
derivatives. 


|] _ 2x +3x?-36x+10 2:1115575512х77-5 
3, (х-1)(х+2)? 4. х5-5х «5x? -1 
5 i 1 0 5 sinx+cosx,0<x<= 
: sin x (1 cosx), «x47 6. х 5 2 
if sin 2x-x, Č <х< 

2 2 


IMA TO 


25.8 APPLICATIONS OF MAXI MA AND M IN 
PRACTICAL PROBLEMS Ч 
The application of derivative is a powerful tool for solving problems that call for minimising or 
maximising a function. In order to solve such problems, we follow the steps in the following 
order ; : 

() Frame the function in terms of variables discussed in the data. 

(i) With the help of the given conditions, express the function in terms ofa single variable. 
(i) Lastly, apply conditions of maxima orminima as discussed earlier. 


h Find two positive real numbers whose sum is 70 and their product is 
simum. ~ ) 
Solution : Let one number be x. As their sum is 70, the other number is 70-x. As the two 
numbers are positive, we have, x > 0,70— x > 0 

70-x»0 => x«70 


0<х<70 


МАТНЕМАТІС5 E 
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Calculus 


Notes 


Then f(x)= x(70-x) 2 70x -x? 
We have to maximize the prouct f (x). 


We, therefore, find f (x) and put that equal to zero. 


Ғ(х)-70-2х 
For maximum product, f' (x)= 0 
or 70 -2x - 0 
ог кзэ 


Now Ех) =-2 which is negative. Hence f (x) is maximum at x = 35 
The other number is 70 — x = 35 
Hence the required numbers are 35, 35. 


12:21:11) 759 YA Show that among rectangles of given area, the square has the least perimeter. 
Solution : Let x, y be the length and breadth of the rectangle respectively. 


m Its area = xy 
Since its area is given, represent it by A, so that we have 
А=ху 
А | 
ог y 0) 
х 


Now, perimeter say P ofthe rectangle = 2 (x + y) 


p=2(x+] 
x 


or 


A M 

32 5 21 -4) 40) 

Foraminimum peru 
dx 

A 
16. (1-5 )-o 

x2 
or ТӨР NC CS үн 
: ууд aii 

ow, m - и , Whichis positive. 


Hence perimeter is minimum when x = VA 


у=— 
х 


MATHEMATIC 


Maxima апа Minima : 
2 MODULE - V 
a (A х2) Calculus 

Thus, the perimeter is minimum when rectangle is a square. 


ТХИ Ап open box with a square base is to be made out of a given quantity of 


3 
sheet of area a” . Show that the maximum volume of the box is Л : 


Solution : Let x be the side ofthe square base of the box and y its height. 
Total surface area of othe box = x? +4ху 


5 ^ Т a? -х2 
x^-4xy-a or у= res 
Volume of the box, V = base area x height 
20:11:59 
a^-x 
- xly = х? ЕЗ 
1 : 
or V == (2°x-x’) (i) 
чи - il (а? 3x!) 
dx 4 
ОЛ ЛЖ dV 
Formaxima/minima ud 0 
D TEAM 
AG 3x ) =0 
2 
228 xi Gi) 
———x——— КА 
t 43 
From (i) and (ii), we get 
3 
L iid р a? [Lr „Gi 


Volume = 4| B 345 38 “60. 


Фү 812441 2 
ЛА т x^|---x 
сэв dx? dx al? Т 2 
X being the length ofthe side, is positive. 
2 
22 «0 
ах? 


2. Thevolume is maximum. 


Hence maximum volume of the box = oe 
645 


MATHEMATICS 
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|Example25.19 50% that of all rectangles inscribed in a given circle, the square has the 
maximum area. 

Solution : Let ABCD be a rectangle inscribed in a circle of radius т. Then diameterAC-2r 
Let АВ =хапіВС =у 


MODULE - V 
Calculus 


6. 


Then АВ? +ВС? = АС? © x? «y! -(2:) = 4r 


Now area А of the rectangle = xy 


i 4r? -2x? 
4r? -x? 
y i dA 
Formaxima/minima, —— = 
dx 
201992 
4r 2X о Jar 


Мат? -x? (-4x)- (a? - 2x? 2232 
Now —- nM ue 
dx (a? - х2) 
-4х (а? e | +х (a? = 2х?) 


(a? E Ё 


А -4/2 (22)+ 0 
13: 


2/22 


Thus, A is maximum when x = От 


Now, from (1), у= Ja i55 a y | 


х=у. Hence, rectangle ABCD is a square. 


— ^ ee 


... (Putting х= J2) 


4<0 


Maxima and Minima 


Example 25.20. Show that the height of, a closed right circular cylinder ofa given volume and MODULE - \ 
) Calculus 


least surface is equal to its diameter. 
Solution : Let V be the volume, r the radius and h the height ofthe cylinder. 


Then, У=лг?һ 
V 
ог 8722 
nr? 
Now surface area S -2nrh +2лг2 


= 2nr. ET +2лг^ = 2 2nr? 
r 


nr? 
dS -2V 
Now Fuge +4 


For minimum surface area, үлээх 0 


г +4nr=0 
r 
or У 22nr? 
: i f 2n) 
From (i) and (ii), we get 15:52:21 400) 
TI 
s 425 4V Load 
gain, p deep iei ... [Using (ii)] 
dew ! 
-127»0 


2. Sis least when h=2r 
Thus, height of the cylidner = diameter of the cylinder. 


Example 25.21 | Show that a closed right circular cylinder of given surface has maximum 


Volume if its height equals the diameter of its base. 
Solution : Let S and V denote the surface area and the volume of the closed right circular’ 
cylinder of height h and base radius r. 


Then ба?а О О Зе т Л © 
(Here surface is a constant quantity, being given) 
У = лг2һ 
2 
ўз? E | 
2nr 
m EAM 
55 Ё 2nr ] 


MODULE - V 5-3 
У = —- пг 
Calculus 2 | 
eV = 2 T (з) 
dri'2 
шил аас dV 


S | 
ie. i 5-#(37)=9 Е 
ог 5- блг? Fig, 25.11 
From (i), we have 6л? = 2nrh +21? 
= 4nr? =2лгһ 
5 2r-h ~(i) 
a y AJS a] 
} dr? “|2 
в. EXPE 
= a negative quantity 


Hence the volume of the right circular cylinder is maximum when its height is equal to twice its 
radius i.e. when h =2r. 
Ехашрїе 25.22 A square metal sheet of side 48 cm. has four equal squares removed from the 


comers and the sides are then turned up so as to form an open box. Determine the size of the 
square cut so that volume of the box is maximum. 


Solution : Let the side of each of the small squares cut be x cm, so that each side of the box to 
be made is (48—2x) cm. and height x cm. 


Now x > 0, 48-2x > 0, ie.x«24 
+ xlies between 0апФ24 or 0<х<24 
Now, Volume V ofthe box 


= (48-2x)(48-2x)x 


ie. ya (48-2x? M 


 =(48-2x) +2(48-2x)(-2)x | 


-(48- 2х) (48-6х) 
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sion f , БЭ mAN- т 0 
Condition for maximum or minimum is + = Calculus 
16: (48-2х) (48-6х) -0 
We have either х=24, ‘or x=8 
у 0<x<24 
„. Rejecting x = 24, we have, x= 8 ст. 
2 
Now, ЧУ =24x-384 
dx 
2 
45 =192-384=-192 <0, 
dx d 


Hence for x = 8, the volume is maximum. 
Hence the square of side 8 cm. should be cut from each corner. 


DTI PAPAE The profit function P (x) ofa firm, selling x items per day is given by 
P(x) = (150-x)x-1625. 
Find the number of items the firm should manufacture to get maximum profit. Find the maximum 


profit. 
Solution : It is given that 'x' is the number ofitems produced and sold out by the firm every day. 
Inorder to maximize profit, 
dP 
'(x)20 ie.—=0 
P'(x)=0 іе m " 
or 4 [(150-x)x-1625]- 
dx 

or 150-2x =0 
or x=") 


Now, = P'(x)=P"(x)=—2=anegative quantity. Hence P (x) is maximum forx=75. 


Thus, the firm should manufacture only 75 items day to make maximum profit. 
Now, Maximum Profit = P (75) = (150-75) 75-1625 

= Вз. (75x75-1625) 

= Rs. (5625-1625) 

= Rs. 4000 
Е ЭН 


MATHEMATICS 


1 = ao 


Calculus | radius cm. 


volume ofthe cylinder. 


Then V=nR7h 
From A OCB, we have 


Solution : Leth be the height and R the radius of the base ofthe inscribed cylinder. Let V be the 


40) 


h 2 
г? -(3] +R? NO - oc? вс?) 
2 
n? 
а 40) 
h? ра: 
Ven| г? -— |һ=лгһ-л— 
Now Ч ғ) п 2 
дү 2. 3nh? 
dh 4 
: ; dV 
Formaxima/minima, “үү 
2 
NE -37h M 
4 
4r? 2r 
n?22— h=— 
| 4 3 x МЗ 
a?v 31h 
E TEE. 
IE һ-)-- ей 
аһ? 3) 2x3 
=-y3nr <0 
2 á 2r 
У ismaximumat В = — 
48 
А 2D — 
Putting h = —— in (ii), we get Fig.25. 
Л в 
“ЭРЭН эм сн 
4х3 3 


Maximum volume ofthe cylinder = z R25 


== (27) 2r _ 4a? 3 


1 |= cm. 
3 А3 3/93 


MATHEMATICS 


НЬ. 


Maxima and Minima 


^ 
Ul CHECK YOUR PROGRESS 25. 


1.  Findtwo numbers whose sum is 15 and the square of one multiplied by the cube of the 
other is maximum. 
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2. Divide 15 into two parts such that the sum of their squares is minimum. 
Show that among the rectangles of given perimeter, the square has the greatest area. 

4. Prove that the perimeter ofa right angled triangle of given hypotenuse is maximum when 
the triangle is isosceles. 

5.  Awindowisinthe form ofa rectangle surmounted by a semi-circle. If the perimeter bé 
30 m, find the dimensions so that the greatest possible amount of light may be admitted. 

6.  Findtheradius ofaclosed right circular cylinder of volume 100 c.c. which has the minimum 
total surface area. 

7.  Arightcircular cylinder is to be made so that the sum of its radius and its height is 6 m. 
Find the maximum volume ofthe cylinder. 

8. Show thatthe height ofa right circular cylinder of greatest volume that can be inscribed 
in aright circular cone is one-third that of the cone. 

9. A conical tent of the given capacity (volume) has to Бе constructed. Find the ratio of the 
height to the radius of the base so as to minimise the canvas requried for the tent. 


10. А manufacturer needs a container that is right circular cylinder with a volume 16 cubic 
meters, Determine the dimensions of the container that uses the least amount of surface 
(sheet) material. 1 

ll. Amovietheatre's management is considering reducing the price of tickets from Rs.55 in 
order to get more customers. After checking out various facts they decide that the average 
number of customers per day 'q' is given by the function where x is the amount of ticket 


price reduced. Find the ticket price othat result in maximum revenue. 

q=500+100 x 
where x is the amount of ticket price reduced. Find the ticket price that result is maximum 
revenue. 5 


l'US SUM UP 

+ — Increasing function : A function f (x) is said to be increasing in the closed interval [a,b] 
ff(x,)2f(x) whenever хо > xı 

e Decreasing function : A function f (X) is said to be decreasing in the closed interval 
[a,b] 
if f (x2) «f (xj) whenever хә > х1 

.  f(X)isincreasing in an open interval а 
df f(x)» 0 forall x e [a,b] 

(із decreasing in an open interval Ja.b[ 
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Notes 


if f'(x)«0 for all x e [a, b] 


Monotonic function : 
0) А function is said to be monotonic (increasing) if it increases in the given interval, 
(i) A function f (x) is said to be monotonic (decreasing) if it decreases in the given 

interval. 

A function f(x) which increases and decreases in a given interval, is not monotonic. 

In an interval around the point x =a of the function f (x), 

0  iff'(x)»Oontheleftofthe point 'a' and f'(x) <0 on the right ofthe point x =а, 
then f(x) has a local maximum. 

(i) if f(x) <0 on the left ofthe point'a' and f'(x)>0 on, n the pment of the oa х=а, 
then f(x) has a local minimum. 

If f(x) has a local maximum or local minimum at x =a and f (x) is derivable at x =a, thi 

f'(a)- 0 

() ІҒҒ(х) changes sign from positive to negative as x passes through “а, then f(x) has 
alocal maximum at x=a. 

(i) If f'(x) changes sign from negative to positive as x passes othrough 'a', then f(x) 
has a local minimum at x =a. 

Second order derivative Test : 

() ға) - 0, and f"(a) <0; then f(x) has a local maximum at x = a. 

(i) — Iff'(a) =0, and f (a) >0; then f (x) has a local minimum at x = a. 

(ii) Incase f'(a)=0, and f" (a) =0; then to determine maximum or minimum at x =a, 
we use the method of change of sign of f (х) as x passes through 'a' to. 


е SUPPORTIVE WEB SITES 


http://www.wikipedia.org 
http://mathworld.wolfram.com 


. 
TERMINAL EXERCISE 


Showthat f(x) = x? isneither increasing nor decreasing for all хє К. 


Find the intervals for which the following functions are increasing or decreasing : 


x 4 
2х3 -3x2 -12x +6 3+ нео 
5452,2 2: sinx—cosx,0<x<2n 
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Find the local maxima or minima ofthe following functions : “| MODULE - \ 


6. (а) х3-6х2+9х+7 ® 239. 24x 4107 Calculus 
(c) х? 44x? -3x 42 (d) Эй x* —62х2 4120x +9 


1 x 
7: @ 228 (b) (x-D(-4)1 «x «4 


(0 х\1-х›, x«l 
: 1 т 
8. (а) sin x шш 95554 © _ 5ш2х ,0<х<2л 


(©) -x+2sinx,0<x<2n 
.9.  Forwhatvalueofx lying in the closed interval [0,5], the slope ofthe tangent to 


x? -6x? 49x 44 
is maximum. Also, find the point. 
10. Find the vlaue of the greatest slope of a tangent to 
-x3 «3x2 42x —27 ata point of othe curve. Find also the point. 


11. A container is to be made in the shape ofa right circular cylinder with total surface area of 
24m sq. m. Determine the dimensions of the container ifthe volume is to be as large as 
possible. 


12. A hotel complex consisting of 400 two bedroom apartments has 300 ofthem rented and 
the rent is Rs. 360 per day. Management's research indicates that if the rent is reduced by 


x rupees then the number of apartments rented q will be q = 5х43000 <х<80. 


Determine the rent thatresults in maximum revenue. Also find the maximum revenue. 


MATHEMATICS “- ES 
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CHECK YOUR PROGRESS 25.2 


7 у 7 
15: ,(8) Increasing for X > 27 Decreasing for X < 2 


5 е 5 
(b) Increasing for X > =, Decreasing for X < 2 


2 , 
2. (а) Increasing for x > 6 or x < —2, Decreasing for —2 < x <6 
(b) Increasing for x > 4 or x <2, Decreasing for х in the interval |2,4[ 
32174 (830 Increasing for х < —2; decreasing for х» —2 
(b) Increasing in the interval —] < x < –2, Decreasing for x > —| or x 22 
4. (a) Increasing always. 
(b) Increasing for х > 2, Decreasing in the interval 0 < x <2 
(c) Increasing for x > 2. „ огх<-2 Decreasing іп ће interval —2 <x <2 
Зп 7т, 
S (С) Increasing in the interval nce: 
3 3л 
Decreasing in the interval база 
3л 7л 
Points at which the tangents are parallel to x-axis are X — % and х= * 
CHECK YOUR PROGRESS 25.3 
l.  Localminimumis—4atx =4 
2.  Localminimumis 15 atx=3, Local maximum is 19 atx= 1. 
3. Local minimum is—128 at x = 6, Local maximum is —3 at x = 1. 
4. Local minimum 1$ — 1647 atx=—6, оса! minimumis—316 atx=5, 


Local maximum is 68 at x= 1. 
5. Local minimum at x = 0is—4, Local maximum at x =—2 is 0. 


Ls 1 
6. Local minimum at x =— 1, value — — Local maximum at x = 3, value = = 


CHECK YOUR PROGRESS 25.4 
l. Local minimum is—34 atx=2, Local maximum is 91 at x =—3. 
2.  Localminimumis— 5 atx — 0, Local maximum is 251 at x = 8. 
3. Local minimum—4 atx -0, Local maximum 0 at x —2. | 
4 Local minimum ——28; x - 3, Local maximum -0 ; x - 1. 


Neither maximum nor minimum at x — 0. 
МАТ! 'HEMATICS 


5: МЕНІ бт MODULE - V 
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6. Local maximum = V2; x =% 


JE Local minimum И гээн ий ера Notes 
ү 2 тб 6 ON ME 

CHECK YOUR PROGRESS 25.5 

] Numbers аге 6,9. 2: Parts are 7.5, 7.5 

5 Dimensions аге: = 30 225 

: ce m44’ p44 Meterseach. 
1 1 
6. radius = (2j cm; height = 2 (2) cm 
п л 

'7. Maximum Volume = 327 cubic meters. 9. h- 2r 

10. r=2 meters, h=4 meters. 11. Rs. 30,00 
TERMINAL EXERCISE 

2. Increasing forx » 20r «-1, Decreasing in the interval ^1 «x <2 

Increasing forx>4or х<-4, Decreasing in the interval ]-4,4[ 
4.  Increasingforx > 1 or- 1 «x «0, Decreasing for x <-1 or0 «x < 1 
3 7 
5. Increasing for 0 $ x € T. or = € x < 2m, Decreasing for E <х< + d 
6. (a) Local maximum isllatx-1;  localminimumis 7 at x -3. 
(b) Local maximum 139 atx=—2; local minimum is 75 at x 72. 
40 1 


(c) Local maximum is 20 atx=-3;. local minimum is 7 арх =, 


(d) Local maximum is 68 at x = 1; local minimum 18-31 6atx = 5 and 


- 1647 at x =- 6. 
1 h : 
7. (а) Local minimum is > atx=0. (b)  Localmaximumis-l atx=2. 
(c) Local maxi cs Хєл 
ocal maximum is 375 53 
8 z =) т 2-5 - 1 т 
- (а) Localmaximumis ae хя» Local minimumis 2 at 1553 
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Calculus (b) Local maximum is 1 at х = and x=; Local minimum is-1at x = 4 


(с)  Localmaximumis 2+ V3 at x ==; Local minimum 45-3 at = 


Greatest slope is 24 at x = 5; Coordinates of the point: (5, 24). 
Greatest slope ofa tangent is 5 at x = 1, The point is (1,-23) 
Radius of base 7 2 m, Height of cylinder 4 m. 

Rent reduced to Rs. 300, The maximum revenue = Rs. 1,12,500. 


INTEGRATION 


In the previous lesson, you have learnt the concept of derivative of a function. You have also 
learnt the application of derivative in various situations. 


Consider the reverse problem of finding the original function, when its derivative (inthe form of 
a function) is given. This reverse process is given the name of integration. In this lesson, we shall 
study this concept and various methods and techniques of integration. 


MSN 
©) OBJECTIVES 


After studying this lesson, you will be able to : 
. explain integration as inverse process (anti-derivative) of differentiation; 


. find the integral of simple functions like x", sin x, cos x, 


тк 
sec? X cosec?x, sec x tan x, cosec x cot eun € etc.; 


. state the following results : 3 
© (х) е(к)] = е(х)ах + [g(x)dx 


i) — f[sktQo] dx = +k х)ё 
E find the integrals of algebraic, trigonometric, inverse trigonometric and exponential 
d find the integrals of functions by substitution method. 
2 evaluate integrals ofthe type 


dx dx dx ара IN 
Ls ла р хыг Faut ыс 


| ах ITE | (px + a)dx 
Vax? + bx +c тах” +bx +0’ ах? + bx +c 
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. derive and use the result 
5) = tn|f(x)|+C 
f(x) ; 
state and use the method of integration by parts; 
evaluate integrals ofthe type : 


| x? + a? dx, | a? — x? dx, ic sin bx dx, [e cos bx dx, 
fox + а) Vax? + bx +c dx, (ва x dx, |сов” x dx, 


sin” x cos" x dx pc | Ж 
> Ja+bsinx’ ^а + bcosx 
. derive and use the result 
| L£ Gx) + £'GOTdx = e"f GO +e sand 
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° integrate rational expressions using partial fractions. 


EXPECTED BACKGROUND KNOWLEDGE 
e. Differentiation of various functions 

° Basic knowledge of plane geometry 

° Factorization of algebraic expression 

e Knowledge of inverse trigonometric functions 


26.1 INTEGRATION 
Integration literally means summation. Consider, the problem of finding area of region ALMB 
as shown іп Fig. 26.1. 


Fig. 26.1 


| 

B n 1 | 

We will try to find this area by some practical method. But that may not help every time. To | 
solve such a problem, we take the help of integration (summation) of area. For that, we divide | 
the figure into small rectangles (See Fig.26.2). | 


Fig. 26.2 
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Unless these rectangles are having their width smaller than the smallest possible, we cannot find ODULE - V 
thearea. Calculus 
This is the technique which Archimedes used two thousand years ago for finding areas, volumes, 
etc. The names of Newton (1642-1727) and Leibnitz (1646-1716) are often mentioned as the 
creators of present day of Calculus. 

The integral calculus is the study of integration of functions. This finds extensive applications in = 
Geometry, Mechanics, Natural sciences and other disciplines. Notes 
Inthis lesson, we shall learn about methods of; integrating polynomial, trigonometric, exponential 

and logarithmic and rational functions using different techniques of integration. 


26.2. INTEGRATION AS INVERSE OF DIFFERENTIATION 


Consider the following examples : 


@ —_(х?) =2х @) a. (sinx) = cosx @) (ех) =е* 
Let us consider the above examples іп а different perspective 
@ ^ 2xisafunction obtained by differentiation of x2. 


=> x? iscalled the antiderivative of 2 х 
(ii) cos x is a function obtained by differentiation of sin х 


=> sin x iscalled the antiderivative of cos x 


(ii) ^ Similarly, ех is called the antiderivative of e* 
Generally we express the notion of antiderivative in terms of an operation. This operation is 
called the operation of integration. We write 


l. Integration of 2x is x? 28 Integration of cos х is sin x 
3, Integration of e* is ех 


The operation of integration is denoted by the symbol | 
Thus 


1. [2хах =x? 2 [eosxdx = sinx 3: | “ах =ех 
Remember that dx is symbol which together with symbol [denotes the operation of integration. 
The function to be integrated is enclosed between fana dx. 


Definition 1t [f (x)] E f'(x), then f(x) is said to be an integral of f'(x) andis written 
x 


as | (хуйх = f(x) 
The function ғ (x) which is integrated iscalled the integrand. 


7 И 


Integration 


MODULE - V Constant of integration 
Calculus 


ду. 

2 

= x^,th =.2х 
If y = х, then 


|рхдх = х2 


E: d 
Notes | Now consider abe * 2)or ae + c) where с is any real constant . Thus, we see that 
integral of 2x is not unique. The different values of p X d x differ by some constant. Therefore, 


| хах =х2 + C, where cis called the constant of integration. 
Thus | “ах =ех +С, Joos x dx =sinx+c 


In general fe (x) dx = f (x) + С. The constant с can take any value. 
We observe that the derivative ofan integral is equal to the integrand. 


Find the integral of the following : 


(i) x3 (ii) x?? Gii) x" 


Solution : 


4 d ( x* 4x3 
@ [xix = 7- «c. эе | Ж | 2-6 


31 а [ x?! 31х30 
304, _ Х РЬ E | Мыз yan 
(ii) [х dx = —— +С, ЕЗ 


31 Ж айн 
хїн 
i x'dx = С 
@ [ n+l 
RO aat e РЕ. ee | 
i) = — Se ГАЛЫН 1 
A din в nal (n+1)x" =x 


vod d 
Example 26.2 OE = cos x, find y. ar = sin x , find y. 
ба (2) йу 
Solution : (i) Ї dx = [созх dx > y=sinx+C 


dy : 1 
(i) Jar = foinx dx => y= -cosx+C 


ЕРЕ MATHEMATICS 


Integration 51 
MODULE - V 
Calculus 


26.3 INTEGRATION OF SIMPLE FUNCTIONS 


We have already seen that if f (x) is any integral of f (x), then functions ofthe form f(x) +С | 77 
provide integral of f (x). We repeat that C can take any value including 0 and thus 


[едх = f(x) +С 


which is an indefinite integral and it becomes a definite integral with a defined value of C. oe 
Write any 4 different values of | өдөх { 
Solution : [edax 2xí4 C, where C is a constant. 
| 
The four different values of | хх may be x* + 1, x* + 2, x^ + Запі x^ + 4 etc. 
Integrals of some simple functions given below. The validity of the integrals is checked by showing 
that the derivative of the integral is equal to the integrand. 
Integral Verification 
n+l а (ха - E 
nay 2X үкүш += 
1. Гета = С ; E | ; 
where nisa constant and п ж-1. 
} 4 Pan 
2 Балх dx = -cosx +С суе ак 
: do 
3, Joos x dx = sinx +C „ — (sinx + C) = cosx 
dx 
d 2 
4. [sec? x dx = tanx +С T 3, UR C) c sec x 
d cy 2 
5: [cosec? x dx = -соёх +С e "es = оме X 
d 
6. [seex tan x dx = secx +С vg Une x He) rese t Rut 
d 
1 [созес xcotx dx = -совесх “С >, Зи cosec х + C) = cosec x cot x 
дү 1 
® [аз ш+Ё „(и x+C) = 55237 
5 -х 
1-х б : 
1 4 d 2) шон! 
- 4 ——|üan ох ЫС = 
9. Fy ox = tan x+C 5 re ) 1+х2 
d 2 1 
ae +С |= === 
10. [——L dx secx +С 5 35% 5 ) 52 БЕН 


xvx? -1 
MATHEMATICS 


Integration 


MODULE -V | - зоо 
Е EEFC] =e 
Calculus |1. JeXdx = е* +С : ET ) 
a* t3 a, +С Ex. 
[ахах = jogs +С v е Ж ifx>0 
1 d 
—dx = log|x|+C ә —(log|x|+C) 
x dx 


WORKING RULE 


1: То find the integral of x" , increase the index of x by 1, divide the result by new index 
and add constant C to it. 


CHECK YOUR PROGRESS 26.1 


5 
т. Write any five different values of | x2dx 


2: Write indefinite integral ofthe following : 
(a) x5 (b)cosx (c) 0 
3t Evaluate : 


(a) [xéáx (ы хах © fax (ау |%5-Хах 


© Јах Ofc (е) Е-е ө Моб ах 


4. Evaluate : 
cos , sin Ө 
d6 
@ |69 20 0) b 26 


cos? 0 + sin? 6 
© [A ае 


:со52 Ө 


26.4 PROPERTIES OF INTEGRALS 
Ifa function can be expressed as a sum of two or more functions then we can write the integral 


/ 3 
ofsucha function as the sum ofthe integral ofthe component functions, e.g. if f (X) = x! +X, 
then 


ATE 
ЕСЕ май 


Integration 


ft (x)ax = ІС + хак Sa 


= fx7dx + [xcix 22) 


=—+— +С a 
8 4 Notes 


So, in general the integral of the sum of two functions is equal to the sum of their integrals. 
Лек) *(x)]àx = ff (x) ах + fe (x) ax 
Similarly, ifthe given function 


f(x) =x? -x? 


we can write it as ff (x) ax = f(x’ -х2 dx 


= [xà - [еа 
8 3 
= В а 
8,78 
The integral of the difference of two functions is equal to the difference of their integrals. 
ie. [[(х)-в(х)]&х = f£(x)àx - fe (x) dx 


If we have a function f(x) as a product ofa constant (К) and another function | g ( x ) ] 
ie. f(x) = kg (x), then we can integrate f(x) as 


[t (x) dx - [кв(х)& 


=k [e(x)dx 
Integral of product of a constant and a function is product of that constant and integral of the 
ion. 
ie. [kf (x) dx = k ff (x) dx Ё 
Evaluate : 
09 | ах Gi) (29359) а 
x 
Selon: Ахах = A. s 
log4 


& — f(2*)(3)ax = [ж 


MATHEMATICS қ ES 


E— ee ы... негі нк 


=| - “ү 


Remember їп (ii) it would not be correct to say that 
[257*àx = [2*dx [5*àx 


Ө) 


x -Х 
Because рк fre = 2— адын oe 
1062 { log 3 "B 


Therefore, integral of a product of two functions is not always equal to the product of the 
integrals. We shall deal with the integral of a product in a subsequent lesson. 


ЕКхашр!е 26.5 Evaluate : 


in2 2 
| dx sin“ Ө + cos“ Ө 
1 ,  whenn-0andn-2 @ -—— —,— — d0 
0 a © | sin? Ө 
Solution : 
dx 
Whenn-0 - 
© E Lass perm 
dx 
= Fre 
Now fax can be written as (ж. 
fax -|еак 
хөн 
{— +С= 
031 x+C 
When n=2, 
5-5 
cos"x “cos? x 
= [s x dx 
=tanx=C 
422 2 
sin“ Ө + cos^0 ,.. -1 
@ -----45- 49 
hod sin? 0 Тате 
= – [созес2Ө 40 
=cot@+C 


Evaluate : MODULE - V 


Calculus 
() [(sinx + cos x) dx (ii) Ер a pM 
5 | 1-Х70 |— ED дұға 
(i) vx (iv) ки ENE] 


Solution : (i) [(sinx + cos x) dx E [sinx dx + [созх dx = -cosx + sinx + С 


2 2 
G) Р Pace 558 


WEST гс 


1+х 


Ехатр!е 26.7 Evaluate : 


1 1 dx  ( dx 
v) | ете шил Е 


5 3 
© |МІ-віһ20 dð о Д%- м 
x$-1 
(ші) [(tan х cot x)? dx o i)e 


Solution: (i) „Л sin20 = \соз? 0 + sin? 0 — 2 sin Ө cos 0 


Б sin? Ө + cos? 0 = 1] 


FS Жа 


MATHEMATICS 


MODULE - V 
Calculus 


(соз Ө + sin Ө y 


= +(с050 – ѕіпӨ) 


R (sign is selected depending upon the value of 0) 
2 ни * 
(a) If Л-5т20 = cos0 – sin 
“Notes кв. [V1—sin20 40 = f(cos0 – sin @) 40 

E [cose 40- [sino do 
= sin + cos0 + C 

() 1f [Vi-sin20 46 = [(-соѕ0 + sin 0) do 

= - [cose 40 + [sin 040 


= -sinO — cos0 + C 


= 4е* -3sec ! x +С 


(ii) [(тап x + cot x)? dx = f( tan? x + cot? x + 2 tan x cot x ) dx 
= (ца x + cot? x + 2)dx 
= f(tan? х+1+ cot? x +1)dx 
= f(sec? x + cosec?x ) dx 


= [see хах + [созес?х dx 


= tanx —cotx+C 


x$ -1 4 2 
Я = 12789) Es КРРТ 
(iv) | Bas dx = 16 х +1 ii je (dividing x — 1 by x? +1) 


= ах - fx xdx | ёх-21-2 


жу ж. [1 С 
UA an x + 


x? +1 


Example 26.8 Evaluate : 


@ (45:18 dx (ii) Б стт 
EN —— — —— — — — — — — — — ұн 


2 Integration 


Solution : тү MODULE -V 


тїр Calculus 
0 {+ x) уяа [= x ec $i Ae 

[2312 1 dx 4 

fx dx 3 [Vix +3 rd + | 

Notes 

х5/2 "s 110709 
2—L—43—L—43——-——4C 

i Baby vx 

СОН ЛЖ: 1 


ie + 2x2 + 6х2 -2х 2 +С 


= 4 fe dx - 9 ех dx - 3 e?" dx 


= 2е2х — 9ех +е 3% +С 


ә |-——= = 
4x +a + ух+Ь 
Letus first rationalise the denominator of the ат 
1 1 EIE AJ 
x+a+vx+b "КЮЕ 27 Lamb 
Jx*a-Nxb 


7 (xa) - (xb) 


_vxt+a-vx+b 


a-b 


чка ук+» 


EROS 
ep ut que 


3 B 
ud (хаа), о 
a-b 225120 a-b 3 
2 2 


2 Газан (хэй Jc 


MATHEMATICS 


ман. р 


Integration 


MODULE - V 
Calculus 


1 
(a) |х +4) dx (b) Ее 
5+3х — 6x? — 7x* —8х6 
ЛЭГ utn 
xí 1-4 2 Ү 

(e) LE dx (b ( e) dx 

2. Evaluate : 
2cosx 

CN "3 © fai o fI 

ө 2 B x (e) Гел oe (f) [(созес x — cot x) совес x dx 
3. Evaluate : 


(а) [^ + соз 2х dx (b) [V1 cos 2x dx (c) E 


- cos E 


4. Evaltate : 
@. [Vx«2dx (b) | 


(х т ® 


We know that 
ES +b)"*! = (n +1)а(ах +b)" 
X 


1 
(n+1)a dx 


5 (ax +6)" = 4 (ах by' n» -1 


1 
f(ax+ by? ax = Ab" ,с 

(п +1)а 
To find the integral of (ах + b)" , increase the index by one and divide the result by the 


increased index and the coefficient of x and add a constant of integration. 


хатр!е Integrate the following : 
0) (х -9у! (ii) ех+7 (i) сов(х-ӛ5л) 
(v) соѕес2 (2x +3) 


ЕШ MATHEMATICS 


Integration 


Solution : Ч т 
MODULE - V 


и Calculus 
(i) (x +9 п dx = 0А. 
хэй) ups 
x49)? 

3 2 n 
(i) [etx E је -е7 dx 

= е? [e dx 7 i 

(e^ isaconstant quantity) 


=е7.е®*+С=е@*'7+С 


(ii) [cos (x + 5m) dx = sin(x + 5m) +С 
4 ,:. 
m de (sin(x + 5л) +С) = cos(x + Sn): (х 5n) E cos(x + Эл) | 


(v) [cosec? (2x +3)dx = ce), с 


E дэээ), c рі ee = cosec? (2x + J 


-——- 22 
Example 26.10 Evaluate : K 2x + 5)(x а 1)x3 dx 


T2 2 
Solution : [(2x +5)(х -1)х 34х = (Ба +3x-5)x3 dx 


( 2-2. 1-2 x) 
= [2х 343x 3-5х3 Јах 


= 2|м “Зак E 3 fxt/3dx - 5 |x? dx 


fa 59 L3 
Вох 32 23525 *C 

4 1 

әр М +1 

3 3 


7 4 1 4 
226 УАЗ А 
7 4 


; m дах 2 
Example 26.1] Evaluate : pee 


x 


Tl М 


'ATHEMATICS 


Integration 


phi i x?e* + (x +1)? x7e% + х2 + 2х +1 1 
Calculus · | Solution: =й = Dez 


= (e +142 +S Jax 
Х.Х 


-| кэГ с е 
= е +x +2log|x|-—+C 
Integrate sec? x cosec? x watt. х 
Solution: |) ес? x cosec? x dx = {(1+ tan? х) (1+ cot? x) dx 
(ә sec? х = 1 + tan? x and cosec?x = 1 + cot? x | 
= f(1 tan? x + cot? x + tan? x cot? х) dx 
= f(1+ tan? х) + (1+ cot? x) ах 


= Г sec? x + cosec?x | dx 


= tanx- соїх + С 


ШЕШЕ сы. (7,6) 
1+х? 2 


1-х 


zT 6 dx dx 
Solution : {- 75) dg = i нер - med 
í = -7 ап 1х — бѕіп-іх +C 


on. e [oe 


Solution : f(x + cos x) dx = fx dx + [cos x dx 


26.5 TECHNIQUES OF INTEGRATION 


26.5.1 Integration By Substitution 


This method consists of expressing [f (x ) dx in terms of another variable so that the resultant 


| 362 | МАТНЕМАТІСЅ 


Integration 


: function can be integrated using one of the standard results discussed in the previous lesson. “MODULE - V 
First, we will consider the functions of the type f (ax + b), a 0 where f(x) isa standard Calculus 
function. 


Example 26.15 Evaluate : 
© |и(аккь)йх G) fes («5 ax gi ЭС 


Solution: (i) Ísin (ax +b) dx 


Put ах+Ь = +. 
dt dt 
Ihen а = — dx = — 
ах ү а 


f 27 
[sin (ax + b) dx = [sin "pe (Here the integration factor will be replaced by dt.) 

1 

=- [sint dt 
[sin 
1 

=—(-cost)+C 
+ (cost) 


_ ges(ax-*b) | 


(i) foos{ 7x + | ax 


Put Teen э  7dx-dt 


[eos t dt 


sin t+ C 


“| 


ар- Ale Ale 


x 
+ 
+ 
ala 
Хо 
T 
о 


—À о cw 


MATHEMATICS 


MODULE - V JE d 


Calculus | Then AA dx Iu iaa 
fsin(Z-ž Jax = -2 fsint at 
472 
= -2(-cost)+C 
ix = 2cost+C 
= 200s (%-%)+c 
4 2 
Similarly, the integrals of the following functions will be— 
[sin 2x dx = -уооз2х+С 
fsin( ax + 8) dx = ЕЕК: 
3 3 3 
ШЕР Ез 
4 4 4 4 
[eos (ах + b) dx 1 п (ахь) + С 
а 
[соз 2x ах = зэв 2x +С 
1 
n 8 
(i) [бах +b) dx, where n # -1 (ii) erry 
Solution : (i) [бах +b)" dx, where n # -1 
dt 
Put ах-5-1 ES Ee o dcs 
dx a 
n 1 
) " [(ах +b) dx = — fiat 
Р а 
1 өз 
Без a +С 
а (п+1) 
_1 (ax p)! ms 
i ТТ where n # -1 


MATHEMATICS 


MODULE - V 
Calculus 


Notes 


= Мор|ах + b|4 C 
a 


Ехатр!е 26.17 Evaluate : 


ф [ex (ii) [e3*3dx 
Solution : (i) [ИШЕ 
Put 5x 47-t See 


[exti = : [е 


--е +С 
= 1 5х+7 С 
5 
(i) IE 
Put Di Ss i. => dx = —dt 
ІЗ =-= fetat 
=-—e'+C 
ae eo 6 
3 


MATHEMATICS 


Sy 


MODULE - V 
Calculus 


Notes 


Integration 


Likewise fem™*Pax -1окњ + С 
а 


Similarly, using the substitution ax += 4, the integrals of the following functions will be: 


_ 1 (ах +6)" 


n +C, nz-l 
[(ах +b)” ах T1 n 
ЕЕЕ = ор Jax +] +С 
(ax + b) a 
1 
[sin (ax + b) dx = sax +6) «C 
M. 
[cos (ax b) dx = sin(ax +b) +С 
1 
[sec? (ax + b) dx = tan(ax +b) +С 
вес (ах + b) dx == cot(ax +b) +С 
a 


[sec (ax + b) tan (ах + b) dx = Žec (ax +b) Ne. 


| совес (ах * b)cot(ax + b)dx = — 1 cosec (ax +b)+C 
a 


Example 26.18 Evaluate : 


(i) (Ба? xdx (іі) (Ба? xdx (iii) | cos? x dx (iv) [sin 3x sin 2x dx 


Solution : We use trigonometrical identities and express the functions in terms of sinesand 
cosines of multiples of x 


(i) [sin? x dx = [522 dx е ESL it s =x] 


1 
“5 ja — cos 2x) dx 


- i Јах - В [es 2x dx 


1 i. 
“кету икс 


л : 3sin x – sin3 1 
Gi) Jsin? x dx = = le sin 3x = 3sin x 4s 


1 5 ; 
= 4 [(3sinx - sinsx) dx 


| 366 | —— a 


| 
| 


у 


Integration 


MODULE - V 
1 
Ч i? e. zz xe Calculus 


cos Зх + 3cos x 
(ii) Joos? x dx Кезен dx E cos3x = 4cos? x — 3cos x] 


J(cos 3x * 3cosx) dx 


ь|ЇГ- ale 


Е 3x 


+381 +С 
3 sinx] 


(у) [sin Зх sin 2x dx = : p sin 3x sin2x dx 


[^ 2sin А зїп В = cos(A - B) - cos(A  B)] 


= i [(соз x — cos 5x )dx 


1. Evaluate : 
(4) ^ fsin(4 - 5x) dx © sec? (2+ 3x) dx 
(с) Jseo( x +2 Jax 1 (9) |сов(4х + 5) ах 


©  [sec(3x +5) ап (3х + 5) dx 
6 [созес (2 + 5x) cot (2 + 5х) dx 


2. Evaluate: 
e | 10 
@) у 2 (хэл) ёх © Ј(4-7х) ax 
o («-Уы Ок ok 
> ЫГ 1 , 
‚ ® f(2x +1)? ах guise 
3. Evaluate : 
1 
(a) fe*Hax à B0) fe? Sax (c) кетші 


` MATHEMATICS | 307 | 


MODULE - V |4. Evaluate : 
Calculus @ | feos? хєх © (Әп? x cos* x dx 


(c) [sin 4x cos3x dx (4) [eos 4x cos2x dx 


p 
26.5.2 Integration of Function of The Type A) 


To evaluate ЇЕ 2: dx , we put f (x) =t. Then f' (x) dx = dt. 


f(x) 
{ху рав 
Е [е 
= log|t|-- € 


= log|f (x)| + € 


Integral ofa function, whose numerator is derivative of the denominator, is equal to the logarithm 
of the denominator. 


Example 26.19 Evaluate : 


2x 3 4x3 
0 7 0) Қа 


Ў m 
ж G) 1a (3+ Vx) 


Solution : 


@) Now 2x is the derivative of x? +1. 
By applying the above result, we have 


2% = loge? ++ с 


() — 4х3 isthe derivative of 5 4 x4. 


2, dx = log|5 + х“ |+ С 


1 
(ш) pu is the derivative of 3 + JX 


т 


d 
TARDE SS 


Example 26.20 Evaluate :~ 


бад, 


ех +e e? 1 
cue Ч Ех 
Ї х =x Gi) Г 371 


ег —&6 


EN MATHEMATIC 


Integration 


@ ех + e™ is the derivative of eX — е-х Calculus 
ЇЗ +е A. Ši 
ех -ех dx = log|e* - etj x 
Alternatively, 
Хүдэх 
M ў +е 
ж-е ” 
Put e*-e*- 
Then (ех +e) dx = й 
ех +e% 
| 4 dm ‘dt 
ех – ех 


= log |.| +С 
= log Gi -e*| +C 
2x 
e^^ —1 
(i) ———— dx 
Lx. +1 
Here e?* — 1 isnotthe derivative of e?* + 1. Butif we multiply the numerator and denominator 
by. ех, the given function will reduce to 


I =. dx log ех +е*|+С 


eX +ех 
2x 24 хех 
Г 31 dx E. MET -log|e* +e%|+C 
Ёс ( е-е ) is the derivative of (= +e* )] 
A 
IR 97 CHECK YOUR PROGRESS 26.4 
1. Evaluate : 
X 2x +1 2x 49 
@) Бас OEC Pen e 609 


2x +1 
© s х2 +x-5 


2 dx 
o | “thine к o LIE) 


® I 


en, > 
Манана a e | 


Solution : и 
: MODULE - V 


Integration 


MODULE - V |2. Evaluate : 


Calculus 5 
(3) EI ОД зере 
26.5.3 Integration by Substitution 
Example 26.21 
Өө ох (ii) [sec x dx ii) [22а 
E (1- sin X) ax sin x 
6) loue б) ес к maxes (v) Ёл (х-а) 
Solution : 
sinx 

0 [mzae [с-ф 

» E X 

cos X 


--log|cos х|+С (у — sin x is derivative of cos x) 


= log 


ier +С о = log|sec x| + С 


fan x dx = log|secx|+C 


Altematively, 
fan x dx = | сих dx 
cos x 
» ac dx 
cos x 
Put cosx = t. 
Then —sin x dx - dt 
ftan x dx же eis 
t 
==log|t|+C 


= ~log|cosx|+C 


= log +C 


= log|sec x|+ С 


MATHEMATICS 


Integration 
- &) | sec х dx 
sec x can not be integrated as such because sec x by itself is not derivative of any function. But 
this is not the case with sec? x and sec x tan x. Now [see x dx can be written as 


| (sec x + tanx) 
; (secx + tanx) 


2 j (sec? X + sec x tan x) 
sec x + tan x 


Put sec x + tan x = +, 
Then (sec x tan x + sec? х )dx = dt 
dt 
sec x dx = |— 
[ F 
= log|t|+C 
= log|secx + tanx|+C 
$ 1-tanx cos X — Sın X 
@ оо о 
Ри cosx +sinx =t 
“ойл (—sin x + cos x) dx = dt 
[ja Да 
1+ tanx t 
= log|t|+C 
= log|cosx + sin x| + С 
1+ sin х sin x 
(iv —— dt = 
) re Ir ipee 


1 2|Х £ 
= 5 ес (“физ fen dx 
Put Ж 25 38 dt 
2 
1+ si 26 
FS ax = fcc? tat 2 ftant at 
4+ COS Хх 


= tan t:— 2log|cos +С 


MODULE - V 


Calculus 


MODULE - V 
Calculus 


x 
= - 2106 (5) +C 
(у) [cosecx cotx dx = - [-cosec*x cosec x cot x dx 
Put cosec x = t. 
Then —cosec x cot x dx = dt 
[cosecx cotx dx = - [tat 
5 
i Ср 
5 
2 —(cosec xy 42 
5 
sinx 
i — —— dx 
м Е -a) 
| Put x-a=t 
Then dx = dt and  x-t*a 
[ ; sinX ay = [metu dt 
sin(x - a) sint 


x [нна + costs as 
sint 


(с. sin(A + B) = sin A cos B + cos A sin B) 
= cosa [dt + sina [cott dt 


(cos a and sin a are constants.) 
= cosa - t + sina log|sin t| + C 


= (х= а) cosa +sina log|sin(x - a)| * C 


: 1 
Example 26.22 |09 Кел ; dx 
-x 


Solution: Put x = asinO 5 dx = a cos ð 40 


ine асо50 do 
[as Lo sin? Ө 


1 cos 0 
z—|————— d0 
aer 


1 1 
=— |—— 40 
a-cos@ 


АТИР 


Daum ох Ши.  . Ta 


MODULE - V 
Fe [seco 49 Calculus 


= Llog|sec0 + tan] + С 


= tig 
a 


чав, 
cos 6 


Ехатріс 26.23 Evaluate : 


Solution: Put x = asec => dx =asec® tan dO 


asec@ tan 0 40 


1 о 
fain а 2 sec? 0 — a? 


TE (tan? 0 = sec? 0-1) 


2d, log |cosec 0 = cot6| + C 


“222 i TC URN LITE 
MATHEMATICS 


——————— ак лана лл тақат 


MODULE - V T 
Calculus Зил 


Notes 


=> dx = а cos0 dð 


1 асов0 
c dX = 
Па-а Гое — a? sin? 
nm 
25050 


= [ao 


Integration 


MATHEMATICS 


Integration 


MODULE - V 


Bri Calculus 
a 
pi 
D 
Solution : Let х =азес@ => dx= аѕесӨ tan Ө 40 
IM [ELS tan Ө do 
Vx? avsec? 0-1 
= [sec edo 


= log|sec @ + tan 0| + С 


= log х 12а? +С 
а а 
= log|x + Vx? = 2? +С 


1 
Example 26.27 [ DUC d es 
а +х 


Solution: Ри x =a tan = ах = аѕес2 040 


= [sec 040 | [As example 26.25] 


= log sec 0 + tan 0| + С 


= log Um 24x14 E 
a a 
- log Va? +x? +x|+c 


x? Улс 
Example 26.28 | d dur 
T 
4 + 1, therefore, we write the given integral as 


Solution : Since x? isnot the derivative of х 


+С 


PEA 
[2E 
Cust 
х2 
Let E | 
x 
1 
1e Jac dt 
x 
MATHEMATICS 


il 


MODULE - V 


1 Ие! 2 
2 2 = 
denis x^t—-1^-42 
Calculus [|5 ие 72 қ 
1 
252) dt 
а] 
2 ^ 
xp pot 
х 
ў dt 
су 2 
(y (92) 
115 fos 
=t! С 
2 42 
1 
1 -1 ag C 
= ——tan + 
2 42 
2 
x* -1 
Exi le 26.29 dx 
ү! 
2 ES 
Ба ТАРЫ х2 
Solution : [клет ө e 
s х2 
Put 1 
Xt—-t 
x 
Then (1-5 ax = a 
X 
2 118/29 
Also x +2+—=1 
х 
22:71 855 
=> x ae a -2 
1 
| i: 
freie | 
x? + : dier 
X 
A dt 
(0? - (А2)? 
1 t-42 
= — — lo +C 
B ids 


Integration 


|276 | MATHEMATICS 


Integration 


ао 
VES 2*x*41 


x 
1 
i| ЕИ E 2 
=> Fi %-т-10 (c 
2| v2 № 7 211, 2 j 


: ne. 
Example 26.31 | — dx 
4 
хэл 


Solution : We can reduce the given integral to the following form 


2 x* «1 

1 px? +1 lex =1 
= em dx 
2120 21:31 


-1 X | 


Integration 


MODULE - V 


1 
Ч 4х 
Ч 2 
Calculus | | iy Л 
х-ке к 
Ч 2 2 
З 1 
- 1 5 5 
Notes PR +C 
Уел] aS 
2 2 
1 1 
hy ah 152 
н Ба 6 
x" +x* +1 x? +1+ — 
х2 
1 
Ри x+—=t = dlc dx = dt 
x 
2 ДЕ 19 
Also x fI =ч 
x 
Se -1 
m. 
[ ? - |55 
xix. 6-1 
= 
2 {+1 
1 х+—-1 
527% +C 
) хе 
Example 26.33 [Мах dx 
Solution: Let tanx = t => sec?xdx = Ot dt 
2t 
33 dx = —— dt 
sec’ x 
tae tee 
1+1 


НИ? ”” == глава кта 


| Integration 


Proceed according to example 26.28 and Example 26.29 solved before. 


Example 26.34 | cot x dx 


Solution : Let cot x = t? => —созес2х dx = 2t dt 


Proceed according to Examples 26.28 and 26.29 solved before. 


[вах + Убагх ) dx 


Le sinx- cosx =t => (cosx *sinx)dx = dt 


Also 1- 2sin x cos x= t^ 

> 1-2 = 2sinx cos x’ 
Г и 

= = sin X cosx 

MATHEMATICS 


ee 
MODULE - V 
Calculus 


———————Á'O—— M— MÀ 


Integration 


MODULE -V sin x — COS X a dx = f dt 
Calculus тат cos x sin x 12:12 
2 
* | dt : 
Notes 4 


= J2 sin"! [sin x ~cosx]+C 
(Using the result of Example 26.25) 


Ехашр!е 26.36 Evaluate : 


dx dx 
(a) | EMEN (b) Tra -2x) 
Solution : 
[ dx =f dx 
(а) V8 + 3x - х2 |-(4-») 
=f = 


9 9 
8-|x^-3x4— |+ 
(s x 2) 2 


li 
я 


| 330 | MATHEMATICS | 


DL 222707 АШ 


MT dx MODULE - V 
т] 1ү Calculus 
М vr 
17-01) 
Ма) e 
=" (4 +С Notes $ 
4 
ETRS 
"t (4х-1)+С 


© ү 
1-2. ГРЕС. o k= 
© Пе ox? ӨЕ М3 - 2х – х2 


—— Pitas oss 
өре ла ӨЛ е” = 12 
eXdx 1+х a 
0 ги eer (9 J 1+ е2х 9 Ni- 
3x (без 4х 


(>) У2ах- x? @ V9 –16х6 х2 +1 
dx sin Ө 40 sec? x & 
®) ise “@ и 2 еее 


[i 


J16x? +25 


26.6 INTEGRATION BY PARTS 


9 Тама E 


in differentiation you have learnt that 


8 (в) - t (g) eaa (0) 


йиз — ЖШ 


HEMATICS 


MODULE - V 
Calculus 


Notes 


28 Integration 


or (в) - (а-а (f) (1) 


d 
Also you know that |52 (fg)dx = fg 


Integrating (1), we have 


d 
ОХ - JE e)a- fes (à 
= fe- fe 20086 Q) 
if we take f= u(x): (8) = v(x), 


(2) becomes fu(x)v (x) dx 
= u(x): [vG)&x - f) Мод | x 


=] function x integral of II function -| [differential coefficient of I function х integralof II function] dx 
A B 
Here the important factor is the choice of I and II function in the product of two functions 
because either can be I or II function. For that the indicator will be part 'B' of the result above. 
The first function is to be chosen such that it reduces to a next lower term or to a constant term 
after subsequent differentiations. 
In questions of integration like 


x sin x, x cos? x, x? ех 


(i) algebraic function should be taken as the first function 


i) If there isno algebraic function then look for a function which simplifies the product inB. 
as above; the choice can be in order of preference like choosing first function 


@) aninverse function (ii) alogarithmic function 
(iii) a trigonometric function (iV) ^ anexponential function 
The following examples will give a practice to the concept of choosing first function. 
I function И function 
1, | х cos х dx X (being algebraic) COSX 
2: Í x?e*dx x2 (being algebraic) ex 
3 fx? log x dx logx x? 


| 382 | MATHEMATICS 


Integration 


I function II function MODULE - V 
log x 1 Calculus 
x logx 
а) ? (+x) 
5. кеш! x dx sin! x x 
6. flog x dx logx 1 Notes 
(In single function of 
logarithm and inverse 
trigonometric we take 
unity as II function) 
7. sin"! x dx sin! x 1 
јх cos x dx 
Solution : Taking the polynomial (algebraic function) x as the first function and trigonometric 
function cos x as the second function, we get 
d 
xcosxdx - dx - || —(x)- еке [а 
| х [сов х [ rm ) | 
I II 
t function x Integral of II function — ПЕ function) - | II function dx ) | ax 
= xsinx- fi-sin x dx 
= xsinx —[-cosx]+C 
= xsinx + cosx +С 
Example 26.38 Evaluate : 
x? sin x dx 
Solution : Taking algebraic function x2 as] function and sin x as T function, we have, 
d 5 
gu 24: 02 2 
[^ sin x dx = x (Бах - (ҒЫ ) (Бах «|ж 
І П 
--х?совх- 2|к(-совх)Ф 
= —x? cosx + 2 [хсозх dx (1) 
Again, [xcosx dx = xsinx + cosx +С (2) ( 


Substituting (2) in (1), we have 


MATHEMATICS 


Integration 


MODULE - V [х2 sinx dx = -x? cosx + 2[x sinx + cosx] + C 
Calculus 
= —х2 cosx + 2х sin X + 2cosx +C 


Ехатріе 26.39 Evaluate : 


[2 logx dx 


Notes 5 : 
Solution : In order of preference log x is to be taken as I function. 


1.:4Ш 
3 2 
х х 
---Ю Х- |—dx 
3 x- [5 
3 3 
-Хэнх-Ц рс 
3 
= орх 
Г wet ах 
(1+х) 
: logx 
Solution : = |logx- 
Tas xy ! (14 xy 
I II 
1 1 -1 
= logx| - = |х | —— |ж 
ы | 4) (5) 
—log x 1 
= — dx 
1+х ARP b 


8р 
1+х "[x" TEX 


. -logx 1 1 
EXTTT +&- fA 


..-logx 
=, +108 [| -- log|1 +x|+C 


2205 аж X 


1+х 1+х 


Еа ас 


+С 


Integration 


1552 du e 
Ехатріе 26.41 Evaluate : | MODULE - V 
Calculus 


[x е2 dx 
2x 2x 
1 2x e e 
lution : хє dx=x— — [1,— 
Solution | 5 | 5 dx 
2x 2x 
шат a ira с 
PRR RD AS 
2x 
е 2х 
ed Sar mde d ЛЕБ 
5 е 
Ба”! x dx 
Solution : [sin x dx = fsin! x -1-àx 
лс х 
=xsin xX- dx 
Hm 
Let 1-х =t 
> —2x dx - dt 
-1 
x = — dt 
= x dx 2 
x 
Due 
J Le 
UN FO 


=-Vi-x?+C 
Ба! x dx = xsin! x + «1- x? С. 


CHECK YOUR PROGRESS 26.6 


Evaluate : 
mc (а [xsinx dx (b) |(1 + х2) сов2х dx (c) [xsin2x dx 
ae A [х tan? x dx. (b) [2 sin? x dx 

DEOS fe log2xdx | (0) (1 XE lcg xdx (c) ((овх)! dx 
б» @ Peta Ы Ри 


MATHEMATICS ES 


кк нн 9 € 


Integration 


Б: (а) [хе dx (b) [х e* dx 
6. [x (log x } dx 


he (a) [sec x dx (b) [x cot! x dx 


267 INTEGRAL OF THE FORM “Ч х) * f'(x)] dx 


fe* [£ (x) + £09] dx 
where f' (x) is the differentiation of f (x). In such type of integration while integrating by parts the 
solution will be ех (f (x)) + C. 


For example, consider 


[e [tan x + log see x] dx 0) 
Let f(x) = logsecx, 
Чеп f(x)» © ЕЕЕ _ tanx 
sec Х 
So (1) can be rewritten as 


fefto) £(x)] dx =e*(f(x))+C = ех logsecx + С 


Alternatively, you сап evaluate it as under : 


[е^ [tan x + log sec x ] 4х = [е* tan x dx + [е logsec x dx 
TIE 


= ех log sec x — [e logsec x dx + је log sec x dx 
= ех logsecx +С 


Ехашрс 26-43 Evaluate the following : 


(a) (2-5) dx (b) fer +S == + x log x } dx 
x 
(c x е* d «за | 
luy Je 1+ cos x Wd 


ees г 8 


Integration Р 
т MODULE - V 
= је (ie x (в ) ak Calculus 


=e*logx+C 


хо? оаа 
J e lone 


(c) 


ТӨЛЕНЕ 


(4) Је зах a- је UNIES ак 


1+ cosx 


х 
= еп +С 
Evaluate the following : 
(a) [se? x dx (b) је вш х dx 
Solution : · 
(а) ве? x dx 
let = Jsec x - sec? x dx 
= зесх -tanx — fsecx tan х - tanx dx 
I = sec x tan x — f(sec? x ^ зесх ) dx (~ tan? x = see? x -1) ( 
Сх I = secx tan x — (sec? x dx + [secx dx 
or 21 = secx tanx + |secx dx 


io о о на. 


THEMATICS 


MODULE - V [or 1 = sec x tan x + log sec x + tan x | + C 
Calculus : 
or I = z [seex tan x + log|seex + tan x|] + С 
\ (5) [е sinx dx 
Notes | Let I= [ех sinx dx 


= ех (-cosx) - [е (-cosx)dx 

= -e* cosx + Je cos x dx 

--ех cosx +(е* sinx- fe* sinx dx) 
I =-e* cos x + e* sin x - I 


or 21 = -e* cos x + e* sin x 
её: 
ог T= — (sin созк) ве 
Ехатріс 26.45 Evaluate : 
| a? — x? dx 


Solution : 
Let I= fva? - х2 ах = fya? - х2 .] dx 


Integrating by parts only and taking 1 as the second function, we have 


т= (va? - x?) x- тт? dx 


{= хуа? lx? +a? sin(*) -I 
: а 
ог 21 = хуа? – x? + a? sin”! (2) 
a 


We : 
| MODULE - V 
г = х2 жа? s (5) ёс Calculus 
a 


‘or 


2 41122232 a2 
Similarly, [x2 - a? de = EE tog x + e? тай ес 


n +x? Г2 
| аи - Sage a) 4x 2 |С 
Example 26.46 Evaluate : 


(а) |У16х2 + 25 dx (b) [v6 -x* ах (©) [tex - 2x? dx 


Solution : 


5 2 
(a) ШЕ +254х=4[ x? I “| x^ *+(5) dx 


Using the formula for IER + a?) dx we get, 
2 425dx = х. M н 24 wu FO 
ШО + 25 dx Е! 16 + 32 og X + (|х 16 


=Х 6х2 +25 + Bog 4x + Vi? +25 |+с 


oo 


(b) Using the formula for f (a? — х2) dx weget, : 
[Vie —x? dx = [у(4)? -x° ж 
-3416-х 2, ini +С 


2 
(c) ШЕРЛІ cn m 


ға 


MATHEMATICS 


MODULE - V 4x-1 1 т. $9 14х-1] ^ 
= = нах — ——|+С 
Calculus J “| 8 42 21 2 j 
А Та кейе + 
8 Ё 
Эрэ ғғ 
6. CHECK YOUR PROGRESS 26.7 
Evaluate : 
е [e sec x[1 + tan x | х (b) fe [sec х + log |sec x + tan x |] dx 
О 1 
2, (а) z € dx (b) e* EX xX- -== |х 
| x | л — x? 
(x-1) xe" 
ех A— —L dx т dx 
DO ay et ere 
x + sin x 
uec d хе 
3i Л Gam x 6. fe sin 2x dx 


26.8 INTEGRATION BY USING PARTIAL FRACTIONS 


By now we are equipped with the various techniques of integration. 


4x + 5 


But there still may be a case like , where the substitution or the integration by parts 


> 


x*^x-6 
may not be of much help. In this case, we take the help of another technique called technique 
of integration using partial functions. 


p(x) 
Any proper rational fraction q(x) can be expressed as the sum of rational functions, each 


having a single factor of q(x). Each such fraction is known as partial fraction and the process 
of obtaining them is called decomposition orresolving ofthe given fraction into partial fractions. 


3 R 3.28 8x +7 AUESX +7 
x2; х-Г (x*2)(x«1). х2-х-2 


For exarnple, 


2 1 rtial Trac’ 5 : 
ere are called parti та 
H > d р а tions of 2 


f(x 
If g(x) isa proper fraction and g (x) can be resolved into real factors then 


+х-2` 


(a) corresponding to each non repeated linear factor ax + b, there is a partial fraction ofthe 
form 


A 
ax+b 


Ё МАТНЕМА TICS 


| Integration © 
(b) for (ax +b у we take the sum of two partial fractions-as 
A B 
T ——— 
ax+b (ax+b)? 


For (ax +b y we take the sum of three partial fractions as 


Аа Ве ин єрх 
ax+b 2 3 
(ах +6) (ax +b) 


and so on. 


(c)  Foranon-fractorisable quadratic polynomial ax? + bx + c there isa partial fraction 
Ax +B 
ax? + bx +c 


f(x) 
Therefore, if g (x) is a proper fraction g(x) and can be resolved into real factors, then g(x ) 


can be written in the following form ; 


Factor in the denominator 


ax +b 


Corresponding partial fraction 


A 
ax +b 


A B 
Жарлы A 
(ax +b) (ax +b)? 


(ax & b)? 


Lad Vh С 
y-opuei PIRE 3 
ax+b (axeb) (ax+b) 


(ax къ) 


Ах + В 
ЛР ЕЕ 
ax? + bx +c 


2 
ах + bx +¢ 


D 
Ах +B n Сх + 


В 
д 
ax? + bx +c (ax? + bx +c) 


(ах? НЭРЭ) 


where A, B, C, D are arbitrary constants. 
Therational functions which we shall consider for integration wi 
can be fracted into linear and quadratic factors. 


Example 26.47 Evaluate :. 


f 2x 45. 4 


ll be those whose denominators 


X 


х2-х-2 


MODULE - V 
Calculus 


Notes 


—————— M 


MATHEMATICS ' 


Integration 


MODULE - V 2x45. _ 2x 45 


Calculus —|Solution: xi-x22"(x-2)001) 
2x 45 УБА 27% B 
Let (х-2)(х41) x-2 х+1 0) 


Notes Multiplying both sides by (x — 2) (x +1), we have 
2x 45 = A(x &1)  B(x-2) 
Putting x=2,weget 9=3А or A=3 


Putting x = —1, we get 3 = -3B or =-1 
Substituting these values in (1), we have 
2x 45 3 1 


(х-2)(х+1) x-2 хэ! 


22x45. dee [кйш г... 


x? -х-2 
= 3log|x - 2| - log|x +1|+C 


Example 26.48 Evaluate : 


2 
2k 1 1 
(а) су ш Җай ақ (b) ———— dx 
x? — x? - бх Iran 
Solution : 
хх 1 3 х?-х-1 
e xi-x?-6éx х(х-3)(х-2) 
2 oy 
% x^-x-1 A B С 0) 


Е Pie SDSS л. СЕЕ. сасар Е 

х(х-3)(х+2) x x-3 x+2 

Multiplying both sides by x (x – 3)(х + 2), wehave 

x? -х-1=А(х-3)(х+2)+Вх(х+2)+ Cx(x -3) 


Putting x =3, we get 15В = 5 Or B= 

2 1 
Putting x = 0, we get бА = -1 or Баса 
Putting x =-2,weget10C=5 ог с-5 


Substituting these values in (1), we have 


x? 


Жылы АНЫЗ -- 
х(х-3)(х+2) бх 3(х+3) 2(x+2) 


MATHEMATICS 


Integration : 7 
ЕЕ : | MODULE - V 

——— — — decem mmc alculus 
E Із - x? — 6x 6x Бтз) hen 4 


= cleglx| |х 3|«— log] + 2|+ С 


1 ^ 1 Y 1 

6 (2-0) (+10001) ( +1), (х-1)у(х+1/7 
___| ооа 2а ұз ай! 

Let (х-1)(хэл), x-1 xl. (x41) 


Multiplying both sides by ( xti yx + 1), wehave 


1= A(x +1)? +В(х -1) (x1) C(x -!) 


1 
Putting х = 1, we get AT 


Putting x = —1 we get, C= у 
0=А+В ) 
1 
В--- 
2 4 


1 ор: 
le реа хы ы 


1 


1 ТЕЕ 
= Тө к-(- әкең А ЗИ: 


1, Ц Hog 411+ * 
= RT 2(х+1) 


Example26.49 Evaluate : 


3 
Ё +х+1 к 
x^-1 
юм хха, 
olution : Let zi 22/4] 
3 Ba 2x+1 
xo +x +) 00 2х8 + 
Now Y 0 eis Xt (х+1)(х-1) 
22x41 
: d uc oe dx (1) 
MATHEMATICS 


Integration 


MODULE -V | - 26313. „АЕ 


B 
Ады КЕМ сш 
Calculus |1“ (х+1)(х-1) х+1 х-1 Q) 
= 2x +1=A(x-1)+B(x+1) 
3 
Putting x= 1, we get В => 
1 
Putting x = —1, we get xi 
Substituting the values of A and B in i and integrating, we have 
2х+1 oa Bre 
— + 4х 
C y "3f 24х-1 
1 
= 5leg|x «1| + 5 log|x -1| (3) 


„. From (1) and (3), we һауе 


2 
1 = Dez og|x +1] 28 х-16С 


Example 26.50 Evaluate : 


8 


idi устел А Uic E 
Solution : 

hs BY 5. “х БЭ 
© (x+2)(x? +4) х+2 x?44 doo 


(As х2 + 4 isnot factorisable into linear factors) 
Multiplying both sides by (х + 2) ( x2 +4 ), we have 


8 = A(x? +4) + (Вх+С)(х+2) 
On comparing the corresponding coefficients of powers of x on both sides, we get 

0=А+В 

0=2B+C р > A=1,B=-1,C=2 

8 =4А +2С 


>e 


8 de СЕ 
koae ваа х, 


Integration 


' до : ү: NAE MODULE - V 
Іор |х + 2] aee «4|*2- m! + c Calculus 
= log|x 2] ов [х2 + 4]+ tan“! С 
2 2 
--1-4 2 Цан 20-17 (өЕХ( (88:11 0хур: 
0) х(х +1) x(x +1)(x?=x+1) x x*&l x?-x41 


Multiplying both sides by x(x? + 1) or x(x + 1)(x? -x+ 1), wehave 


1=A(x+1)(x? -х+1) + Вх (х2 -x +1)+ (Cx +D)(x)(x+1) 


On comparing the corresponding coefficients of powers of x on both sides, we get 


0=А+В+С 

0--84010 мг. DE 
0-8-0 pua 37 4 ЧЕ АСЫР 
3? 

1 1 1 2х-1 


1 Doer le 2х1 
Me х 3 жүз, Be хүн 


= log|x]- =ов|х + i|- Steg e -x+1|+C 


Example 26.51 Evaluate : 
[ dx 
sin x – sin 2x 


Solution : 
dx dx | 
Let I= [558 Г Я Е 
sin x - sin 2x sin x — 2sin x cos x 


È — 5 
~ "sinx(1- 2cosx) 


Multiplying numerator and denominator by sin x, we have 
ie Г sin x dx E sin x dx 
© !sin2 x(1- 2cosx) (1- eos? х)(1-2совх) 


sin x dx 
UTIMS Жыла аг a 
E ШЕТТЕН ЕСІЛ И - 2005 x) 


йыл м 


HEMATICS 


Integration 


MODULE - V 


cos x = t,then —sin x dx = dt 


Calculus M -dt 
= Гоа) 
-4 А В C 
= 4 ——— т 
Let (-0(1-5)1-2)) 1-1 14: 1-2 


Then, -1 = A(1+t)(1-2t)+B(1-t)(1-2t)+C(1-t)(1+t) 
Putting t = -LwegetB = —— 

1 
Putting t = 1, we get dee] 


1 4 
Putting {= >, we get с n7. 


1 1 1 1 4, dt 
“ 2—-|——dt--|——dt--|—— 
| : 2111) 641-1 allege 


= — log] ~ сов - ові + 008 x| + Žlog|1 - 2cosx| C 


Example 26.52 Evaluate: | 


[ 2sin 20 - cos Ө 

4 - cos? 0 – 4sin0 

I= f цагны 49 
4 — cos“ 0 – 45іп Ө 
EL. 

3+ sin? 0 — 4sin 


Let sin Ө = t, then cos 0 40 = dt 


4t -1 
3 в 
4t -1 Asini sB 
di 3:42-8 pu ru] 
Thus 4t - 1-2 A(t- 1)  B(t-3) 
Put t=1 then B=- 
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"n | MODULE - V 
Put t =3 then A = cs Calculus 


(29 (44)«-3 dt 
2 “\t-3 2*t-1 


11 3 
Ibo EC 


- = log |sino - 3|- вто |+ С 


Ехашр!е 26.53 Evaluate : 


— 
1+ tan? 0 
Solution : 
3 tan 0(1- tan? 0 
Let {= үшбешіе S. ратова) 44 
1+ tan? 0 1+ tan? 0 
2 
met 9 a0 
1+ tan” Ө 
le — tanO = t, then sec? 0 40 = dt 
t dt Ж t dt (1) 
Hm траха) 
t ARNA 1 Bt 4 С 
let (1+0 (1-1+8) 1+4 1-t+t? 
Then te A(1- t 2) «(Be C) (1+1) 


Comparing the coefficients oft, we get 
А+В=0, -А+В+С=ЬА+С=0 


1 1 1 
ш---- ш-- С-- 
> A у 3' 3 
1+1 
1--% 23 delent: MUTO 
NOTE lp dt 
het tel 


р 1) 1 ((2t-1) +34, 
s bt gd 
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ORT a e 
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7 teen fe 1 THES 


1 
1 1 2 15 2 -l i» 
SUN = - l| + —-:—tan 
s log] + t|  clog]t t+1| 2-5 В 
2 


1 1 2 1 (27) : 
= --logll4 t| + —log|t^ -t+ 1| + — tan. | —— | + С 
10| +t] 5 log]| | То Em 


1 1 2 Ди 5 1 mec 
= 510811 + tan] + — log tan @-tan@ + I| + tan | T 


Іт 
‚© [ CHECK YOUR PROGRESS 268 


Evaluate the following : 


L @ [v4x? - 5 dx (Б) [М2 3x dx (© V3 - 2x - 2x? dx 


2. х-1 (b) x 
жы аса Ка? 


2х2 e x 41 
3. (b) J[—————— x 
(x -1) (x +2) 
2 
^ is x. 
(x-1) 
i 1— cos x 
2-2) (222080 Log eed cll 
Pare шоолсон 


=> 
E 
2, 7 LET US SUM UP 


e Integration is the inverse of differentiation 


e- Standard form of some indefinite integrals 


n+l 
(a) | хх Pate (n == —1) 
n 


Integration 


= 1 ч ( 

(9 Гек и. MODULE - V 
| Calculus 

(c) fsinxax =—созх+С 
(4) | cosxdx =sinx+C 
(e) sec” xdx =tanx+C 
(f) [совес?х ах z-cotx4C 
(g) [sec x tan xdx =secx+C 
(h) [cosecx cot x dx =—cosecx +С 
: 1 
(i) dx -sin!x4C 

Іт 
, 1 
0) dx = tan"! 

Lx tan x4C 

1 

(®) dx -secx4C 

NT 
@) feXdx =е*+С 

a* 

(т) fa*ax Зо? 


• Properties of indefinite integrals 


(a) ЕС s) Jax = (еда е(х)ах 


(b) [kf (x)dx =k [f(x)dx 

(i) f(x +b)" ах ert!” сам) 

(ii) Le = “loglex +b|+C 

(8) [sin (ax +b) dx = —cos(ax+b)+C | 
Gv) [cos (ax +b) dx =tsin(ax+b)+C 

(у) [sec? (ax+b)dx = tan(ax+b)+C 


——— a С А 
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D: 
Calculus (vi) [созес? (ax +b)dx Er, (ax+b)+C 


(vii) [sec (ax +b) tan (ax +b) dx = seo(ax+b)+C 


(viii) Joosec(ax +b) cot (ax +b) dx =- cosec(ax+b)+C 
: ax+b 20! ax+b 
(ix) fe dx 29 +C 
де 35 dx = |6(х)|+С 
(i) ftan x dx --log|cosx|*C =log|secx|+C 


(ii) foot Шах = log|sin x| +C 


(iii) [sex dx = log|secx + tanx|+C 


| (iv) [созес x dx = log|cosec x — cot x|- C 
-a 3) 
e (i) bz yak = loge TC (ii) E- Lg tk = a log * Сур +С 
(ш) "ww (iv) | | 4х=зш !^+С 
а а 22-42 а 


+С 


(v) RES x+Vx? =a? 
(vi) age xx? +a? 


+С 


2 хы 
х° +1 1 
° © dx=—=tan !| —X |+С 
lee 42 V2 
) UE 2 
@ Ё e bi. С 
x a 22 x«l 2 
x 


(8) | 1 tan! 


Integration 


"MODULE - V 


1 1 
| 1 К х+——\/2 Calculus 
Gv) здер” E REMO Е -Х +C 
2 |242 xel4 2 
X 
х^ +1 1 л 
° () = ап! X 
Бош 5 +C 


2 
T x* —1 1 
M: ан 


Бы 1, [їапх-1\ 1. 4(сох-1 
(1) = tan: (een (ж 4C 
ut 211 is 2 42 42 
(iv) [Мах + Veot x )dx = (250271 (sinx -cosx) +С 
° Integral ofthe product of two functions 
I function xIntegral of II function — J[Derivative of I fungtion x Integral of II fungtion] dx 


D [e | (х) f(x)]dx s e*t(x)« C 


[Ма2 -х2ах ZEE -x° «a? sinl БЕК: 


х+ух?-а? 


+C 


[ 2 
fx? —а?ах E EN 
хүа2+х2 а 

2 


2 
+—lo 
2 g 


xeya? «x? |+С 
Rational fractions are of following two types : 

% Proper, where degree of variable of numerator < denominator. 
6) Improper, where degree of variable of numerator > denominator. 


| а? +х24х = 


f(x) 


© Ш g(x) is a proper fraction = can be resolved into real factors, then сүү a(x) can be 


written in the following form : 


—..... 7 
MATHEMATICS E 
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MODULE -V ; Factors in denominator Corresponding partial fraction 


Calculus i A 
ах+Ь ах+Ь 
~, ас в 
(ax +b)? ax+b (ах+Б)2 
73 : Mac ив 1-0 06 
(ax b) ax+b (ax+b)? (ax +b)° 
Ах+В 
ax? +bx +¢ be tc 
Ax+B Cx+D 
2 : 2 т 2 
(ax bxc) ax^ +bx+c (ax? +bx +c) 


where A, B, C, D are arbitrary constants. 


SUPPORTIVE WEB SITES 


° http://www.wikipedia.org 
e. http://mathworld.wolfram.com 


TERMINAL EXERCISE 


Integrate the following functions w.rt. x : 


"3 3 
біп” X cos" x 
о 2: J i 
? sin? xcos? x шч 
: cos2x 4 2 
: cos? xsin? x ї (tanx -cotx) 
5 4 т 1 6 2sin? x 
е 1+х ese: ) 1+cos2x 
7 2cos?x 8 22 Ё 
Ў 1-сов2х 2 2 2 
2 
ЖК 
9. [cos —sin z) 10. сов(7х-т) 
и.  sin(3k*4) 12. sec? (2x +b) 


eee ыы | 


Integration 


ji | їп a м | E 1 dx pud 
эш (rex ао х 
созесх 
15. [vax 16. 1228 
"c х) 3+4logsinx 
17 f dx 18 ТЕ Чи 
4 sin 2x log (ап x 3 ех -1 
19. [sec* xtanx dx 20. је sine*dx 
xdx sec? x 
21. ee 22: ——— dx 
Гр +3 J tanx 
2. |У25-9х?ак 24 (У2ак-х4к 
25. (Узх? +4dx 26. Меха 
х2х dx 
27. "= : Тоол. T4 72189 
| 2.50 23 honum 
dx dx 
pL 30: Scr уло 
2 E е s +13 
2 
ах x 
3. (--- 3. dx 
f + 3sin? x Гета 
ах sinx 
pies dx 
3 xv o x^ jg scs 
35. | 4х = 36. вес? (ax +b)dx 
71-4сов“х 
5 
ах x 
D 28 38. dx 
Ботев : bis 
A cotx 
39. cosx -sinx 4. 40. Я. 
зай р == 
2 sinx 
41 860: 5723 qui ат RE 
[oum 4 ET 
43.. feos? xdi 44. [si x dx 
:2 3 
№15. [sin 5x sin 3x dx 46. ва? verd 
1 
: 4957 yp —d 
d [sin* x dx на Г + sinx Ч 
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49. fan’ x dx 


2 


: cosec^ x 
51. тэг 
ii + cotx 
es: cosec Ө d6 
53. log tano 
dx 
Y |. + 4х2 
57. [e ха 
22 
dx 
2m ЇЕ Х + osx 


ді. fox Geese 
cos? x 


65. |Ух log x dx 
lm 
69. [ооз (log x) dx 
2 
| cum 
Е 


Г log x 


63. БЕ ТЕЗ dx 


x(1+logx)(2+logx) = 


50. 


52. 


54. 


56. 


58. 


60. 


74. 


Integration 


cos X — sinx 
[ 1+ sin 2x 
1+ х + соѕ 2х 
x? + sin2x + 2x 
12:25 
log sin Ө 
е? 
1+ tan Ө 


| Sin x cos x dx 
a? sin? x + b? cos? x 


[е* (1 + x) log (хех ) dx 
[e* sin? x dx 


flog (x +1) dx 
| е 40 
cos“ Ө – cos0 - 2 


x^ +1 
Ira +2)(2х2 +1) " 
dx 


—— 


]-e* 
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7 7 7 
2925 2-2 7 
ү 2х2 +1,=х2 + 
7 7 2, 


ANSWERS 


ЖЕ ОЕ 2 = 
52 4-2 4. 
;* +3, 5х тож 


MODULE - V 
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Ж 
$. 
7 5 


MEE С (D — sinx4C () 0 
x! 1 
3 (9 3*5 (b) px s () — log|x| * C 
3 x 
(5) : 4 
(d) ay (e) -х3-0 (f re ТЫ 
(3) х 
5 
1 
@ 2wWx+C ® оос 
4. (a) -совес 0 +C (b) ес0-С 
(©  tanQ-C (d -со0Ө-%С 
CHECK YOUR PROGRESS 26.2 
1 x1 a 
© @ ERA 7 (0) -х+ап!х+С 
3 РЕ ЖЕДІ 
(с) x жа x 24x +С (d) cuc у 
х3 х? 
(е) ы (f зинаи 
seat Зах +C we tdi 
1 C 
(c) -2 cosec x +C (d) de La ME 
(e) -secx С @ —сої х + созес х+С 
3 (à  J2sinx4C ( | -J2cox*C 
(с) -уооих+С | 
-17 1 
3540 = з +С 
4 (0 2(к+2)2+6 © 160х+1)* 
MATHEMATICS 


MODULE -V | CHECK YOUR PROGRESS 26.3 


Calculus 


1: 


(a) 
(c) 


(е) 
е) 


а 


ses (4- 5x) +С (b) 
т a 

1 Ё | + tan{ x+ 

og (x«t) (x х) 

491 (4x +5) +С i 

т зее(3х +5)+С @ 

FS LANI 

12(3- 4x)? (b) 

zL (4-7) 4c (d) 

77 

ЕЛБАСЫ: (0 

1 3 

g (2x +1) +C (5) 

1 2x4 

3% ЫС (b) 


1 
aee + С 


2 sin 2x с 

DS БӨПЕ. Mibi (b) 
4 COS 7x 

3| 9 -eosx |+С (d) 


CHECK YOUR PROGRESS 26.4 


log|3x? - 2| c (b) 
log |x? 9x +30|+C (d) 


log |x? +х-5|+С @ 
log|8 + logx|+C 


~log|a + вех +c (b) 


stan (2+3x) +С 


+C 


-$eosec(3 4 5x) + C 
1 5 

$(х+1) +С 

+ (4x- 5)* «c 

16 

-2,5-% +C 


log|x +1|+C 


1 3-8х 
--е с 
Low. ^ 


z(-3«x * ЭН 


2 
| © sin 2x +C 
2 6 2 


log|x? +х+1|+С 
log +3х +3|+С 


2log|5 + Vx |. c 


tan! (e*) +C 
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CHECK YOUR PROGRESS 26.5 
L @ ех Ш = е ® аә) с Calculus 


2 x+ 
1 57 
(c) jur (x?)+ с (4) js (25). с 


1 P Notes 
© 2% (2tanx)+C © ari (21) с 
(g) архар. --1(х%2 
36 16 ® зш (22), с 
@ ERN : loin tan? @ -1 +C 
23 2 0 77 (Ла 
5 х 2x 
ШЕГЕ 
(х=) т 43 
(т) i 5 +C (а) 123 43 +C 
/ 2 
(0) Vx? +1 + 10g|x+ Vx? i| c @ flog [1321 4c 
(q) - tog [2eos0 + соя? -1|+С 
(r) log|tan x + Vian? x - 4] «C 
x+2 1 2. (5Y 
(s) tan" (92 х+ с (t) -logix*,|x^ | | |+С 
1 4 4 
CHECK YOUR PROGRESS 26.6 
1. (à _ -xcosx-sinx-C 
1 247; xcos2x sin2x с 
(5) qu jainai BO Med 
-xcos2x 1 ѕіп2х 
АЗ +С 
©) 2 1282 | 
2. (а) — xtanx-log|ecx|-x*C 


1 3 _1 an2x ex oos Do ылд +С 
4 4 8 


(b) 4: 
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MODULE - V 


41 2 4 хз хз 
Calculus |, @) 55288 T e 17) ыға ЕС 
4 1 


(б) х(юр х)? —2xlogx+2x+C 


x 
4. (a) "ees logx “(ау +С (b 108 x.{ log (log x)- 1]+ С 


4х 4х 
ax| Х> 2x 2 CES ae 
a ols 9 zc 2981-1679 
2 
6. |e х)? -logx Яре 
Too хөв” ховс +С 
(b) X ri y X11 oct =х+С 
2 2192 
CHECK YOUR PROGRESS 26.7 
( «ХзесхаС (b) ех log sec x + tan x|+C 
1 
@ xd £ €) e*sinx4¢ 
e* x 
+С е 
(iex) em cur 
xtan +С 
2 


ze (sin2x – 2cos 2x)+C 


CHECK YOUR PROGRESS 26.8 


(a) xx? -2- 5 n-i -> 
ОН) a [^ buc 
+ух? 43x 


(b) 1 x? Vi? ex -log 
1 | A -1{ 2x+1 
-(2х-1 ууа ань. ( к 
аа «29 (7 


— 


+C 
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2. @  4log|x-3|-3log|x-2|4C | MODULE 
Calculus 


1 
(b) 31981х-4|+108|х+4|+С 


2 
x 
3. (a) 2 72{log|x-2|+log|x+2{]+C 


M 
(b) да +C 


зайн Айн 
3(х-1) 
oo 50, 


4, bgla Е 
= D 2D) 


5. (а) m 
22% h- Vim — T pE | +\/2 sin x +C 


(b) E 


TERMINAL EXERCISE 


l. sec x —cosecx +C 2. ѕіпх –соѕх+С 
3. -сойх-їаах-С 4. їапх-соїх-4х-С 
5. 4tan ! x-sin ! x C 6. tanx-x ^C 
7. -cotx-x 4C 8. x-cosx+C 
8ш(7х-7) 
9. x+cosx+C с 
4 tan(2x * b 
11. ~00s(3x+4) с 12. tan(2x+b) с 
3 2 
т 
13: ge cose (s) en] +С 
х ЕС 
14. log|ten " x +С 15. deg 2 + 
1 
16. “log +4 ogsin x] +C 17. 5 loslog tanx|+C 
T | 4 
xy eee -56с x4C 
E 2logle2 -e2 |+C js 4 


ии м 
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—cose* +С : 2 


2.Лапх +С 
e (25-52) 2а (3) вс 


2(х-а) Хах i? +a? sin"! («е 


хү3х2-4 2 Зх+ух? +4 
at log Sc 
2 ЙГ 2 
2 
ES logie eos 


В x? —а2 + log 


х+ух?-а? 


к 


Т рута tan +C 
Af x-3 EM | 
—tan Ex +С 31. tan (2tanx)«C 
x+ logs 1-0 33 с 
а "12 494443 

1 43 +tanx 1 tanx - J2 
—=lo +С 

243 “|3-них D. EX M PPM 
1 

х an (ax +b)+C 37. log|(2+logx)|+C 
1 

сіов(1+х6) +С 39. log|sinx + cosx|+C 
log|log(sinx)|+C 41. x loge btanx|« C 
—1ов[+созх|+С | 43. алық, ас 
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44. 


46. 


48. 


50. 


52. 


54. 


56. 


58. 


ЗУЛ 


60. 


62. 


64. 


Integration 


—cosx+ +С 45. 
-sin х— ED 47. 
tanx —5есх+С 49. 
-1 
—— +C 
cosx +sin x 51. 
1 Qc 
zre +sin2x+2x|+C 53. 
log |log sin6| +С 55. 
log|cos0 + sin6|-- C 57. 
E log la?sin?x +b? cos? x| +C 
2(a? -У) 
ре see x EC z +С 
ех cos! x C 61. 
1,246 63. 
4 
Pa 
xsin x «Норд с 65. 
ДЕКО. 


xe* [1oe(xe)-1]+C 
- — tog x] log|x|-log|x 1| C 
1+х 


I 28 Ы с 
-е -£ (2sin2x +соз2х)+ 
2 10 


2 [eos (log x) +sin (log х)]+С 
xlog|x -1|-x *log|x 1] C 


1 Е : 
—4=Jog|x+3}+C . 
2(x-1) 8 цан 


2-1] 


1 5іп2х 1 віп8х MODULE - V 

= -= lus : 

оо Calcu 

1 | 22. 

39112 -8sin2x + sin 4х] +С e 
E = 


+ logleosx|+C 


log 


с 
1+cotx 
log|tan 6| “С 

E an 2x 
2 


41 
е х+С 


—————{ м 
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72. 


73. 


75. 


76. 


- 0р [cose -2| ~ +logle0s0-+1|+C 
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DEFINITE INTEGRALS 


Inthe previous lesson we have discussed the anti-derivative, i.e., integration of a function. The 
very word integration means to have some sort of summation or combining of results. 


Now the question arises : Why do we study this branch of Mathematics? In fact the integration 
helps to find the areas under various laminas when we have definite limits of it. Further we will 
see that this branch finds applications ina variety of other problems in Statistics, Physics, Biology, 
Commerce and many more. 


Inthis lesson, we will define and interpret definite integrals geometrically, evaluate definite integrals 
using properties and apply definite integrals to find area of a bounded region. 


EN 
© ‘OBJECTIVES 


After studying this lesson, you will be ableto : 

e define and interpret geometrically the definite integral as a limit ofsum; 
e evaluate a given definite integral using above definition; 

* — state fundamental theorem of integral calculus; 

e | state and use the following properties for evaluating definite integrals : 


c b с 
0 [roe == Рода @ [t GO dx = f£ God Је ах 
a b a a b 


2a a a 
@ [fGOdx = ff GO dx | Саха 
0 0 0 
b b 
Gv) [f GO dx = [fCa «b - x) dx ( 
a a 


a a 
(y Је Сах = [еа -30dx 
0 0 


йы __—1 
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AF 
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Definite Integrals 


2a a 
(vi) [ба -2| Од iff(2a -x) =f (x) 
0 0 
=01# #(2а-х) = -Ғ(х) 


а а 
(vii) [£G0dx = ? [f GO dx iffisaneven function ofx 
-a 0 


= 0 iffis an odd function of x. 
. apply definite integrals to find the area of a bounded region. 


EXPECTED BACKGROUND KNOWLEDGE 


e- Knowledge ofintegration 
e АтеаоҒа bounded region 


27.1 DEFINITE INTEGRAL AS A LIMIT OF SUM 


In this section we shall discuss the problem of finding the areas of regions whose boundary is 
not familiar to us, (See Fig. 27.1) 


Шыз- 


Fig. 27.1 Fig. 27.2 


Let us restrict our attention to finding the areas of such regions where the boundary is not 
familiar to us is on one side of x-axis only as in Fig. 27,2. 


This is because we expect that itis Possible to divide any region into a few subregions of this 


kind, find the areas of these subregions and finally add up all these areas to get the area of the 
whole region. (See Fig. 27. 1) 


Now, let f(x) be a continuous function defined on the closed interval [a, b]. For the present 


assume that all the values taken by the function are non-negative, so that the graph of the 
function is a curve above the x-axis (See. Fig.27.3). 
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Ж 
77 
Ж 
22 


222 


Fig. 27.3 
Consider the region between this curve, the x-axis and the ordinates x — a and x — b, that is, the 
shaded region in Fig.27.3. Now the problem is to find the area of the shaded region. 
In order to solve this problem, we consider three special cases of f (x) as rectangular region , 
triangular region and trapezoidal region. 
The area of these regions = base x average height 
In general for any function f (x) on [a, b] 
Area of the bounded region (shaded region in Fig. 27.3 ) = base x average height 
The base is the length ofthe domain interval [a, b]. The height at any point x is the value of fi 00) 
at that point. Therefore, the average height is the average of the values taken by f in [a, b]. (This 
may not be so easy to find because the height may not vary uniformly.) Our problem is how to 
find the average value of fin [a,b]. қ 


27.1.1. Average Value of a Function in an Interval 
Ifthere are only finite number of values of f in [ a,b], we can easily get the average value by the 
formula. 
Sum of the values of f in [a, b] 
Numbers of values 


of values taken by f in [ a, b]. Howto find the 
о we resort to estimate the 


Average value of fin [a,b] = 


But in our problem, there are infinite number 
average in such a case? The above formula does not help us, s 


average value of fin the following way: ў ; 
First Estimate : Take the value of Бага! only. The value of fat a is 2a), WE wae tms valie, 


namely f (a), as a rough estimate of the average value offin [a,b]. 
Average value of fin |а, b] (firstestimate)=f(@) | 0 
Second Estimate : Divide [a, b] into two equal parts or sub-intervals. 


Letthe length of each sub-interval beh, h = 224. 
ged ТОН" 
Take the values of fat the left end points of the sub-intervals. The values are f(a) and f(a+h) 
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Take the average of these two values as the average of fin [a, b]. 
Average value of f in [a, b] (Second estimate) 
м a a Caan Жай es @ 
2 2 
This estimate is expected to be a better estimate than the first. 


Proceeding in a similar manner, divide the interval [a, b] into n subintervals of lengthh 


b-a 


(Fig. 27.5), h = 


aa+ha+2h 


а+(п-1)һ b 
Fig. 27.5 
Take the values of fat the left end points of then subintervals, 


The values are f (a), f (a +h)........f [a+ (n-1) h]. Take the average of these n values of fin 
[a, b]. 


Average value of fin [a, b] (nth estimate) 


_ f(a)+f(ath)+..u..4+f(a+(n—1)h) Raed sa @ 
И Ae 
n n 


For larger values of n, (iii) is expected to be a better estimate of what we seek as the averag? 
value of fin [a, b] 


Thus, we get the following sequence of estimates for the average value of fin [a, b]: 


о ~~~ 


f(a) 
ЗГ Са) + 6(а +6), pia 
ТЇ (а) + f(a +в) + (а+28)], һ= 5-2 


o 
! 


Ша) + f(ah) sth: + f{a+(n-1)h}], h= 


As we go farther and farther along this sequence, we are going closer and closer to our destina- 
tion, namely, the average value taken by fin [a, b]. Therefore, it is reasonable to take the limit of 
these estimates as the average value taken by fin [a, b]. In other words, 


Average value of fin [a, b] 


lim lif(a)+f(a+h)+f(a+2h)+ О: +f[a+(n-1)h]}, 


noon 


h= 


Gv) 


n 
Itcan be proved that this limit exists for all continuous functions f on a closed interval [a, b]. 
Now, we have the formula to find the area of the shaded region in Fig. 27:3, The base is 
(b – a Jand the average height is given by (iv). The area ofthe region bounded by the curve f 
(X), x-axis, the ordinates x ^a and x =b 


=(b-a) lim “{f(a)+f(a+h)+£(a+ 2h) + 5 +f[a+(n-I)h]}, 


b 
lim ~[ f(a) +£(a+h) tone + f(a +(n—1)h}],h= E 7 


n0n 
We take the expression on R.H.S. of (v) as the definition ofa definite integral. This integral is 
denoted by 


b 
fe (x) dx 


b 
Tead as integral of f (x) from a to b'. The numbers a and b in the symbol J f(x) dX are called 


Tespectively the lower and upper limits of i integration, and ЛЫН is scalled dei int iis 


Note: Tn obtaining the estimates of the average value: 
end points of the subintervals. Why le end points? +. 


Why not right end points of the subintervals? We canvas well take the dive end points of the 
“MATHEMATICS 


MODULE - V 
Calculus 


‘Definite Integrals 


MODULE - V | subintervals throughout and in that case we get 
Calculus |» 


[t(x)dx = (b-a) lim +{f(a+h)+f(a+2h)+.....+£(b)}, n - 5-8 
z 5 non n 
Ф 
= lim h|f(a- h) + #(а+ 2) +...... + f(b 
Е [f(a+h)+f( ) (b)] (vi) 
Notes 2 5 
|Example27.1 | fx dx as the limit of sum. 
1 
Solution : By definition, 


h= 
n 


Here a= 1, b=2, f(x) =x and В = 


sf 


T 122 n-1 
= lim —| 114 ...... ++ [1+2 + As em) 
non n times n n n 


| 
Ej 


: [3 -] 3 
= lim сү | = 
п-әо| 2 2п 2 


|418 | MATHEMATICS 


Definite Integrals 


MODULE - V 


2 і 
| xample27.2 ШШ ГЕ as limit of sum. Calculus 


0 
Solutions : By definition 


a 
b-a 
n 


where h- 


2220 
n 


Here a = 0,b = 2,f (x) = e* andh = 22 
n 


2 
fe*dx = lim h[f (0)  f(h) + £(2h) + Кыр, +£(n-1)h] 
0 > 

= lim в| e? «eh + eth + ime +6" | 


һ->0 
һ n 
= lim h| е? (ёс 
в-0 eh -1 
: 2 п-1 s 
Since а+аг+аг“ +....... + аг" = а i 
r- 
nh _ 25 
im ВЕ а im 
һ->0 e —T ВоВ | (e^ —1 (ph 2) 
х : 
‚ cs 
= lim h = 
һәб е! —1 1 
h 
h 
e' -1 
Хаг Laien e] 
=е?-1 | ERO h | 


In examples 27.1 and 27.2 we observe that finding the definite integral as the limit of sum is quite |” 
difficult. In order to overcome this difficulty we have the fundamental theorem of integral calculus 


which states that 
Theorem 1 : If fis continuous in Га, b] and F is an antiderivative of fin [а, b] then 


b 
| (x) dx жЕ) Ree 1208 a a (1) 


The difference F (b)—F (a) is commonly denoted by [F(x) Ї so that (1) can be written as 


b t 5 b 
| (x) dx =F(x)B orf FOOT 


SS See 110 | 
MATHEMATICS - 


: хоё pA: | Definite Integrals. 
MODULE - V | In words, the theorem tells us that 
Calculus 


b 
ГЕ (x) dx - (Value ofantiderivative at the upper limit b) 
a 


—(Value ofthe same antiderivative at the lower limit a) 


2 27 
x 
Solution : IE dx = E | 


алда 
21279 


Evaluate the following 
т 
2 2 2 
(a) foosx dx (в) [e ax 
0 0 
Solution : We know that 


| cosxdx = sinx +c 


n 

2 z 
[соз x dx = [sin x}? р 
0 


N 24 
= sin——- 0=1-0= 
2 sin 0-1 


1 2х ЕС : 
(b) [е dx = E 5 : Ё | e*dx = e | 


Theorem 2 : If fand g are continuous functions defined in [a, b] and c is a constant then, 


b b 
@ [ef (dx = e ft (x) dx 


a 


b b b 
Gi) Лех) + (х) Јах = ff (x)dx + fe (x) ax 


b b b 
Gi) Је (х) - 9 (x) Јах = | (x )ax - fe (x)dx 


a 


à ЕШ MATHEMATICS 


MODULE - V 


З : 
[Example 27.5 | Evaluate Г 4х? — 5x +7) ах 
; Calculus 


2 2 
Solution : 1| х? ӘХ 7) dx = Гегак 4» dx 4 р dx 
0 0 0 0 L ae 


2 2 y 2 
= 4 [x?dx - 5 [хах * ШІ dx 
0 0 0 


23 19414 
3 
24 
PES 
Q CHECK YOUR PROGRESS 27.1 
5 І 
1. Find f x +1) dX asthe limit ofsum. 2. Find Ге dX as the limit of sum. 
0 -1 
x 
4 2 
3. Evaluate (a). [sin x dx (b) J(sin x + cosx ) dx 
0 0 
"a usce 
(с) lug dx (d) f(x — 5X + 6x +9) dx 
1 


0 


272 EVALUATION OF DEFINITE INTEGRAL BY 
SUBSTITUTION 
The principal step in the evaluation of adefinite integral i 


Inthe preceding lesson we have discussed several metho 
One ofthe important methods for finding indefinite integral 
We use substitution method for evaluation the definite integrals, 


3 x 
322 eu 

Р sin X 
2 dx. | — dx, 


MATHEMATICS 


sto find the related indefinite integral. 


ds for finding the indefinite integral. 
sisthe method of substi tution. When 


like 


Definite Int 


€grals 


MODULE - V | the Steps could be as follows : 
Calculus |@ Make appropriate substitution to reduce the given integral to a known form 

Write the integral in terms ofthe new variable. 

Integrate the new integrand with respect to the new variable. 


Change the limiis accordingly and find the difference of the v. 
limits. 


to integrate 


alues at the upper and lower 


3 
X 
515 xe 


Solution: Let j 4 х2 zt 


2x dx = dt or xdx = ld 
When x=2, t=5 and х =3.1= 10. Therefore, 5 and 10 are the limits when t is the variable. 
3 10 
X l rl 
== буш ш qm 
Thus ilex? 2 J t 
EC 10 
E bt logt]; 
am 
= 5 [log 10 - log 5] 
- 5 log 2 
[Evample27.7.| Evaluate the following : 
® т л 
^ sinx + sin20 а 
(а) 0% (b) — —— do (c) І Е, 


277 5 
o | + cos? х 0 8850 + cos g à 5+ 4cosx 


Solution : (a) Letcosx=t then sin x dx =~ gt 


ae = Жид 1 л 
When x =0,t=1 and x = 2300 0. Asx varies from 0 to >> t Varies from 1 to 0. 


л 
ZR 0 

Sin x 1 110 
SURES ч сы = -|-___ E LU -1 
hoe Ie п [tan th 


= into ti] 


ko 


MATHEMATICS 


Definite Integrals 


E т “| MODULE - V 
E 40 Ч A Calculus 
AD 
4 
т т 22 
| in 2 ы і Notes 
(l7 = | me a 
osin 050050 Q (sin? + cos? 0)" — 2sin O cos? 0 
л 
2 4 
23 5 99 
01-251 9соз- Ө 
л 
“Цаана: 
1-25? 9(1- #02 0) 


It sin?@=t 
Then 2sinO0cos0dO = dt i.e. sin 20 40 = dt 


т $ : 

When Ө = 0,t = Oand0 = Ж = 1. As Q varies from 010 > the new variable t varies from 
2 

0 to 1. 


1 
12:253 
1 
1 1 
1-15 pp ‚ 
3 4 4 
Еу 
2% 


ЛС 2 
cuan ease 2: 
21 1 
2 2 /Ю | 
гав 1- ta! (1)] 


amnnn—— 2 оллоо 


'ATHEMATICS 


MODULE - V 


Definite Integrals 


4)-: 
Calculus a» 
1- tan? X 
(c) We know that cos x — 2 
: 1+ tan? = 
2 
dE ae 
2 2 
а 
05 + 4cosx 5 41-а) 
А 
х ) 
59 
к 
ESO 
= dx (1) 
2 
9 9+ tanx) 
x 
tan—=t 
Let pi^ 


Then sec? "dx = 2dt when x = 0, t= 


т 
Mhen хр. 


cela 
| 
—- 
o 
+ 
= 
N 
= 
3 
В 
үле 
= 


27.3 SOME PROPERTIES OF DE 


FINITE INTEGRALS 
The definite integral of f (x) between the limits a 


and b has already been defined as 


b 
[е(х)а = F(b)~ F(a), Where S-[F(x)] = (х), 


where a and b are the lower and upper limits of integration respectively. Now we state below 
some important and useful properties of such definite integrals, 


b b b a 
9 Је Сх) ах = (ға Gi) Ї (x)ax =- fex) ax 
a a a b 


b с b 
(iii) Ї(х)д = ffG)àx + ff(x)àx, Where а<с<Ь, 


MATHEMATICS 


b b 
[tG9àx- Ї(ажь-х) а 


а а 


7 есек |Ғодас» Пао 
0 0 0 


а 


(4) [f(x)dx = ff (a -x) dx 


0 0 
a 0, if f(2a-x) =-f(x) 
(di) Геза 2| (х) dx, iff(2a-x) = f(x) 
0 


MODULE - V 
Calculus 


Notes 


0, if f (x )isan odd function of x 


a 


a f = 
(viii) о 2 [f (x)dx, if f (x )isan even function of x 


-a 


0 


Many of the definite integrals may be evaluated easily with the help ofthe above stated proper- 


ties, which could have been very difficult otherwise. 


The use of these properties in evaluating definite integrals will be illustrated in the following 


examples. 

Example 27.8 Show that 
ME т 
2 х 

(8) flog | tan x | dx = 0 (b) leen 
0 


MATHEMATICS 


-40) 


MODULE 
Calculus 


uni Па 


Adding (i) and (ii) 


к л 
a= fare ay = of = 
o 1+ шх ol*sinx 


sin x 
or ыя 
01-ш2 х 


Р x Jes? x ахах) ax 
0 


= n[tanx -secx |у 
= n[(tanz ~ secr) - (tan 0 — sec 0) ] 


=n[0- (-1)- (0-1)| 
= 2л 
l=" 


Definite Integrals 


z 
2 
= – flog tan x dx 
0 
pe [Using()) 
21-0 
2 
2 
ie. 1-0 ог ов | tan x | dx = 0 
0 
ГЭЖ: 
(b) rw 
То x 
Iz d 
let | жое 5 0 


“овон ОО 
0 0 


(i) 


Def nite g rals 
№ = .9 


Example 27.9 


0: Tn 
2 Ja ae 

(à) | sin х dx ( | Sin X — COS X dx 
0 0 


Evaluate 


vsin x + Ncos x 


1 + sin x cosx 


іа 


2 Г 
Solution : (а) Let I = |——— 
j vsin X + Vcosx 


(Using the property Ї (х)дх = [f(a -x)dx, 
0 0 


л 
Et Ї Усов x ds 
0 


cos x + vsin x 


Adding (i) and (ii), we get 


т 
xr. 

= peas COSX ac 
0 sin х + Vcos x 


la 


2: 
(b) Let I = je dx 


Gi) 


MODULE - \ 
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MODULE - V 
Calculus 


|: Је(х)ах = fe(a E 
0 0 


T 
2 
= [Sexo Зах. cosx > sinx , 
0 


(i) 
E 
Adding (i) and (ii), we get 
| п л 
^sinx-cosx 2 COS X — sinx 
21 = |22 с0зх. Ме ах 
01+ Біп x cos x 91+ sin x cos x 
Л 
^ | вх = созх +созх -sinx 
ô 1+ sin x cos x 
=0 
1-0 
mem «2o | "hr e (b) ШТ 
Solution:(a)Here f (x)= A 
1+ х2 
Pix NE 
e» 1+ x2 
леп на) 
^. f(x) isanodd function of х. 
a x2 
Í ХЕ 2 dx = 0 
ВХ 
3 
(b) Пх-Це 
3 
X+Lifx>-] 
|x +1/= : 
EX fy < 
- [setae (кейш. ficte wing py 
2] 
MATHEMATICS 
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| MODULE - V 


2n 
E jCx-n&c TG eas Calculus 
3 


1 


1 9 9 1 
=-—+1+—-3+—+3-—+1= 
2 2 в yl 10 


л 


2 > 
Ехатріе 27.11 Evaluate flog (sin x) dx 
0 


л 
2 
Solution: Let 1- [log (sin x) dx 0) 
0 
T 
2 т | - 
Also l= | log E | 22% ЛЕ [Using property (iv)] 
0 
2 
2 
5 [ов (cos x) dx i) 
0 
Adding (i) and (ii), we get 


п 


2 
215 [[1ов (sin x) + log (cos x )]dx 


© 


log (sin x cos x ) dx 


oun ма 


ll 
O t N A Ocmia 


a 


2 
log (sin 2x ) dx — flog (2) dx 
0 


л dii 
log (sin2x)dx – 2082 60) ( 


И 
O cla 
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log (sin t) dt, [using property (vi)] 


өр 


osia ela 


log (sin x) dt [using property (i) 


ы- 


=i mmo] 7 (iv) 
ж this value in (iii), we get 


т 
21-1- 2р2 : I 2 -—log2 
2 g шо 2 98 


т 


2 8 
| Hence, [log (sin x)dx = ~F log 2 


Evaluate the following integrals : 


п 
1 9 1 
22 2 2x -3 
1. [хе dx 2. [———— | 2 dx 
0 leads 95x +1 
5 2 2 
4. [|х+2[& 5 [x2-xdx с per sin x 
2: 0 ЕТЕТІН 
Uu 3 л 
2 x"e* 2 
7. [log cos x dx 8. Je 9. [sin2x log tan x dx 
0 TA 0 
л 
10 | cos x 
o | +sinx + cosx 


Wo oo uo 


MATHEMATICS 
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. Calculus 
Suppose that f and g are two continuous functions on an interval [a, b] such that f (x)sg(x) = 
for x e [a, b] thatis, the curve у = (х) does not cross under the curve у= (x) over |а, b |. 22 
Now the question is how to find the area of the region bounded above by y = f (x), below by y 22 
= p (x). and on the sides by x ^ a and x =. Notes 


Again what happens when the upper curve y = f (x) intersects the lower curve y-g(x)ateither 
the left hand boundary x =a, the right hand boundary x — b or both? 


27.4.1 Area Bounded by the Curve, x-axis and the Ordinates 


Let AB be the curve y = f (x) and CA, DB the two ordinates at x = a and x =b respectively. 
Suppose y = f (x) isan increasing function ofx in y 
theinterval a < x € b. 

Let P (x, y) be any point on the curve and 

Q(x + ёх, y + бу) a neighbouring point on it. 

Draw their ordinates PM and QN. 

Here we observe that as x changes the area 

(ACMP) also changes. Let Я 


А=Атеа (АСМР) 


о 
о 
= 
2 
о 


Then the area (ACNQ)- А + 8A - Fig27.6 
The area (PMNQ)-Area (ACNQ) - Area (ACMP) 
= А + А -A = А. 


Complete the rectangle PRQS. Then the area (PMNQ) lies between the areas of rectangles 
PMNR and SMNQ, that is 


8A lies between y à x and (у + ôy ) 5х 


2) 


Эх lies between y and ( y + бу) 


223 


Inthe limiting case when О — Р, бх — 0 andy — 0. 


Жэ. lim (y + бу) 
UU Эх lies between y and бу->0 

ЗА _ 

9х. E 


Integrating both sides with respect to x, from x =a to x =b, we have 


7777 м8 


MODULE - V 


MODULE - V 
Calculus 


b b 
dA 
be ais à -ГАР 


= (Area when x = b) — (Area when x = a) 
7 Area (ACDB) - 0 
= Area (ACDB). 


b 
Hence Area (ACDB) = fe (x) dx 
a 


The area bounded by the curve y= f (x), the x-axis and the ordinates x =a, x = b is 
b b 
Је(х)ах о Jy dx 
a a 


where у = f (x) is a continuous single valued function and y does not change sign in the interval 
а<х<Ь. 


Ехашрїе 27.12 Find the area bounded by the curve y =x, x-axis and the lines x —0, x22: 
Solution : The given curve is y ^x 


г. Required area bounded by the curve, x-axis and 
theordinates x = 0, x = 2 (asshownin Fig. 27.7) 


2 
is ек 
0 


-2-0-2 square units 
ПОСТТО PLA ЕЙ Find the area bounded by the 
Curve y = ех, x-axis and the ordinates x = 0 and х=а> 0. 


Solution : The given curve is у-ех 


2. Required area bounded by the curve, x-axis and the ordinates x —0, x ^ ais 


a 
[ехах 
0 


dia 


5 (са — 1) square units 


ERE шп 
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MODULE - V 
ПЕД ғ tne area bounded by the curve ups cos ©) xexsandtheoninat s| Calculus 


х=0,х=а, 2asc-m. 
Solution : The given curve “ae 
В 


а 
Required area = | y dx 
0 


PRET OMAN Find the area enclosed by the circle x? + y? = a”, and x-axis in the first 
quadrant. 

Solution : The givencurveis x? + y? = a”, which 
isa circle whose centre and radius аге (0, 0) and a 
respectively. Therefore, we have to find the area 
enclosed by the circle x2 + y? = a? , the x-axis 


and the ordinates x = 0 and x =a. 
a 


Required area = [ ydx 


0 
= We = x? dx 


0 
(-: yis positive in the first quadrant) 


MATHEMATICS 


MODULE - V Example? 27. 16 Find the area bounded by the x-axis, ordinates and the following curves: 


Calculus 
(i) xy =c?,x =a,x=b, a»b»0 
(ii) у = log. x, x =a,x =b, b»a»l 
2o Solution : (i) Here we have to find the area bounded by the x-axis, the ordinates x = a,x=b 
А Notes | and the curve 
52 
ху = c? or у= 34 
а 
Area = [у dx («a> b given) 
b 
а 2 
E [= dx 
рК 
=с?[1овх]һ 


= с? (loga —1овЬ) 


2 а 
= c*log| — 
Ө 


(1) Неге у = log, x 


b 
Area = [loge хах. (^b»a»l) 
a 


b 
b 1 
= [xlog, x]? - [x 
a 
= blog, b - a log, a Je 
= blog, b ~ a logs a - [x 


= blog, b -alog; a - ba 
= b(log, b - 1) - a(log, a -1) 


b a) 
= bloge( 2) ао, (3) (22 log, e — 1) 


г-4 CHECK YOUR PROGRESS 27.3 


18 Find the area bounded by the curve у= x2, x-axis and the lines x= 0,x 72. 


2. Find the area bounded by the curve y =3 x, x-axis and the lines x =0 and x=3. 


| 434 | MATHEMATICS 
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Calculus 


4: Find the area bounded by the curve у = 62Х, x-axis and the o dinatesx=0,x=a,a>0. 


4, Find the area bounded by the x-axis, the curve У = © sin (=) and the ordinates x = 0 


and x =a, 2a < cm. 


27.4.2. Area Bounded by the Curve x =f (y) between y-axis and the Lines y=c, y=d 


Let AB be the curve x = f(y) and let CA, DB 
be the abscissae at у = с, y = d respectively, У 


Let P (x, y) be any point on the curve and let 
Q(x + 5х, y + бу) beaneighbouring point 
on it. Draw PM and QN perpendiculars on 
y-axis from P and Q respectively. As y changes, 
thearea (ACMP) also changes and hence clearly 
afunction of y. Let A denote the area (ACMP), 
then the area (ACNQ) will be A + 6A. 


О(х+ёх, у+бу) 


Fig. 27.9 
The area (PMNQ) = Area (АСМО) — Area (ACMP)- A + 8A — А = 8А. 
Complete the rectangle PRQS. Then the area (PMNQ) lies between the area (PMNS) and the 
area (RMNQ), that is, 
бА lies between x 6 у and (x + 8x)8y 
дА 
> E lies between x and x +ô x 
Inthe limiting position when Q — Р, ôx — 0 апа dy = 0. 


im. DÀ lim (x + ёх 
slim, gy Hes between x and ши? ) 


Integrating both sides with respect to y, between the limits c to d. we get 
d d 
dA 

[x dy = le * dy 
c 2 

2 d 

= [А] 

= (Area when y = d) – (Area when y = c) 


= Area (ACDB) -0 
= Area (ACDB) 


d d 
Hence area (ACDB) = fx dy = ІНЕ УИ 


нану ———— сезсен . 
MATHEMATICS 


MODULE - V The area bounded by the curve x = f ( y ), the y-axis and the lines у= c and y = d is 
Calculus 


с 


4 d 
[хау or еу) 
с 
where x —f( y) is a continuous single valued function and x does not change sign in the interval 
с<у<а. 


| Example 27.17 BER the area bounded by the curve x = y, y-axis and the lines y = 0,y=3, 
Solution : The given curve is x =y. 


г. Required area bounded by the curve, y-axis and the lines y =0, y=3is - 


3 
= Ix dy 
0 


om 0 Д Fig. 27.10 
2 


| Example 27.18 ҮЙЛ the area bounded by the curve х= у2,у=ахіѕ and the lines y =0, у 
-2. 


Solution : The equation of the curve is x = y? 


2. Required area bounded by the curve, y-axis and the lines у=0,у=2 


2 372 
= [у?ду = А 
0 


square units 


Example 27.19 2 the area enclosed by the circle x2 4 y? = a? and y-axis in the first 
quadrant. 


ЕСЕ MATHEMATICS 


L 


Definite Integrals 


Solution : The given curveis x? + y? = a2, whichis acircle whose centre is (0, 0) and radius 


a. Therefore, we have to find the area enclosed by the circle х2 + y? = a2, the y-axis and the 


abscissae y = 0, y =a. 
a 
Required area 7 fx dy 
0 


0 


(because x is positive in first quadrant) 


2 ja 
ПЕ 


2 


2 


= 72 5930160008 


Solution : The equation of the curve is x? + у? =a 


The circle is symmetrical about both the axes, so the whole 
area of the circle is four times the area os the circle in the first 


quadrant, that is, 
Area of circle = 4 x area of OAB 


2 
= 4x 53 (From Example 27.15 and 27.19) - та? 


Square units 
Find the whole area of the ellipse 
2 2 Fig. 27.12 
Les 
балетін T2 =] 
a? b 
Solution : The equation of the ellipse is 
D гүй 
A + 5: zu 
a? b? 


MATHEMATICS 


ха Е sin 0 = 0,sin™! 1 = z) 


Fig. 27.11 


Definite Integrals 


MODULE 5 ү The eilipse is symmetrical about both the axes and so the whole : 
area of the ellipse is four times the area in the first quadrant, that is, 


culus 
5%; Whole area of the ellipse = 4 x area (OAB) 
In the first quadrant, 
2 2 
У; =1- 7 огу = РУз? —х? 
Notes b а 
Now for the area (ОАВ), x varies from 0 to а 
a 
Area (OAB) = [у dx Fig.27.13 
0 


Hence the whole area of the ellipse 
Курт 


4 
= mab. Square units 


27.4.3 Area between two Curves 


Suppose that f (x) and g (x) are two continuous and non-negative functions on an interval [a, b] 
such that f (x) 2 g (x) forall x e [a, b] 
thatis, the curve y=f(x)doesnotcross under 
the curve y=g (x) for x є [a, b]. We want to 


find the area bounded above by y = f (x), 
belowby y=g(x), and on the sides byx=a 


and x=b. 
Let A= [Area under y =f (x)] —[Area under 
ур ОУ шке 22722222 58103 (1) 
о х=а м х=Ь 
Now using the definition for the area bounded Fig. 27.14 
by the curve у = f (x), x-axis and the ordinates x = а and x =b, we have 
Area under 


; ЕСЕ MATHEMATICS, 


Definite Integrals 
b MODULE - V 
yofGx)= |Қ) Ма en е (2)| Calculus 


a 


b 

Similarly,Area under Y = g(x)= fe(x)dx 25 (3) 
а 

Using equations (2) and (3) in (1), we get 


b b 
A= ебх) - fex) dx 


р 
а (4) 


What happens when the function g has negative values also? This formula can be extended by 
translating the curves f (x) and g (x) upwards until both are'above the x-axis. То do this let-m be 
the minimum value of g (x) on (а, b] (see Fig. 27.15). 


Since g(x)2-m => g(x)+m20 


Fig. 27.15 Fig. 27.16 


Now, the functions g (x) + m and f (x) + mare non-negative on [a, b] (see Fig. 27.16). It 
is intuitively clear that the area ofa region is unchanged by translation, so the area A between : 
d f (x) +m, Thus, 


and g is the same as the area betweeng (x) +m an 


A=[areaundery = [f (x) + m]]- [areaundery = [g(x)+ svp RCM ua 6) 
Nowusing the definitions for the area bounded by the curve y=f(x), x-axis and the ordinates x 
=aand x = b, we have 

b 
ей (6) 


Areaunder y = f (x) + = | 
а 


| (к) +m] 


"и 
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b 
Calculus | and Areaunder Y = (x) +m = [[.g(x) +m ]dx (7) 


Notes 


The equations (6), (7) and (5) give 


b b 
mue f£ (x) + т] ах - [= (х) атах 


а 


b 
- Il (x) - g(x)]dx 


which is same as (4) Thus, 
If f (x) and g (x) are continuous functions on the interval [a, b], and 
f (x) > р (х), Vx e [a, b], then the area of the region bounded above by y = f (x), below 
by y =g (X), on the left by x =a and оп the right by x ^ b is 


b 
= Пех) -е(х) а 


ЕхашрИе 27,22 Find the area ofthe region bounded above by y = x + 6, bounded below by 
у= x2, and bounded on the sides by the lines x= 0 and x ^ 2. 


Solution: y = x + 6 isthe equation of the Straight line and y = x? is the equation of the 


parabola which is symmetric about the y-axis and origin the vertex. Also the region is bounded 
by the lines x = 0 and x = 2. 


x=2 
Fig. 27.17 
2 2 
Thus, A= f(x + 6)dx - [хах 
0 0 
412 
2 3 
[549-2] 
2 0 
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If the curves intersect then the sides of the region where the upper and lower curves intersect 
reduces to a point, rather than a vertical line segment. 


ТТК Find the area of the region enclosed between the curves y = x? and 
у=х+б. 

Solution : We know that у = x2 18 the equation ofthe para sla which is symmetric about the 

y-axis and vertex is origin and у= х + 6 is the equation of the -traight line which makes an angle 


45? with the x-axis and having the intercepts of —6 and 6 with the x and y axes respectively. 
(See Fig. 27.18). 


Fig. 27.18 


A sketch of the region shows that the lower boundary is y = х2 and the upper boundary is y= 
х +6. These two curves intersect at two points, say A and B. Solving these two equations we get 
х2 =х+6 > x? -x-6=0 
> (x -3)(x+2)=0 > х=3,-—2 

When x 73, y = 9 and whenx -—2, y - 4 


2. The required area = Ыс %6)- x Јах 


2 = x2 andy- x. 
Find the area of the region enclosed between tetas ух Шу 


Solution : We know that y = x? isthe equation of the parabola which is symmetric about the 


MATHEMATICS 


МО 


Calculus 


Calculus 


making an angle of 45? witht the x-axis (see Fig. 27.19). 


A sketch of the region shows that the lower boundary is y = x? and the upper boundary is the 
line y =x. These two curves intersect at two points O and A. Solving these two equations, we 
get 

КЕ 


= х(х-1)=0 


=>, x04 у=х? 


Heref (x) = x,g(x) = х2,а = бапаь =1 


Therefore, the required area 


ELE хз] Fig. 27.19 
14548 


Ехашр! 


PAP Find the area bounded by the curves y? = 4x апау=х. 


Solution : Weknowthat y? = 4x the equation of the parabola which is symmetric about the 


x-axis and origin is the vertex. y =x is the equation of the straight line passing through origin and 
making an angle of 45° with the x-axis (see Fig. 27. 20). 


Asketch of the region shows that the lower boundary is y=xand the upper boundary is y? = 
These two curves intersect at two points O and A. Solving these two equations, we get 


y=x 


2=4 
> y(y-4)=0 CS 


Wheny= 0, x = 0 and when y=4,x=4. 


Here TOROS ы 


Therefore, the required area 18 


4 ES 
= | 2x2 -x ІЗ Fig. 27.20 
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Example 27.26 | Find the area common to two parabolas x? = 4ay and y? = 4ax. 


Solution : We know that y? - T and x? = 4ау а ‘he equations of the parabolas, which 
are symmetric about the x-axis and y-axis respectively 


Also both the parabolas have their vertices at the orig’ (see Fig. 27.19). 


Asketch of the region shows that the lower boundary is x? = 4ay and the upper boundary is 


y? = 4ax. These two curves intersect at two points O and A. Solving these two equations, we 


. have y 
4 
x 
— = 4ax 
16a? 
^ x(x? – баа?) =0 
E x = 0,4a 


Hence the two parabolas intersect at point 
(0, 0) and (4a, 4a). 


2 . 
Here f(x) = Vax, g(x) = aca = Oandb = 4a Fig. 27.21 


Therefore, required area 


VENE. ын ене а HUGE 
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х2 у? 
2. Find беасл р ср 


х2 y? : 
: халж 
3. Find the area of the ellipse 25 +16 


2 
x 
4. Ғіпа the area bounded by the curves y? = 4ax and y = уж 


5. Find the area bounded by the curves y? = 4хапіх2 = 4y. 


6. Find the area enclosed by the curves у= х? andy 2x42 


e | Iffiscontinuousin (а, b] and Е is an anti derivative of fin (а, b], then 


b 
Ї (x)dx = F(b) - F(a) 


e If fand gare continuous in (а, b] and cis a constant, then 


b b 
@ fof (x)ax = c f (x)dx 


a 


a a 


b b b 
б) — ff(x)*gx)]dx =ff(x)dx+ fa(x)ax 


a 


b b b 
ai)  /[(х)-в(х)]&х = (х) а - [е(х)ах 
а а 
° The area bounded by the curve у= f (x), the x-axis and the ordinates 


b b 
х=а,х=Ь іѕ fe(x)ax or fy ax 
a 


М Where у = f (x) isacontinuous single valued function and y does not change signin 
the interval a < x < b 


ЕТШ MATHEMATICS 


Definite Integrals 


e Iff(x)and g(x) are continuous functions on the interval [a, b] and f(x) 2 g(x), forall M 


x € [a.b], then the area ofthe region bounded above by y = f (x), below by y= (x), on 
the left by x=a and on the right by x — b is 


b 
Лек) = 8 (x)]dx 
a 

° http://www.wikipedia. org 


SUPPORTIVE WEB SITES 


e. http://mathworld.wolfram.com 


TERMINAL EXERCISE 


Evaluate the following integrals (1 to 5) as the limit of sum. 


b b b 
1. [x dx 3 | dx 8: [sinx dx 
a a 


a 


b 2 
4 [cos x dx s f(x +1)& 
a 0 


Evaluate the following integrals (6 to 25) 


т 
т 2 

2 | E EV. 7: за "Tes 8. 3 Jaag 
0 4 


л : ue 
2 e dr 
9: сов? x dx 10. ja хак 1. lee 
0 
ш 
у 1 ү др rona 4 3 -dx 
p= 13. Toss: S RE ; 


T 
2 2: 

16. [xx + 2dx 17. | “біп Ө cos? 040 
0 0 


Ч 
2 

Po: [заз хах 
0 
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MODULE - V л х 
Calculus |18. fx logsinxdx 10. flog (1 +cosx)dx 20, 
0 0 


sin? x 
sin X + cos x 


п 
J 
0 
5 л 
8 
J 
0 


ко 
= 
O e N |A 


4 
dx 22. flog(1+tanx)dx 23. 
0 


Notes 


4 3 
24. fxG +1) dx 
0 
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Жа 


CHECK YOUR PROGRESS 27.1 


35 
1 > 2:6 

42 -1 6 
3 @ р (5)2 ©з o% 


CHECK YOUR PROGRESS 27.2 


e-1 2 oy 1 3 21 
— =tan™* — = log 6 + tan! V5 
19 2 2. 3 3 97 5 g J 
2442 т т 
I - --1082 
4. 29 5. 15 6. 4 T 2 og 
ljn 
—| —-log2 
8.0 9.0 10. М: £ | 


CHECK YOUR PROGRESS 27.3 


Ж 27- 3428 A E 
l. 339. units 2. — sq. units 3. ee 


2 
4. ЖЕЗ 
с 


CHECK YOUR PROGRESS 27.4 


l 9r sq. units 2. бл sq. units 3. 20 sq. units 
16 2 . 16 : 9 : 
4. 3% sq. units 51 E sq. units 6.5 sq. units 


TERMINAL EXERCISE 


2 83253 
1. 5-а? 322273 3. cosa — cos b 
2 3 
2 
14 TO. 
4 — sinb-sina 5% un 
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Calculus |7 : зааг f 
5 1 
—— ra Et 3 
: T 12. 11085 
с 2 
— 14.1-1082 15; 3 
T 64 n? 
NERD үле E be? 
16. 15(2+0) UET Ри 
19. -тюв2 z. 21. (1+2) 
И л, 106, "M 2 
2. 21082 2 24. 78 
DOM “96 р 


MATHEMATICS 


DIFFERENTIAL EQUATIONS 


Having studied the concept of differentiation and integration, we are now faced with the question 
where do they find an application. 


Infact these are the tools which help us to determine the exact takeoff speed, КРЕ of launch, 
amount of thrust to be provided and other related technicalities in space launches. 


Notonly this but also in some problems in Physics and Bio-Sciences, we come across relations 
which involve derivatives. 


d iue ds 
One such relation could be = = 49 t? where s is distance and t is time. Therefore, d 


represents velocity (rate of change of distance) at time f. 
Equations which involve derivatives as their terms are called differential equations. In this lesson, 
Weare going to learn how to find the solutionsand applications of such equations. 


6) 
OBJECTIVES 


d studying this lesson, you will be able to : 

•` define a differential equation, its orderand degree; 

* — determine the order and degree ofa differential equation; 

*  formdifferential equation from a given situation; 5 

* — illustrate the terms "general solution" and "particular solution" ofa differential equation 
through examples; 

* solve differential equations of the following types : 


02 - f(x) (i) Ž = #80) 
2 
dy f(x) а dy | p(x)y 2 QGO (v) ФУ м) 
008 20) ME dx 


* — findthe particular solution ofa given differential equation for given conditions. 
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TT == cena 
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Differential Equations 


KNOWLEDGE ` 


2 ХЭЭ 
EXPECTED BACKGROUND 
e [Integration ofalgebraic functions, rational functions and trigonometric functions 


28.1. DIFFERENTIAL EQUATIONS 


As stated in the introduction, many important problems in Physics, Biology and Social Sciences, 
when formulated in mathematical terms, lead to equations that involve derivatives. Equations 


2 


dy d 
which involve one or more differential coefficients such as ES » 2 (or differentials) etc. and 


independent and dependent variables are called differential equations. 


For example, 


d 
@ dx REA ()--2%у-0 (i) ^ xdx- ydy = 0 


Order »It is the order of the highest derivative occurring in the differential equation. 


Degree : It is the degree of the highest order derivative in the differential equation after the 
equation is free from negative and fractional powers of the derivatives. For example, 


@ 


| 450 | MATHEMATICS 
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Example Е Find the order and degree ofthe differential equation : 


3 
212 
The term [ + (5) | has fractional index. Therefore, we first square both sides to remove 


fractional index. 


Squaring both sides, we have 


2 3 
а?у i | d y | 
purs = +| — 
dx? dx 
Hence each ofthe order of the diferential equation is 2 and the degree ofthe differential equation 
is also 2. 


28.3 LINEAR AND NON-LINEAR. DIFFERENTIAL EQUATIONS 
A differential equation in which the dependent variable andall ofits derivatives occur only in the 
first degree and are not multiplied together is called a linear differential equation. A differential 
equation which is not linear is called non-linear differential equation. Forexample, the differential 


equations 


3 
dy УЕ = 0 are linear. 
didi "AME 0 and cos dà dx y 
ayy Ly senonlinearas degree of 7 но 
The differential equation (2) 52% = log x is non-linear as degree OF gy : 


2 к 
Further the differential equation y _ 4 = x isnon-linear because the dependent variable 


а? 21 
y andiits derivative Re are multiplied together. 


ызы M ы 
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МОриЕ-У | 23.4 FORMATION OF A DIFFERENTIAL EQUATION: 
Consider the family of all straight lines passing through the origin (see Fig. 28.1). 


This family of lines can be represented by 


Calculus 


s ie > КОЙЫ (1) 
Differentiating both sides, we get 
dy _ 
ET е ЙА AAEE (2) 
From (1) and (2), we get 
ия 
УХ rx vases (3) 
dy 


So y =mx and y = x x Tepresent the same family. 


Clearly equation (3) is a differential equation. 


|Ехатріе28.2 9% the differential equation representing the family of curves. 


Ўзан Онша SE Ed» сус s (1) 
Differentiating both sides, we get 

d 

5. о -22 Q) 
Differentiating again, we get 

а2у 

227 2а таг эг)... (3) 

Ёс! Фу 

> 8575 уо оС 4) 


(The equation (1) contains two arbitrary constants. Therefore, we differentiate this equation 
two times and eliminate 'a' and'b’). 


On putting the value оҒа іп equation (2), we get 


луу 


dx dx? 
MATHEMATICS 
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Differential Equations 
dy Фу 
205 Calculus 


| pas 
E PD NT uM uum (5) 


1d? 2 
еэ Чулу ЧУ, 
2 dx dx dx? 


2.32 2 
or ys EE та 
2 а, dx dx? 
dy x? d?y 
= x— - — — 
or y E uei 
2 42 
х“ ау г Чу ёс 
or Tab iN es 


which is the required differential equation. 
Form the differential equation representing the family of curves 


y =асоѕ (x * b). 


Solution : у = асоз (x +b) КИЕ ДЗ. (1) 
Differentiating both sides, we get 
dy : 
= = -asin(x +b 242) 
in (x + b) ( 
Differentiating again, we get 
2 | 
ЧУ . асо(х-5) йн (3) 
dx? 
` From (1) and (3), we get 
| Фу. diy» d 0 
d =-у ог 2 ЛУУ 


which is the required differential equation. 

Find the differential equation ofall circles which pass throu 
whose centres are on the x-axis. 

Solution : As the centre lies on the x-axis, 
Since each circle passes through the origin, its radius is a. 
Then the equation of any circle will be 


gh the origin and 


its coordinates will be (a, 0). 


0) 


(х-ау + y? = а? 
То бла the corresponding differential equation, we 


а —a tU 


MATHEMATICS . 


differentiate equation (1) and get 


Differential Equ: 


fions 


MODULE - V dy 
Calculus wi Seo ai 
or х-ажу2-0 
Фу 
=y—+ 
or a ? di X 


Substituting the value оҒа in equation (1), we get 


2 2 
dy } 2 ( dy } 
=y- + = —+х 
(х Уз X M Уз 


2 
dy 2\2 3 dy 
ch E 2xy — 
or (>%) ENESA] у ux S Ux 
i d 
or y = х2 + ay 
which is the required differential equation. 


Remark 


ЕН... that a spherical rain drop evaporates at a rate proportional to its 
Surface area, form a differential equation involving the rate of change of the radius of the rain 
drop. 


Solution : Let r(t) denote the radius (in mm) of the rain drop after t minutes. Since the radius is 
decreasing as t increases, the rate of change of r must be negative. 


If V denotes the volume ofthe rain drop апа $ its surface area, we have 
2225 
V n. оо 20 1 
3" (1) 
and S4 оо T. ..(2 2) 
Itisalso given that 
dv cS 
dt 
dV 
ЯЛ женер 
or dt 
dV dr 
ы en MEME. v 3 
5 nr 0) 


Using (1), (2) and (3) we have 


idm? B os agua 
dt 
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t 

T alc 

which is the required differential equation. oe 


2. Write the order and degree of each of the following differential equations. 


ds ү d?s 2 
о (8) аж o xe uc: 
d dx 


X 


2 
а? d 
(с) ЭЛ-х?ах+\ї-у?ду=0о_ @ Е Zztj HATO 
3. State whether the following differential equations are linear or non-linear. 
2 
(a) (x -x)dx+(y- 2у)4у-0 (6) dx+dy=0 


(c) z =cosx (d) 2. sin? y = 0 


4. Form ће differential equation corresponding to 
(x М ay «(y-b) =r by eliminating 'a' and 'b'. 
5. (a) Form the differential equation corresponding to 
y =m ( 12522 ) 
(b) Form the differential equation corresponding to 
y? -2ay + x2 = a2, where ais an arbitrary constant. 
(c) Find the differential equation ofthe family of curves у = Ав?" + Be ?* where А 


and B are arbitrary constants. 
(d) Find the differential equation ofall straight lines passing through the point (3,2). 
(e) Find the differential equation ofall the circles w ich pass through origin and whose 
centres lie on y-axis. 


PARTICULAR SOLUTIONS 


28.5 GENERAL AND 


Finding solution of a differential equation is 


equation which gives rise to 
differentiations and elimination of constants. The equation so 


the solution of the differential equation. 


a reverse process. Here we try to find an 


the given differential equation through the process of 
found is called the primitive or 
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Solution : We are given that 
y = Q sinx + C, cos x REE GUY 
Differentiating both sides of (1), we get 
2- Су cos x - С; sin x 
Differentiating again, we get 
d?y 


dau te lh a 


d? 
Substituting the values of. 32 and y in the given differential equation, we get 


2 
+= sin + Су cos x + (Су sin x — С; cos x) 
d? 
or APty-0 


In integration, the arbitrary constants play important role. For different values of the constants 
we get the different solutions of the differential equation. 


A solution which contains as many as arbitrary constants as the order of the differential equation 
is called the General Solution or complete primitive. 


If we give the particular values to the arbitrary constants in the general solution of differential 
equation, the resulting solution is called a Particular Solution. 


Remark 


a Е 
Ехатр!е 28.7 Show that Y = CX + re (where c is a constant) is a solution of the differential 


equation. 
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dy dx © | MODULE - V 
y=x—+a— 
dx аду Calculus 
Solution : We have y = €x m 
c -40) 
Differentiating (1), we get 
dy dt vl Notes 
—=с 5 ==- 
dx dy c 
Be dy dx 
On substituting the values of a and ay in R.H.S of the differential equation, we have 
1 a 
х(с)ға|-|-сх%--у 
с с 
ES R.H.S. = L.H.S. 
a 
Hence У = сх + ы isa solution ofthe given differential equation. 
Example 28.8 В: 3x? + С is the general solution of the differential equation 
d 
2 - бх = 0, then find the particular solution when y 3, x -2. 
Solution : The general solution of the given differential equation is given as 
у=3к2 +С LO 
Now on substituting y =3, х=2 in the above equation , we get 
3:= 1246) лор С--9 
By substituting the value of C in the general solution (1), we get 
у-3х2-9 ; 
which is the required particular solution. 
28.6 TECHNIQUES OF SOLVI NG A DIFFERENTIAL EQUATION 
( 
28.6.1 When Variables are Separable 
; dy _, 
(i) Differential equation of the type gy ^ (x) 


dy 
Consider the differential equation of the type Er = f(x) 


or dy =f (x) dx 
On integrating both sides, we get 
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Differential Equations 


y- ГЕ (x)dx “с 
where с is an arbitrary constant. This is the general solution. 
the gen 


EOS. EO ааа ES 
Note = Itis n ѕѕагу to write 


solution; ^ 007 


Example 28.9 Solve 


CROLAM V 
dx 
d 
Solution : The given differential equation is ( X + 2) =x? + 4х – 5 


dy х2 +4х-5 dy x? +4х+4-4-5 


T dx x+2 dx x+2 
2 
or dy (ход or LS NN 9 
dx x42 x42 dx x42 
dy - 2 d d 
ог OS ese 15 шог... (1) 


On integrating both sides of (1), we have 


fay = (хе2--% 


where c is an arbitrary constant, is the required general solution. 


Example 28.10 Solve 


dy 


2 
Je or y=% *2x-9 log |x +2/ +e, 


— = 2х3 —х 
ах 
given that y= 1 whenx ^0 
d 
Solution : The given differential equation is m mx ex 
ЕВ dy = (2х3 -x)dx 40) 
On integrating both sides of (1), we get 
4 2 
fay = f(2x? - х) ах or усл phages Sa 
d n2. 
ЖЕУ 42 
Kes X 
ш-----%С 
ог осе С ИЛШАТ — (2) 


where C is an arbitrary constant. 
Since y= 1 when х = 0, therefore, if we substitute these values in (2) we will get 
1=0-0+C me (CS 
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Now, on putting the value of C in (2), we get ECT MODULE - V 


у= т(х®—х2)+1 or уа) Calculus 


which is the required particular solution. 


(ii) Differential equations of the type у = {(х). g(y) 


Notes 


Consider the differential equation ofthe type 


dy _ ! 
ES f (x): 50) 
Чу 
ог БООХ ШИМ dc CCP a CN NU (1) 


In equation (1), x's and y's have been separated from one another. Therefore, this equation is 
also known differential equation with variables separable. 


To solve such differential equations, we integrate both sides and add an arbitrary constant on 
one side. 


To illustrate this method, let us take few examples. 


Example 28.11 5о1уе 


(1+ х2) ау =(1+y?)dx 


Solution : The given differential equation 
(1+ х2 )ау = (1+ y? )ах 
| dy dx 


can be written as 14 y? 2 men (Here variables haye been seperated) 


On integrating both sides of (1), we get 


d d 
| = а 


1+ y 
or tan! y = tan! x +C 
where C is an arbitrary constant. 
This із the required solution. 


Example 28.12 МЗ 


(x2 -у2) ey! + у? =0 
х 


Solution : The given differential equation 
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d 
еш, 2 2-0 
Calculus («2-эк ner ky 


d 
can be written as x (I-y) +? (1+х)=0 


1- -(1 
ог ( 2) dy = 2085), 
у х 
(Variables separated) 2401) 


If we integrate both sides of (1), we get 


арығы 


where C is anarbitrary constant. 
1 1 
+o =—-—-Ююр|х|+С 
ог қ gly| = = = ех] 
ог log 2 оО 
05, 
Which is the required general solution. 


[TUTUP ЕЙ Find the particular solution of 


when y (0) —3 (i.e. hene 0,у-3). ; 
Solution : The given differential equation is 

dy 2x í 

mes 324,19 (зу? * 1)dy = 2x dx (Variables separated) 0) 
If we integrate both sides of (1); we get 

(зу? + 1) dy = [2x dx, 
where C is an arbitrary constant. 

уЗ+у=х? +С 242) 

Itisgiventhat, y (0) = 3. 
г. on substituting y =3 and x = 0 in (2), we get 
2743€ 


1) С-30 
Thus, the required particular solution is 


уЗ+у=х? +30 
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28.6.2 Homogeneous Differential Equations 


Consider the following differential equations : 


р NO dy 

4х2 Da yy Y 

(i) y dx AT 
dy x + xy? 


(i) 


(x3 + у? )dx = Зху24у = () 


"e d 
In equation (1) above, we see that each term except =. is of degree 2 


[as degree of y? is 2, degree of x? is2 and degree of xy is 1 + 1 =2] 


dx 


d 
In equation (ii) each term except D. is of degree 3. 


In equation (iii) each term except 


2, dy 


X— =x 
У хах 


+ху? 


n is of degree 3, as it can be rewritten as 


Such equations are called homogeneous equations. 


Forexample, differential equation 


(x? + 3yx )dx - (x? +x)dy =0 


same. [degree of x? is 2, that of 3yx is 2, of x? is3, and of x is 1] 


28.6.3 Solution of Homogeneous Differential Equation : 


To solve such equations, we proceed in the following manner : 
G) write one variable = v. (the other variable). 


(i.e. either y = vx orx- vy) 
(i) reduce the equation to separable form 


(ü) solve the equation as we had done earlier. 


Example 28.14 5о1уе 


(x? +3ху + у? )dx -х°йу =0 


Solution : The given differential equation is 


(x? + 3ху + y?) dx - x?dy = 0 


WES о о ооу Еш 


THEMATICS 


) dy . : 
is nota homogeneous equation as the degree ofthe function except qu each term is not the 


MODULE V 
Calculus 


Differential Equations 


dy _ x? +3ху+ y? 
анатты (1) 
It is a homogeneous equation of degree two. (Why?) 


or 


| Let y = ух. Then 


dy dv 


——=у+х— 
dx dx 
„. From (1), we have 
2 2 dv 21-3у-у2 
vox 9V 2 X +3хух + (vx) E Ех E 
xà x 
d 
or vex ЗУ ог Xe л1+3у ev! -v 
dv 3 dv dx 
х---у + 2у +1 = — 
ОТ dx x 9% vet ved x 
ШО А dx 
or ( у+1 ) я (2) 
Further on integrating both sides of (2), we get 
-1 
"inr = Іов |х|, where С is an arbitrary constant. 
On substituting the value of v, we get 
х . . 
yag + log|x|=C which is the required solution. 
28.6.4 Differential Equation 
Consider the equation 
dy 
aot РУЗ И ао оао bs noo uu 1 
aot re (1) 


where Р and Q are functions of x. This is linear equation of order one. 


To solve equation (1), we first multiply both sides of equation (1)by e [Рах 
(called integrating factor) and get 


ol Pas py of Pax = Qe! Pax 


үр | E (yea) Qed Pax 


E ЕСЕ m. py | 
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Differential Equations 


Onintegrating, we get | MODULE - V 
| Calculus 


yi? = | Bc MC 22 (3) 
where C is an arbitrary constant, 


or y= ef^] Гое с | 


Remarks 


Example 28.15 Solve 
[o ех 
d dx x 
Solution: Here p = 1,0 = &* (Note that both P an Q are functions of x) 
x 
LF. (Integrating Factor) «іе 2-6 Bene Ex (x »0) 
On multiplying both sides ofthe equation by LF., we get 


MATHEMATICS 


MODULE - V 
Calculus 


Differential Equations 


x. S sos 


di or (усх) = хе 
Integrating both sides, we have 
ух = [xe *dx +С 
where C is an arbitrary constant 
or xy = -xe * + | e “dx +C 


ху = -xe *-е*+С 


ху =-e*(x+1)+C 


sinx + ycos x = 2sin? x cos x 


Solution : The given differential equation is 


sin x У + y cosx = 2sin? x cosx 
dx 

ог 25 УСО ат cp EI 2 (1) 

dx 

Here P = cot x,Q = 2sinxcosx 

IF. = e/P& _ Янаг” elogsinx 


= sinx 
On multiplying both sides of equation (1) by LF., we get (sin x >0) 


d Р 22 
—(ysinx) = 2sin* xcosx 
эх (уз ах) 

Further on integrating both sides, we have 


ysinx = f2sin? x cos x dx + C 
where C is an arbitrary constant (sinx >0) 


узшх = sin? x dos 


or 
dx 
Example 28.17 Solve (1 +y? )— 


dy 
Solution : The given differential equation is 


EZH MATHEMATICS 


which isthe required solution. 


-tanly-x 


Differential Equations 


MODULE - V 
dy 7 Calculus 


or 


+ = 
or Фу 1ey? 1-у 4401) 


1 
Ї--ү9у 
1Е:4 el Pay 2u \1+у2 = etn 


Multiplying both sides of equation (1) by I.F., we get 
9! гі ч 
(xen dE y) 
y 
On integrating both sides, we get 


or (eta! y) = fettdt +C, 


1 
where C is an arbitrary constantand t = tan ! y and dt = Tu dy 


or бар = tet — fet +C 


or (ау e 


б йг 2 e D ет 
or (ton! y ) х = tan Му у emy} c (on putting t = tan! y) 


=! 
or x = шп Ту = 1+ Се y 


CHECK YOUR PROGRESS 28.2 


: d^y 202 
1. @ Isy-sin x a solution of TERN ? 


d 
(i) Isy = х? a solution of x ом) 20? 


dy 
5 В Я —=3х, 
2. Given beloware some solutions of the differential equation qy 


State which are particular solutions and which are general solutions. | 


unl. 5 Г: ©з A 


| MATHEMATICS 


MODULE - V 


Calculus 


10. 


Differential Equations 


2 B у-3х2а2 
@ 2y = 3x" © Gi) Y-75 
; Ў 3 2 
G) 2у=3х?+С ЕЕ. +3 
State whether the following differential equations are homogeneous or not ? 
d x 
(i) ЗО (ii) (зху + y? )dx +(x? + ху) ау =0 


А було ; 3 2 41543 4 
(ii) (r2) mx PARSE IES v) (x -yx )dy+(y +x Jax =0 
DEA YR г d?y bus d 
(а) Showthaty-asin2xisasolutionof —5 + 4y = 


j 3 
(b) Verify that у =x? +ax? +c is a solution of 23 =6 


The general solution of the differential equation 


Sy «sect x ву = шах + С. 
4х 


Find the particular solution when 


4 
Sclve the following differential equations : 


2 
а) x=Ž,y=1 (ухе 2,20 


(а) Xox tan (3) (9 Ž = sin? x cos? x + xe” 


d d ) 
(с) (iex!) ux @ = 2 + sin 3x 


d 
Find the particular solution ofthe equation ех гч = 4, given that y=3 , whenx=0 


Solve the following differential equations : 


9; :2Ydy -. эрэн dy 

(a) (x ye Ју + xy? =0 (b) mE 
d Y a 

(с) sec*xtanydx + вес? ytanxdy=0 (d) ле Y + ex 

Find the particular solution of the differential equation 

d 
кє[ 3) = 3x + 4y, giventhat y = 0 whenx =0 
Solve the following differential equations : 
d 2 
(a) (x? + у2) ах - 2xy dy = 0 (b) DENS Ty 


MATHEMATICS ; 


Differential Equations 


o dr. 


dx x 
dy 
11. Solve: — tyseex = tanx 
dx 
12. Solve the following differential equations : 


(a) (14x?) +y = tant x 


(c) хор = 2102х 
c ЇЕ y = 2ю05х,х> 1 
13. Solve the following differential equations: 


(a) (х+у+1)® 1 


(b) cos? х +у = tanx 


E зах dx dx 
(Hint: gy 7 X *Y +] or dy 7х У t whichis ofthe form gy * РХ = Q] 


d dx x 
(b) (х «2! =y,y>0 (Hd сс y DA 


Till now we were dealing with the differential equations of first order. In this section, simple 


28.7 DIFFERENTIAL EQUATIONS OF HIGHER ORDER 


differential equations of second order and third order will be discussed. 


Фу 
28.7.1 Differential Equations of the Туре m f(x) 
X 
Consider the differential equation 
d?y 
ы 


It may be noted that it is a differential equation of second order. So its general solution will 


contain two arbitrary constants. 
d? 
Now we have, p - f(x) 
d ( dy } 
шарг (х 
P 4%) rw 
Integrating both sides of (1) , we get 


dy 
= = Ñ x)dx «Сі, 
P [ї(х) 


Let fe(x)dx = Ф(х) 


MATHEMATICS 


IRRAD 


where Сү isan arbitrary constant 


i 
| 


MODULE - V 
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Differential Equations 


MODULE - V 
Calculus 


Then Э ф(х) +С m Q) 
Again on integrating both sides of (2), we get 

у= [%(х)4х +Сүх +С, 
where C, is another arbitrary constant. Е in order to find the particular solution we 
need two conditions. [See Example 28. 19] 


2 y x 
DELLE Solve — = xe 
dx? 


Solution : The given differential equation is 


Now integrating both sides of (1), we have 
E = [хе^ах +С|, 


where Cj is ап arbitrary constant 


dy 
or a xe* — [ехах +С, 
ог > кене L ол uu (2) 


Again on integrating both sides of (2), we get 

yis [(хе* -ех + Cj)dx + C5, 
where C, isanother arbitrary constant. 
or у = хех - (Е-е + Сух + С, 
ог y = xe* - 2e* + Сух + С 
which is the required general solution. 


ШОШ ЭР ЯС Find the particular solution of the differential equation 


d 
forwhich y(0) = бала Z = 0 when x = 0 


Solution : The given differential equation is 
2 
g =x? « sin3 x (1) 


EE өө 
ЕТШ MATHEMATICS 


Differential Equations 


Integrating both sides of (1), we have MODULE -V 


5 5 f(x + sin3x) ак je? Calculus 


where C, isanarbitrary constant 


or == 


3 
Х2 COSA 
or с Ды 
Further on integrating both sides of (2), we get 
8 
х” сов3х 
= || —-——+C, | dx +С), 
y | 3 3 1 | 2 
where C» isanother arbitrary constant. 
or СЖ unax GE (3) 
Now substituting у = 0, when x = 0 in (3), we have, 0 = C? 


d е 
Again substituting СУ = 0 when x = 0 in(2) we have 


dx 
1 1 
=-- С == 
0 3 +С or 173 
Putting values of Сү and C? in (3), we get 
4 
y= 2d an3x + 
12357535, 
which is the required particular solution. - 
Фу & 
28.7.2 Differential Equations of the Type ptm (x) 


Consider the differential equation 


3 


three. Its general solution will contain three arbitrary 


This is a differential equation of order Me 
constants, In order to find its particular solution we need three conditions [ see Example 28.21]. 


For solving the differential equation of order three ofthe form 


3 3 3 
5% = f(x) , integrate the equation three times. 
dx 


По = 


MATHEMATICS 


Differential Equation; 


MODULE - V 


3 
Calculus 


Ех le 28.20 Sol 254 х 
Example 28.20 Solve E 
p ТЕ 


4 


Solution : The given differential equation is 


3 
SM 
dx? 
Udemm 
or Al ын тг n (1) 
On integrating both sides of (1), we will get 
2 5 
Фу - Ёс + С, Ё 
ыо 
where Сү is ап arbitrary constat. 
d (%) х5 
кено XA | L.X 2 
% dx (dx J 5 1 @ 
Further on integrating both sides of (2), we have 
d x 
rds зо * ©*+©; 3) 


where C» is another arbitrary constant. 
On integrating both sides of (3), we have 


х! С х2 
IGO РЕ, 


where C; is also an arbitrary constant. 


7 2 
ЖЛ; Сух 
ог Y7510* 3 * CX С: 


Ехатр!е 28,211 Find the particular solution ofthe differential equation 


Фу 


erui Ci 


for which y = Lo -2, when xe 0 


42 
and 5! = 0, чһепх-1. 


Solution : The given differential equation is 


И шааж 


MATHEMATICS 


Differential Equations 


К MODULE - V 
Calculus 


On integrating both sides of (1), we get 


42 
БЕ. = һечк +С, 


where C, isan arbitrary constant. 


d? 

or E = xe" = [exe C 
ағу ЖСК 
ое. 2 
de 1 ( ) 


Again on integrating both sides of (2), we will get 


2- (хех —е* +С) ах +C, 


where C, is another arbitrary constant. 


or dY = хех - [eax -e* + Сух + C) 
dx 
ог 2 = хех - 2e* + Сүх + C5 AE) 
X 


Further on integrating both sides of (3), we have 
x 
y = xe* - e* - 2e* TE ihe ogee 
where С; is also an arbitrary constant. 


2 
or y = хех = 3e* + С 2 оо а т 77711 vum (4) 


Now we he ‚Өй <2 0 when x= 
OW we have J 5 х ЯГ 


5 


On substituting із = 0,x = 1 inequation (2), we get 
x 


0-6 -6 +G 


C =0 
Now putting a = 2. when x=0 in equation (3), we have | 


2=0- 2е0 + С1.0+ C2 
C, =4 


MATHEMATICS 


Differential Equatíons 


MODULE - V | Now putting y = 1, whenx = 0 in equation (4). we have 
Calculus 1= 0-309 +C.04+6).0+C, 
C3 -4 


Further on substituting values of Cj, C; and С; in equation (4), we will get 


у = хех - 3e* Ax +4 
which is the required solution. 


P~ 
©. CHECK YOUR PROGRESS 28.3 
Ll. Findthe particular solution ofthe differential equation 


А d 
4 = sin? x given that > = 0, when X = =. у = 0 when x = 9 
x 2 
2. Solve the differential equation 
d ! 4 42 
"ud = Х+ 50 Х giventhat y = 0, = = 15 ay = 2 when x = 0 
х X^ 
3. Solve the following differential equations : 
d? : 5 
(a) T = xsinx (b) (1-сов2х) ФУ = | + соз 2» 
dx dx* 
vy 5 ? 
с) Lue AMI T e d — 7 = COS x -sinx 
dx? ( dx? 
Solve the following initial value problems : 
d? : d 
(a) x pZ T амаа y = 1, 9 =0, whenx= 
d? 
(b) D 1+ sin x, given that x = 0, у 20 S a, 
ах“ d dx 
d?y 
(c) dx? 2, X-lwheny-3andx = -1 when y =| 
Solve the following differential equations : 
E E ae dy Фу 
@ EX хее (b) i NN + созх (c) dd = 


28.8 APPLICATIONS OF DIFFERENTIAL EQUATIONS 


Here we considerthe applications of differential equations in some of the problems of Physics, 
Economics, Biology and other related fields. 


EZH MATHEMATICS 


Differential Equations 


Mad 
28.8.1 Problems of Velocity and Aeceleration | MODULE - V 
We know that velocity 'v' and acceleration 'a' of a body at any instant are given by Calculus 


velocity — rate of change of displacement 


d 
ber. dt (s), where sis the displacement. 


And acceleration = rate of change of velocity 


stone is dropped from the top of a tower 44.1 m high. Velocity 'v' at any 
instant is given by v —9.8 t m/s (metres per second) 

If itis given that distance after one second is 4.9 m 

(i) find the distance of the stone when t= 2 seconds 

(1) ^ valueof't' when stone hits the ground. 


Solution: Weare given that v=9.8t 


d 
—(s)298t 
di (s) 
On integrating both sides, we get 
fas = [5.8 àt 
or 5-49 D. С, where C is an arbitrary constant 40) 


Itis given that з = 4.9 m when t= 1 second. Using this condition we get, 
CU 2 
Substituting the value of C in (1), we will get 


5 = 4.912 


© Putting t=2 in (2), we get 


42019 x22 or s=19.6m 


So it is clear that the distance of the stone in 2 seconds is 19.6 ш. 
G) ^ Now when stone hits the ground the distance is 44.1 m. Thus, s= 44.1 
Putting s=44.1 in (2), the following will be the outcome. 


44.1249 t? 


ЕТ Т шш 
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): 


Difterential Equations 


44.1 
Р=— ог 


us 2-9 or t=3 


or 


Hence the stone hits the ground after 3 seconds. 

28.8.2 Population Growth Problems 

Rate of growth of population is proportional to the population. For example the bacteria 
dx 

population grows at arate proportional to the population i.e. the growth rate an is proportional 


to x where x =x (t) denotes the number of bacteria present at time t. This fact can be represented 
by means ofthe differential equation 


dx 
aci kx where k is positive constant of proportionality. 


ЭСТЭЙ In a certain culture of bacteria the rate of increase is proportional to the 


number present. 


(a) Ifitis found that the number doubles in 4 hours, how may times is the number expected 
atthe end of 12 hours ? 


(b) If there are 10^ at the end of 3 hours and 4 x 104 at the end of 5 hours, how many 
were there in the beginning ? 
Solution : Let x denote the number of bacteria at time t hours. Then, 


dx 5 : 
de kx , where k is an arbitrary constant 


dx 
— - kdt 
or i (1) 


On integrating both sides, we get 
dx 
— = |kdt+1 
Із f ogC, 


where C is an arbitrary constant. 


or logx = К+ 10р С 
Note that the number x is positive. 
or log z =kt or E шен 
ог Co Cs Е. 2 (2) 
Assuming that x = xo at time t=0, we get 

хо = С 
Putting value of C іп (2) we get 

Kame | 20088211: OE Н (3) 


EZH MATHEMATICS 
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MODULE - V 


(а)  ltisgiventhat whent=4, х = 2x, substituting these in (3), we get 
EAS Calculus 
2х0 = хое ог ек2 
When t=12 
хе хре 2 ог X = Xo as y 
or х= xo (2) or х = 8х0 


Hence the growth of bacteria is 8 times the original number at the end of 12 hours. 


(b ^ Nowitis given that att=3, x 210* andatt- 5, x 24 x 10 
Substituting these values in (2), we have 


104 СЕЙ» v a ОВИ PRT ans AL И КҮК (4) 
and Ax 104 = Cem кл аад S он (5) 
From (4) and (5), we get 

4 x Cesk = сез or 4 = е 
1 

ог log 4 = 2k ог k= 27% 4 
ог k = log V4 = log 2 
Substituting value of k in equation (4), we get 

ре 77:95 10f = cele? 
or 104 = Cels8 or 104 = 8C 

10* 
or —= 

8 
Substituting values of C and k in equation (2), we get 
y 107 503 oco NE PESO OE eto n uua (6) 
cs 
Substituting t= 0 in equation (6), we will get the number of bacteria in beginning. 
4 104 x1 
х= E xel or g | 
2 
E MEZ o or x = 25x 50 = 1250 
2 


28.8.3 Newton's Law of Cooling Problems | 
tates that the rate at which the temperature T = T(t) changes ina 


N 's la i 
ewton's law of cooling s 5 the instantaneous temperature Tofthe 


cooling body is proportional to the difference 
body and the constant temperature To ofthe surrounding, 


—— ——— T 


MATHEMATICS 
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Notes 


dT 


dT 
ie. — = -k(T - Tg ), where k> 0. Negative sign indicates that if T > Ty, Ж is negative, 


dt 
that is the temperature decreases with time. 


Же ЧИ Р ША body whose temperature is initially 100°C is allowed to соо! in air, whose 
temperature remains at a constant 20°С. It is given that after 10 minutes the body has cooled to 


40°C. Find the temperature of the body after half an hour. 


Solution : Let T denote the instantaneous temperature of body and t denote the time. Then 


according to the Newton's Law of Cooling 


dT 
ns -k (T - 20), where К > 0, is a constant. 
coh dt 
Т- 20 
ат 
On integrating both sides of (1), we get iet =- [ка 


log (T — 20) = -kt + log С, where Qis ап arbitrary constant 


or Т- 20 = Се“ * 
or Т> 20+ Сем 
Now substituting (= 0, T=100 in equation (2), we get 
100 = 20 +C 
ог 26-80 
On substituting value of C in equation (2), we get 
T = 20 +-80е-м 


It is given that when t= 10, T — 40 and on substituting these in (3), we get 
40 = 20--80e-!0k ог 80е—!0К = 20 


a 1 қа 
ог con a or ek = 27 


t 
Thus T=20+80( |" 
Now after half an hour i.e. when t= 30, we have 


19 
qu 20 «s (1) 
4 


d ТОО xx 1 x 
3304 


d | s 


or Т=20+1.25 or 1:5221:252С 
| 476 | . MATHEMATICS 
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-CHECK YOUR PROGRESS 28.4 


1. ‘The population ofa certain country is known to increase at the rate of 10 % per year. 
How long does it take for the population to double ? 


2. Abody at temperature 80°F is placed at time t=0 in a medium, the temperature of which 21 
is maintained at 50°F. At the end of 5 minutes, the body has cooled to a temperature of Notes 
70°Е. When will the temperature of the body be 60°F ? 


3.  Aparticleis moving ina straight line, the velocity v (m/s) at any instant is given by v = 442. 
It is given that the distance of the particle at the end of 1 second is 2 metres. Find the 
distance of the particle at the end of 3 seconds. 


4. The number of bacteria in a yeast culture grows at a rate which is proportional to the 
number present. If the population ofa colony of yeast bacteria triples in 1 hour, how 
many may be expected at the end of 5 hours ? 


{ гхашрїс 28.25 Verify if y- етеп lx isa solution of 
Solution : We have, 


Differentiating (1) w.r.t. х, we get 


ше" sin X my 


Or М2 = my 


Squaring both sides, we get 


(1 2х4 (%) = my? 


Differentiating both sides, we get 


2 42 dy 
dy 52} ФУ = omy = 
(2) +2(1 x pare Yigg 
2 
dy 2)$Y ә 
or S ) 2 009 
d? dy 2-21 
2 pne t =0 
ог (1-х j= xj my 
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m oo : 
Hence y = езіп. X is the solution of 


(1-2) -xE my o 


ЕхатрЕ 28.26 Find the particular solution of 


Фу 
edx = x +1, giventhaty -2 whenx - 0 
Solution : We are given that 
9 а 
ed =х +1 ог on log(x +1) 
or vost gc M woes ss (1) 


Onintegrating both sides of equation (1 ), we get 
ys flog (x +1).1dx 4 C 
where C is an arbitrary constant 


x 
-хі <+1)- |—~dx+C 
: үлкен fe 
х+1=1 
or ух (к +1) | С 
ог у = xlog(x +1) - [х- 08 (х+1)]+С 
ог тс Сл ll, (2) 


Substituting y =2 and х= 0 in equation (2), we get 
2-1081-0-0 ог С-2 
Putting the value of C in equation (2), we get 
y = (x *1)log(x 41)- x 42 
which is the required solution. 


Гхашр!е 28.27 Find the equation ofthe curve represented by 
(y - yx)dx +(x + xy)dy 2 0 
and passing through the point ( 1, 1 ). 
Solution : The given differential equation is 
(y - yx) dx + (x + xy)dy Et 
or (x + xy) dy = (yx - y)dx 
or — x(1+ y) dy = y(x-1) dx 


1+ -1 
ог гэ, "rode C oU Ч, S 0) 


X 
EZE MATHEMATICS 


Differential Equations 


Integrating both sides of equation (1), we get 


(“рч 


MODULE - V 
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1 
E не» - 1-1) ақы (2) | Notes 


or logy+y=x-logx+C 
‚ Since the curve is passing through the point (1,1), therefore, 
substituting x = 1, y= 1 in equation (2), we get 
І-1ғСс 
ог 050 
Thus, the equation of the required curve is 
logy + y = х — log x 


or 1юв (ху) =х-у 
m. dy 7! Зе2х + 3e^* 
Example 28.28 Solve 35 puc 


d 
Solution : We have — 
dx 


or 


or —= 


or dy = зезхах 

Integrating both sides of (1), we get 
у = [3e%dx «c 

where C isan arbitrary constant. 


3x 


or у-3%-%С ог у етс 


Which is required solution. | | 
Find the solution ofthe following differential equation : 


dy б 23 
ai ea TX 
y. Жаз y dx 


MATHEMATICS 


7 Differential Equations 
MODULE - V. | Solution : The given differential equation is 


Calculus d р а 
y а. 3 
Soy + x20 
y 2 4у x 
o у-ау2 =х Уча? or (у тау?) =(х +ах?)Ә 
dx dx 
СуЗи dx _ Ды ВУ. ES... dx 
vid y-ay x+ax? 9r y(1-ay) х(1+ах) 
1 a i a 
-%--- |4-|---- 
or ! Ed Е 21 d) 
Integrating both sides of (1), we get 
[1+ 3 y= (те) +с 
y 1-ау X 1+ах 
where С isanarbitrary constant 
or log y - “log (1 — ay) = log x ~ Ž log (1 + ax) + log C, 
a a 
where С = log C (x,y>0,)(1-ay)>0,(1+ax)>0 
or log y - log (1 ~ ay) = log x – log (1 + ах) + log Су 
y Cix ) 
lo = lo 
"a 19 = 
ог у(1+ ах) = Cix(1- ay) 49 (2) 
Now using the condition that y =a, where x =a in equation (2), we get 
2 
a(1+a?)=Ca(1-a?) or умар 
-а 


Substituting value of C, inequation (2), we get 


у(1 +ах)(1- а?) = x (1- ay) (1+2) 


which isthe required solution. 
29 
е. CHECK YOUR PROGRESS 28.5 


x d? 
l. (a) If = tan“! x, provethat (1&3?) 7 + 2х7 = 0 


d? d 
(b) y = e* sin x prove that 7 7-23 + 2y = 0 


MATHEMATICS 


2 


Differential Equations 


Find the particular solution of the differential equation 


dy 
he 2) Жэ + 4y given that y = 0 whenx =0 


(a) Find the equation of the curve represented by 


dy 
dx ©) Х + Y + land passing through the point (2, 0) 
(b) Find the equation of the curve represented by 


gy 


т 
phe, 5e^7** and passing through the point (= , 2) 


ду  4e* уд 
Solve : 56558 

x eae 
Solve the following differential equations : 


(а) dx xdy = e^ sec? y dy 


(by (1+ x? | - 4x = 3cot! x 
г dx 


(c) (1 + y)xy dy = (1-х? )(1 - y)dx 


LET US SUM UP 

A differential equation is an equation involving independent variable, dependent саған 
and the derivatives of dependent variable (and differentials) with respect to independen 
variable. E 
The order of a differential equation is the order of the highest derivative occurring ш it. 
The degree ofa differential equation is the degree of the highest M UE after it has 
been freed from radicals and fractions as far as the derivatives He ivy 291 
A differential equation in which the dependent variable and its differential al 
occur only in the first degree and are not multiplied together is called a linear 
equation. : 

A linear differential equation is always ofthe first Ердес; 
А general solution ofa differential equation is that solution which contains as many as the 
number of arbitrary constants as the order of the differential equation. E 

^ general solution becomes a particular solution when particular values of the arbitrary 
constants are determined satisfying the given conditions. 


5 Фу s 5 : : 
j i ЕЁ tained by integrating 
The solution of the differential equation ofthe type | (x) iso 


both sides. 


dy ` med 
i i & = f(x) g (y) isobtainedafter 
The solution ofthe differential equation ofthe type I (x) 


separating the variables and integrating both sides. 
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MODULE - V 
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The differential equation M (x, y) dx +N (x , y ) dy = 0 is called homogeneous if 
M (x,y) and N(x, у) are homogeneous and are of the same degree. 


The solution ofa homogeneous differential equation is obtained by substituting y= vx or 
х-уу and then separating the variables. 


à 2. dy i 
The solution ofthe first order linear equation i Py = 0 is 


yel Peel [о ( el iis Jax +С, where С is an arbitrary constant. 


The expression еЇР® is called the integrating factor of the differential equation and is 
written as Т.Е. in short. 


d? 
The solution ofa second order differential equation 5% =f (x)isobtained simply by 


integrating ittwice with respect to x and its general solution contains two arbitrary constants, 


SUPPORTIVE WEB SITES 


hitp://www.wikipedia.org 
http://mathworld.wolfram.com 


ө 
TERMINAL EXERCISE 


1. 


Find the order and degree of the differential equation : 


2 
ау (Фү. 
@ л гэр БӨХ Jo s (b) хах+уду=0 
(Мы 3-48 ay 5cos3x (d) ЧУ = cosx. 
d d 2 
2 Фуу. ач х Фу Ч 
о ву @ 22%7-9 
: 3 
фу (8) dy Y |2 d?y 
=х——+а,1+ =e -а-- 
(с) Mae dx a d (h) БЕЗ ar) 
Find which of the following equations are linear and which are non-linear 
dy dy "you 
—= = cos x > ee 
(à) % (0) а ИВ х 


MATHEMATICS 


Differential Equations 


е ә М 
d^y 2[ dy 2 
2 Е Е. ay (d) xS aux 


(е) dx+dy=0 


3. Form the differential equation corresponding to y? - 2ay + x? = a? by eliminating a. 
4, Find the differential equation by eliminating a, b, c from 

y= ax? + bx + с. Write its order and degree. 
5. How many constants are contained in the general solution of 


(a) Second order differential equation. 
(b) Differential equation of order three. 
(c) Differential equation of order five. - 
6. Show that y = a cos (log x) + bsin (log x) isasolution of the differential equation 
24у э бу | 
—--Xx——-y-0 
dx?, oo 


7.  Solvethe following differential equations: 


" 2.- 
(a) sin? x B. = 3008544 (b) Жее + е? 


(с) dy $ cos ЖАШ] (d Фу» xydx = xdx 


dx cos y 
dx E 

4 2\0 _ > 
(е) © сунах = х созш @ (1+у 15 Eu * 

dx 

29 О асн 
(g) Z cox 0) cod 5 

Фу : 

Фу Р € 7. 2 cos 3x – sin 3x 
@) F = ех -sinx AQUI] 

Х 


8 ү dv oso. — kv, 8, 00k being constants. Find vin term of if v 0, when t =0. 
h =рС Ic. sp M 
dt 5% 


9. Solve the differential equation 


- 
d^y 


SY - 1 whenx-l. 


y ян log x , given that y 1 am di E : 
M Fair is 290 К and a substance cools from 370 K to 330 К in 
(ыс will be 295 К. 


minutes, find when the temperature 


MATHEMATICS 


MODULE - V 


Calculus 


Differential Equations 


IODULE - V 
Calculus [8] ANSWERS 


CHECK YOUR PROGRESS 28.1 
1. Otderis 1 and degree is 2. 


2. (a) Order2, degree 1 (b) Order 1, degree 2 
(c) Order 1, degree 1 (d) Order 2, degree 2 
3. (а) Non-linear (b) Linear 
(c) Linear (d) Non-linear 


Фу (ауү dy. 2. 2 dy MP 
5. (a) 28:32:43 25918) (х 5:513 xy = -x* =0 
(c) d'y dy _бу-0 (d) y -(x-3)9 +2 
dx? dx ^_^ ах 


© (x-y 2- 2xy =0 
CHECK YOUR PROGRESS 28.2 
1 @ Yes @ № 
(i), (ii) and (iv) are particular solutions (iii) is ће general solution 
w, (iv) are homogeneous 
(a) y = tanx (6) y=tanx+ 3 


wow N 


6. (a) у= ix шт (8) ех + Stan (№) ес 


(b) у = qoos x тооз? x +(x -)e* +С 
1 
) (с) y = 2 ов |х? +1[+С (d) у= 5х5 —тсоз3х +С 
7 y=—4e% +7 
merece ca x? 
8. (9 y xy (b) [у += x €7- +C 
x 
(с) tanxtany=C (d) d a ars 


ЕСІН MATHEMATICS 
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9. Зе У + 4g* =7 Calcul 
alculus 
2 2 2 
10. (a) x= C(x eo ) (D x+cy=ylog|x| 
(c) sis (Y) = igx +c (d) mcs. 
х 2x 


11. y(secx + tanx) = secx + апх-х- С 


12. (а) y-tan!x-14 Се х (6) у= іапх –1+ Сета" 


' 


(с) у = loga D 


logx 
13. (a) х = Ce? - (y +2) (b) x = y? + Су 
CHECK YOUR PROGRESS 28.3 
.lo ШШ AE (55321 21 
1. у= А2 ht $ 2 УК О. х + COS x 


SES 
3. (a) у--хвіпх-2совх ғ Cix + C (b у= €x + €? - logsinx - =x 


(с) y= x? + тоов2х + Cix + С; (d) у= –соѕх +sinx + Сух + Cy 


> | - 


d 20 
4 (а) y=x(logx-1)+2 Osean ttt 


(© у=х?+х+1 


5 
5. (a) y =o ж nT Ces (b) у= eX -sinx + Cx? +Сух + C3 


© y= Cx? + Сох + Сз 


CHECK YOUR PROGRESS 28.4 


1. t=10log2 years 2. 13.55 Minutes 


3: 122 minutes 4. 243 Times 
3 


CHECK YOUR PROGRESS 28.5 ( 
2. дезх £ 3e ^Y 2A 


cosx — 7 


1 д 
212 18) юв(у+1)= 5X **-^ (b ysinx+5e 


4. у= ех«с 
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3 2 3 54 2 
Calculus 5. (a) x=e(C+ tany) (b) y = 2logli+x 1-2 (со х) +С 


х2 у? 
(с) logx + 2log|1- у|=^----2у+С 


ots | TERMINAL EXERCISE 


1. (a) Order2, degree 3 (e) Order2, degree 1 
(b) Order 1, degree 1 : (f) Order 2, degree 1 
(c) Order 4, degree 1 (g) Order 1, degree 2 
(d) Order 1, degree 1 (h) Order 2, degree 1 


2. (а), (d), (е) аге linear; (b), (с) are non-linear 


4. us 0, Order 3, degree 1. 
5. (9 Two (b) Three (c)Five 
3 
7. (а) y+3cosecx+4cotx=C (b) Pea EI C 
қ 42 
(©) siny = Сет пх © lg(1-y)«7--C 
xml 
(e) У = 7 5X + Coos x @ x-tanly-14 Cem» 
2 
@ y MSS Ox; 
2 n 
0) МЕНЕЕ 
ы? 
@ у=е* +зшх+Сх+ C; Oys- S 083 , Сі ЕСС, 
СОВ Eke 
УМЕ (1-е) 
2 
9. _ X logx 25241 
ЖАП АХАД 
10. 40 minutes. 
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SENIOR SECONDARY COURSE 
MATHEMATICS 


Questions For Practice - Calculus 


Maximum Marks : 50 Time: 11 Hours 
RP 


Instructions : 


l. Answer all questions on a separate sheet of paper. 
2.  Givethe following information on your answer sheet : 
. Мате 
e Enrolment number 
e Subject 
. Assignment number 
E Address 


e — Get your assignment checked by the subject teacher at your study centre so that you get positive 
feedback about your performance. 


Do not send your assignment to the National Institute of Open Schooling 


3 - 

l. Evaluate: lim ийн. 0) 

x32 X- 
2, Find the derivative of sin” X w.rt. x Q) 
B: Find the slope ofthe tangent to thecurve у= x!-2xatx-2 (2) 

dx 
4. BE IESUS (2) 

Evaluate : Es ШУВТ: | 

5. Solve the following differential equation : @) 

d 

2 _ ух2) SV y? «xy 20 
(x2 уко) ау 
i 3 
6. Find the derivative of: (3) 
2 
х 
у= e - wrtx 
logx 
. . sin2x(1- cos 2x) (3) 
7, Evaluate : lim 3 
x0 x 


MATHEMATICS 


10. 


Questions For Practice-Calculus 


Check the applicablity of mean value theorem for the function 
f(x) = х -2x?- x «3 on [0, 1] 

Find the interval in which the function 
cos (2 + z) ,0<x <7 isdecreasing or increasing 


Solve the following differential equation : 


2 
ий сайн 
х 


dx 


2х2 +х+1 
peel e 


2 
Evaluate: |хУ2-х dx 
0 


Find the area common to two parabolas 
xz 4ay and y? = дах 


Show that the height ofa right circular cylinder of greatest volume that can be 
inscribed in aright circular cone is one third that of the cone. 


(3) 


(4) 


(4) 


(4) 


(6) 


(6) 


(6) 


ass | MATHEMATICS 
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29. Measures of Dispersion 
30. Random Experiments and Events 


31. Probability 


MODULE - 
Statistic: 


MEASURES OF DISPERSION 


You have learnt various measures of central tendency. Measures of central tendency help us to 
represent the entire mass of the data by a single value. 

Can the central tendency describe the data fully and adequately? 

In order to understand it, let us consider an example. 

The daily income ofthe workers in two factories are : 

Factory A 3 35 45 S019 6». 70... 90 100 

Factory B : 60 65 65 65 65 65 70 

Here we observe that in both the groups the mean ofthe data is the same, namely, 65 

G)  Ingroup A, the observations are much more scattered from the mean. 

(i) . In group В, almostall the observations are concentrated around the mean. 

Certainly, the two groups differ even though they have the same mean. 

Thus, there arises a need to differentiate between the groups. We need soine other measures 
which concern with the measure of scatteredness (or spread). 

Го do this, we study what is known as measures of dispersion. 


9) OBJECTIVES 


After studying this lesson, you will be able to : 

e explain the meaning of! dispersion through examples; 

е define various measures of dispersion — range, mean 
deviation; 

e calculate mean deviation from the mean of raw and grouped data; 

e calculate variance and standard deviation for raw and grouped data; and 


e — illustrate the properties of variance and standard deviation. 


deviation, variance and standard 


OWLEDGE 


EXPECTED BACKGROUND KN 
e  Meanof grouped data 


e — Median of ungrouped data 
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statistics н 

To explain the meaning of dispersion, let us consider an example. 

Two sections of 10 students each in class X in a certain school were given a common testin 
S Mathematics (40 maximum marks). The scores of the students are given below: 


SectionA: 6 9 11 13 15 21 23 28 29 35 


Section B: 15 16 16 17 18 19 20 21 23 25 
The average score in section A is 19. 

The average score in section B is 19. 

Let us construct a dot diagram, on the same scale for section A and section B (see Fig. 29.1) 
The position of mean is marked by an arrow in the dot diagram. 


Section A “їг. 


TTTTTTTTTTTTTTTTTTTTTTTTTTTTTTTT 


Section B 


Fig.29.1 


Clearly, the extent of spread or dispersion ofthe data is different in section A from that of B. The 
measurement of the scatter of the given data about the average is said to be a measure of 
dispersion or scatter. 


Inthis lesson, you will read about the following measures of. dispersion : 
(a) Range 

(b) Mean deviation from mean 

(c) Variance 

(d) Standard deviation 


29.2. DEFINITION OF VARIOUS M EASURES OF DISPERSION 
(a) Range : In the above cited example, we observe that 

G) the scores ofall the students in section А are ranging from 6 to 35; 

(i) the scores ofthe students in section B are ranging from 15 to 25. 

The difference between the largest and the smallest scores in section A is 29 (35-6) 

The difference between the largest and smallest scores in section В is 10(25-15). 


Thus, the difference between the largest and the smallest value ofa data, is termed as the range 
+ of the distribution. 


ЕСЕ MATHEMAT!' * 


Measures of Dispersion 


(D Mean Deviati mem th 
around the deca ы ni re 1, we note that the scores in section B cluster | MODULE - М 
take th E ‘ scores are spread away from the mean. Let isti 

е the deviation of each observation from the mean and add all such deviations. If the ps 


p. " large’, the dispersion is 'large'. If, however, the sum is 'small' the dispersion is 22 
С 
Let us find the sum of deviations from the mean, i.e., 19 for scores in section A. 22 
Observations ( x; ) Deviations from mean (х; – X) E 

6 -13 

9 -10 

1 -8 

13 -6 

15 -4 

21 +2 

23 +4 

28 +9 

29 +10 
ОЗЕ ---- 

9 0 


Here, the sum is zero. It is neither 'large' nor'small'. Is it a coincidence ? 


Let us now find the sum of deviations from the mean, i.e., 19 for scores in section B. 


15 -4 

16 -3 

16 -3 

17 -2 

18 ET 

22 0 

20 1 

21 2 

23 4 

25 6 
190 0 

Again, the sum is zero. Certainly it is nota coincidence. In fact, we have proved earlier that the 
from the mean is always zero for any set of data. Why is the ( 


sum of the deviations taken 
sum always zero ? 

On close examination, we find that the signs of som 
deviations are negative. Perhaps, this is what make 


e deviations are positive and of some other 
s their sum always zero. In both the cases, 


MATHEMATICS 
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we get sum of deviations to be zero, so, we cannot draw any conclusion from the sum of. 
deviations. But this can be avoided if we take only the absolute value of the deviations and 
then take their sum. 

If we follow this method, we will obtain a measure (descriptor) called the mean deviation from 
the mean. 


x 2 уйти т.) 
(c) Variance: In the above case, we took the absolute value of the deviations taken from 
mean to get rid of the negative sign of the deviations. Another method is to square the 
deviations. Let us, therefore, square the deviations from the mean and then take their 
sum. If we divide this sum by the number of observations (i.e., the sum of the frequen- 
cies), we obtain the average of deviations, which is called variance. Va riance is usually 
denoted by 52. 
(d) Standard Deviation : If we take the positive square root ofthe variance, we obtain the 
root mean square deviation or simply called standard deviation and is denoted by o. 


29.3 MEAN DEVIATION FROM MEAN OF RAW № 
GROUPED DATA х 


Урд -х| 


Mean Deviation from mean of raw data — 1=1 
N 


Xf lx - sl 
N 


Mean deviation from mean of grouped data = i=l 


n n 
where м = fig Уб) 


The following steps are employed to calculate the mean deviation from mean. 
Step 1 : Make a column of deviation from the mean, namely x; — x (In case of grouped data 


take x; asthe mid value ofthe class.) 


Step 2 : Take absolute value of each deviation and write in the column headed | x; – Х|. 
For calculating the mean deviation from the mean of raw data use 


n 
У»: - | 
Mean deviation of Mean T 
For grouped data proceed to step 3. 
Step 3 : Multiply each entry in Step 2 by the corresponding frequency. We obtain Е (x; - x) 
and write in the column headed f; |x; — x. 
MATHEMATICS 
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| ү MODULE - VI 
Step 4: Find the sum of the column in step 3. We obtain У [fi |х; — Х|] Statistics 
i=] 
Step 5 : Divide the sum obtained in step 4 by N. 
Now let us take few examples to explain the above steps. i) 


ТОТО PPS MFind the mean deviation from the mean of the following data : Notes 


зоа а раа атиги 
Pres 2515 [те 


Меап 15 10 
Solution : 
хі 5 х-Х |x; - | fi |x; - x| 
2 -5.7 ЭТ 114 
4 “27 3.7 14.8 
8 5 23) 1-7 8.5 
10 3 0.3 0.3 0.9 
12 2 23 2.3 4.6 
14 1 43 43 43 
16 4 6.3 6.3 252 
21 69.7 
15) “урхи гд 
Mean deviation from mean — WE NE TEES 57; 
52254331 
21 


NT PAPA Calculate the mean deviation from mean of the following distribution : 


Mean is 27 marks 

Solution : [ L L 
Marks | Class Marks xj fi Sia = |x; - x] б [х= XI 
0-10 5 5 222 22 110 
10—20 15 8 —12 5 4 
20--30 25 15 22 : 23 
30-40 35 16 8 % 
40—50 45 6 18 18 1 
Total 50 472, 


MATHEMATICS 


i? M | о o M 
Statistics Mean deviation from Mean = N 
-12 Marks = 9.44 Marks 


1.  Theages of 10 girls are given below: 


3 5 7 8 9 10 12 14 17 18 
What isthe range ? 
2. The weight of 10 students (іп Kg) of class XII are given below : 
45 49 55 43 52 40 62 47 61 58 
What is the range ? 
3. Find the mean deviation from mean of the data 
45 55 63 76 67 84 75 48 62 65 
Given mean = 64. 


Calculate the mean deviation from mean of the following distribution. 


Salary (in rupees) | 20-30 [30—40 40—50] 50—60 80—90 | 90-100 
57172" 707 Cx: SR 


Given mean - Rs. 57.2 


No. of employees 


5. Calculate the mean deviation for the following data of marks obtained by 40 students та 


test 
ERECIEIERENEEEN 


6. The data below presents the earnings of 50 workers ofa factory 


Earnings (in rupees) | 1200 
BILL NE 561 
7. The distribution of weight of 100 students is given below : 


Find mean deviation. 
Weight(inKg) |50—55 | 55—60] 60—65 65-70| 70-75| 75—80 


Calculate the mean deviation. 
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[Marks 000 |20-30]30-40] 40-50 50-60] 60-70] 70-80]80-90 | 90-100 | 
хаш Pepe Pep et анын 


Find the mean deviation for the above data. 


29.4 VARIANCE AND STANDARD DEVIATION OF RAW DATA 


If there are n observations, хү, x»...., Хүү, then 


i EV “түй 
Variance ( в? ) = (а-х) 4(хо-ХУ *— (ха х) 
n 


n 2 n 
у(х E x) Dx 
or в? = iL; where x = i=! 

n n 


The standard deviation, denoted by c , is the positive square root of 52. Thus 


The following steps are employed to calculate the variance and hence the standard deviation of 
raw data. The mean is assumed to have been calculated already. 


Step 1: Make a column of deviations from the mean, namely, x; - X. 
n 


D(x -X)- 


Step 2 (check) : Sum of deviations from mean. must be zero, i.e., e 


12 
Step3: Square each deviation and write in the column headed (х; – X)". 


Step 4: Find the sum of the column in step 3. 


j mtd 
Step 5: Divide the sum obtained in step 4 by the number of observations. We obtain 67. 


Step 6: Take the positive square root of с2. We obtain с (Standard deviation). 


The daily sale of sugar in acertain grocery shop is given below: 
Monday Tuesday Wednesday Thursday Friday Saturday 
75 kg 120 kg 12kg 50kg  70.5kg ae ji ie 
The average daily sale is 78 Kg. Calculate the variance and the standard deviation of the a 
data. 


a 27 


MATHEMATICS 


MODULE - Solution: X = 78 kg (Given) 


Measures of Dispersion 


Statistics 2 XE (xpo xy 
223 9 
Sf 75 
S 120 42 1764 
ттан ус. 12 — 66 4356 
50 —28 784 
70.5 27.5 56.25 
140.5 62.5 3906.25 
0 10875.50 
x 
К PC i 10875.50 
Thus o?zEL.— м 
n 6 
— 1812.58 (approx.) 
and o = 42.57 (approx.) 
УС РР MI The marks of 10 students of section A in a test in English are given below: 
10 12 13 15 20 21 28 29 35 
Determine the variance and the standard deviation. 
x: 
Solution : Here X = 2: = 2, 19 
ES x; -X (x, - xy 
7 -12 144 
10 -9 81 
12 -7 49 
13 -6 36 
15 -4 16 
20 +1 1 
21 +2 4 
28 +9 81 
29 +10 100 
35 +16 256 
L———————HuÓá n ood: талан I Чат ОО Р ТОТ 
0 768 
768 
2 
=—— = 76.8 
Thus o 10 , 
and с--4-У76.8 = 8.76 (approx) 


MATHEMATICS 


If x isin decimals, taking deviations from Х 
decimals and the computation becomes tedious. 


29.5 STANDARD DE 


£^ СКА ТҰТ. MODULE - VI 


х 
1. 


4 CHECK YOUR PROGRESS 29.2 Statistics 


The salary of 10 employees (in rupees) in a factory (per day) is 

50 60 63::13/0/ ЕО АЗЫ 75 1290: 95 100 

Calculate the variance and standard deviation. Notes 
The marks of 10 students of class X in a test in English are given below : 

9 10 15 1611882082555 30194132. - 1:35 

Determine the variance and the standard deviation. 


The data on relative humidity (in %) for the first ten days ога топ in a city are given 
below: 


90 97 92 95 93 95 85 83 85 75 
Calculate the variance and standard deviation forthe above data. 


Find the standard deviation for the data 


4 6 8 10 12 14 16 
Find the variance and the standard deviation for the data 
4 7 9 10 11 13 16 


Find the standard deviation for the data. 


40 40 40 60 65 65 70 70 75 75 75 80 85 90 90 100 


VIATION AND VARIANCE OF RAW DATA 
AN ALTERNATE METHOD 


and squaring each deviation involves even more 
We give below an alternative formula for com- 


puting c? . In this formula, we by pass the calculation of x. 


а, (x; =) 
а 50929) 


We know 
i=l 
n x? — 2xi + x? 
i л 
n n 
2 —` 
vil X ху, Xi 
rer Ue тек E 2 
n n 
n 
54 х? i cub У, Xi 
-іш---%2 ; n 
n 
MATHEMATICS 
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ie. One 


And o = +o? 


The steps to be employed in calculation of o? and, hence с by this method are as follows : 


Step 1: Makeacolumn of squares of observations i.e. хр. 


n 
2 
Step 2: Find the sum ofthe column in step 1. We obtain 2. zi 


n n 
Step 3: Substitute the values of рх x ‚ папа 2: Xi in the above formula. We obtain 52. 


Step 4: Take the positive sauare root of 52. We obtain с. 


e refer to Example 29.4 of this lesson and re-calculate the variance and 


Example 29.5 


standard deviation by this method. 


Solution : 

Xi xj 
7 49 
10 100 
12 144 
13 169 
15 225 
20 400 
21 441 
28 784 
29 841 
35 1225 
3 190 4378 

ху 2 

"U) 

Èg- 
seul n 
n 
4378 (190)? 
10 


10 
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10 


_ 168 
10 = 76.8 


and c = 4768 = 8.76 (approx) 


We observe that we get the same value of c? and с by either methods. 


29.6 STANDARD DEVIATION AND VARIANCE OF GROUPED| 


DATA : METHOD - 1 


We are given k classes and their corresponding frequencies. We will denote the variance and 
the standard deviation of grouped data by c? and ср respectively. The formulae are given 
below: 


K 
Р (4-4 N-Y& 
9g = N j fel 


oat 9g. «dei 
The following steps are employed to calculate өз and, hence og 
have been calculated already). 
Step 1: Make a column ofclass marks of the given classes, namely x; 


Step 2: Make a column of deviations of class marks from the mean, namely, x; — X - Of 
are no more the 


: (The mean is assumed to 


course the sum of these deviations need not be zero, since x; "s 
original observations. 


Step3: Маке a column of squares of 
514 


ead 
write in the column headed by (x; = X Ун 
Step 4: Multiply each entry in step 3 by the corresponding frequency. 


We obtain f; СЕРЕ 


р k 
шү? 
: : в (x, - ¥) | 
„Step 5: Find the sum of the column in step 4. We obtain уз! (оч 
2 | | ad 
Step 6: Divide thesum obtained in step 5 by N (total no. of frequencies). We obtain Ср. 


Step7: o, = + с2 


Example 29.6 a study to test the effectiveness ofa new V 


was performed with 50 experimental fields andthe following ге 


ariety of wheat, ал experiment 


sults were obtained : 


MATHEMATICS 


deviations obtained in step 2, i.e., (x; — X у and | 


MODULE - VI 


Statistics — 
e 
2224 \ 
Notes 


| 


| 


a 


ЭХ 


ЭЭЖ ox 


Number of Fields 


MODULE - VI Yield per Несїаг 
Statistics (in quintals) 
31-35 2 
EN 36—40 3 
хау 41-45 8 
“Хо 46-50 12 
51-55 16 4 
56-60 5 
61-65 2 
66-70 2 


The mean yield per hectare is 50 quintals. Determine the variance and the standard deviation of 
the above distribution. 


Solution : 
Yield per Hectare No. of Class (x; - X) (x; - xy fi (x; - xy 
(in quintal) Fields Marks 
31—35 2 33 -17 289 578 
36—40 3 38 -12 144 432 
41—45 8 43 -7 49 392 
46-50 12 48 -2 4 48 
51-55 16 53 +3 9 144 
56-60 5 58 +8 64 320 
61—65 2 63 +13 169 338 
66—70 2 68 +18 324 648 
ЮВЕ ин Шу өл, 648 2270 


29.7 STANDARD DEVIATION 
DATA: METHOD - II 


AND VARIANCE OF GROUPED 


If x is not given or if X is in decimals in which case the calculations become rather tedious, We 


employ the alternative formula for the calculation of SE as given below: 


| 500 ү MATHEMATICS 


Measures of Dispersion 


and uc MEE MODULE - i 
i а : Statistic: 
The following steps are employed in calculating o2 „апі, hence Ср by this method: 


Step 1: Makeacolumn ofclass marks ofthe given classes, namely, Xi 
Step2: Find the product of each class mark with the corresponding frequency. Write the 
product in the column хіб. Notes 


k 
Step 3: Sumtheentriesobtained in step 2. We obtain >, (fixi). 
1-1 


Step 4: Makeacolumn of squares ofthe class marks of the given classes, namely, x? d 
Step 5: Find the product ofeach entry in step 4 with the corresponding frequency. We obtain 


бхр. 


k 
2 
Step 6: Find the sum ofthe entries obtained in step 5. We obtain У) ( fix; Ї 
1-1 


k k 
Step 7: Substitute the values of 2: ( бх? )N and p (fixi) | in the formula and obtain | 


i=l i=l 


б 
Step 8: Og = 462 1 | 
[Exampie29.7 [Р ШЕ the variance and standard deviation for the data given in Example | 
| 
29.6 by this method. | 
Solution : == 
2 
Yields per Hectare fi х fixi Xi 
(inquintals) 
31-35 2 33 66 1089 2178 
36—40 3 38 114 1444 4332 
41-45 8 43 344 1849 14792 
46—50 12 48 576 2304 27648 
51—55 16 53 848 2809 44944 
56—60 5 58 290 3364 16820 | 
61—65 2 63 126 3969 7938 | 
66—77 2 68 136 4624 9248 |! 
Total 50 2500 127900 _ | 
ee а а А ЫРА аа i 
MATHEMATICS 
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k k 
Substituting the values of У ( fix? ), Nand Ж (fix; ) inthe formula, we obtain 


i=] i=] 


2 
(2500) 
127900 - 3777. 
иу 50 


gg m s 


50 


- 58 v 
and Og = +v58 
= 7.61 (approx.) 


Again, we observe that we get the same value of o2 ‚ by either ofthe methods. 


Ina study on effectiveness ofa medicine over a group of patients, the following results were 
obtained : 


Percentage of relief 
No. of patients 


|. 10 | 


Find the variance and standard deviation. 


Ina study on ages of mothers at the first child birth in a village, the following data were 


available : 
18—20 | 20-22 22-24. 24-26| 26—28 |28—3030—32 


Age (in years) 
at first child birth 


Find the variance and the standard deviation. 
The daily salaries®f30 workers аге given below: 


29.8 STANDARD DEVIATION. AND 
DEVIATION. METHOD 


distributions, we shall be concerned with the equal cl 


MATHEMATICS 


TP 
Now we not only take the deviation of each с] ; Rh BE: lE. 
divide each deviation by h. Let cach class mark from the arbitrary chosen 'a' but also | MODULE - VI 


щ = Xi-a 
h 
Then Xi = hu; +a 
We kriow that X=hu+a 


Subtracting (3) from (2) , we get 
Xi -X =h(u; -1) see 
In (4), squaring both sides and multiplying by f; and summing overk, we get 


X (xi - ху | = ey Ls (ui -uy] d 


i=] 
Dividing both ae of (5) by N, we get 


DIETE -xy] 


h2 
N M 


js 


k 
2 
2 І5(ш-а)| 
Le. = 2 o2 м 
where 5,2 is the variance ofthe original data and б isthe variance of the coded data or 


coded variance. 5,2 can be calculated by using the formula which involves the mean, namely, 


k k 
ЕКЕ” ХЕ 0) 
i=] 


i=] 


or by using the formula which does not involve the mean, namely, 


MU | 


ПИШЕ ЕЙ We refer to the Example 29.6 again and find the variance and standard 


deviation using the coded variance. 


x; - 48 2 2 


Yield perHectare | Number Сав WS fu; uj fu 
(in quintal) offields f, | marks x; 

31-35 2 33 SEL esr EO M 

38 29 -6 4 12 


36-40 3 
WGmnE т Д 


MODULE - Vt |2. Се сі» 


Statistics 
[шө [з | m | 5 | m — 
22205 19 | 


Calculate the variance and standard deviation using step deviation method. 


3. Calculate the variance and standard deviation using step deviation method of the follow- 
ing data: 


% 


29:9 РВОРЕВТ1Е8 OF VARIANCE AND STANDARD 
DEVIATION 1 


То verify this property letus consider the example given below. 


е marks of 10 students in a particular examination are as follows: 
10 12 15 12 l6 20 192-714 15 10 


Later, it was decided that 5 bonus marks will be awarded to each student. Compare the variance 
and standard deviation in the two cases. 


Solution : Case -І 


(а-%) f(x; - x) 
аа Т аа 


E 
E 
xh 
E 
х 
! 
х 


t2 


32 

12 2 24 2 4 8 

13 1 13 д 1 1 

15 2 30 1 1 2 

16 1 16 2 4 4 

17 1 17 3 9 9 
1 
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Variance Е Lac =] =x] 
10 

1392 


ar 100 
Standard deviation = 4../9,2 = 3 03 


Case —П (By adding 5 marks to each x; ) 


Ч 5 ің 8-%  (u-X) | f(x-X) 
15 2 30 -4 16 32 
17 2 34 mar 4 8 
18 1 18 = 1 1 
20 2 40 1 1 2 
21 1 21 2 4 4 
22 1 22 3 9 9 
25 1 25 6 36 36 
10 190 92 
х= 0% 
1 
2 


9 
1 =—=92 
Variance 10 


Standard deviation = +922 = 3.03 
Thus, we see that there is по change in variance and standard deviation of the given data if the 
onn is changa i.e., ifa constant is added to each observation. 


Example 29.11 I theabove example, ifeachobservation is multiplied by 2, then discuss the 


change in variance and standard deviation. 
Solution : In case-Lofthe above example , we have variance — 9.2, standard deviation — 3.03. 


calculate the variance and the Standard deviation when each observation is multiplied 


MODULE - VI 
Statistics 


Now, letus 
by2. о ОНА аа 
20 2 40 "s 64 128 
26 1 26 -2 4 4 
30 2 60. 2 4 8 
32 1 32 4 16 16 
34 1 34 6 36 36 
40 1 40 12 144 Ms 
10 28 | | 368 
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` Standard deviation — +/36.8 = 6.06 


Here we observe that, the variance is four times the original one and consequently the standard 
deviation is doubled. 

Ina similar way we can verify that if each observation is divided by aconstant then the variance 
of the new observations gets divided by the square of the same constant and consequently the 
standard deviation of the new observations gets divided by the same constant. 


px 


Proof: Let x-a = ў 
By definition, we have 


e - yis -ay] 
= 40 -®+х-а)] 


БӘЛЕ -X) «2(x -X)(x-2)«(x-a)'] 


1 22.2 suni sy 
= DAC я + (я-а) DG (a я) Baal y 
= 62 +0+ 42 
2. The algebraic sum of deviations from ће mean is zero 
or 82-02442- 


Clearly s? will be least when 4-016. when a = x. 


Hence the root mean square deviation is the least when deviations are measured from the mean 
i.e., the standard deviation is the least Possible root mean square deviation. i 


2 2 
2 — ШО] + 0293 +— Pn? 


2 
с m; -m 
n 4n ( | р 1 2) 


The means oftwo samples of sizes 50 and 100 respectively are 54.1 and 
50.3; the standard deviations are 8 and,7. Find the standard deviation of the sample of size 150 
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by combining the two samples, m 1 MODULE - VI 
Solution : Here we have Statistics 


nic 50, n3 = 100, m, - 54.1, m = 50.3 


= Sand o; EM 
2 2 Notes 
o2 K 16] + 0265 m 1112 ; (m, -m y 
(n; +n) (n * n2) 
50 x 64 
~ (50x 64) + (100x 49), ы 1- 50.3)? 
150 (150 y 
_ 3200 + 4900 * 26. ву 
150 
= 57.21 
' с = 7.56 (approx) 
ТИТОВ ЕЙ Find the mean deviation (M.D) from the mean and the standard deviation 
(S.D) ofthe A.P. 
а, a +d, a +2 4.......а + 2п.4 
and prove that the latter is greater than the former. 
Solution : The number of items in the A.P. is(2n+ 1) 
: X =а + nd 
Mean deviation about the mean 
1 
BED азға = (a * па) 
"буру! Т 
"ay toe d +4] 
(2п + 
[1+2 Its -1)«n]d 
"id (2441) 
2n(n+1) A _ п(п+1)4 N (1) 
“(2041)2: (2n +1) 
в? S [(а+)- )-(а+т4)] ( 
Now 2 (2а 2 


2 21512. 
Ч 24 een +1 ] 
2n + i 


ao Le ащ 


MATHEMATICS 
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Statistics x (2n * 1) 6 
_n(n+1)d? 
725272 
144 ( з) 
3 
We have further, (2) > (1) 


к (622). (а, 


or if (2n +1)? > 3n(n +1) 


orif п2+п+1> 0, which is true forn > 0 


Hence the result. 


the mean deviation from the mean. 
Solution : We are required to show that 


S.D. > M.D. from mean 


or (S.D) > (MD. from mean f 


М ху (682) = X (518) f 


fif; (dj - d; +.....20 
which is true being the sum of perfect Squares. 


2d? .n(n * 1)(2n +1) 


Measures of Dispersio 


ГлатрЕ 29.14 БД for any discrete distribution the standard deviation is not less than 


te х 6808-5722 Уй - 


то Ха УВ] меня 


n 


ES | 
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or 


| MODULE - VI 


6 У n . 
A Statistics 
(9 Г1ЕТ Us SUM UP | 


Range : The difference between the largest and the smallest value of the given data. 


n 


> (lx -x|) 


Mean deviation from mean — ісі 


Variance (в? ) pt шш [forraw data] 


Standard derivation (с) = +\|1=! 


n 
Variance for grouped data 
k 
ae 
fi(x; -X 
2 218% ІІ ады. 
97 UC о 


k 
22313 PX ат 
Also, 5,2 ш ho, and би = N 218 (v u )] 


k 


E where N = 2,fi 
Sup N i=l 


2 
Standard deviation for grouped data o, = oi 


MATHEMATICS . 
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Notes 


Measures of Dispersion 


http://www.wikipedia.org 
http://mathworld.wolfram.com 


темиз Exercise | 


13 


ын 


Find the mean deviation for the following data of marks obtained (out of 100) by 
10 students in a test 


pier Seely ee) na CY Vel ay Le ав 62 65 
The data below presents the earnings of 50 labourers ofa factory 
1300 | 14001 1500 | 1600 | 1800 
No. of Labourers 4 
Calculate mean deviation. 


The salary per day of 50 employees ofa factory is given by the following data. 


sins) [20-30 [ 30-40 | 40-30 ЕТЕТІН 
hene] 7 [6 ЕГЕН | 3 


Calculate mean deviation. 


Find the batting average and mean deviation for the following data of scores of 50 innings 
ofa cricket player: 


LIEU T. 


The marks of 10 students in test of. Mathematics are given below: 
6 10 12 13 15 20 24 28 30 32 
Find the variance and standard deviation ofthe above data. 


! No. of Innings 


The following table gives the masses in grams to the nearest gram, ofa sample of 10 eggs. 
46 51 48 62 54 56 58 60 71 75 
Calculate the standard deviation of the masses of this sample. 
MATHEMATICS 


Measures of Dispersion 


7: 
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аг 2. | 


9. Find the standard deviation of the distribution in which the values of x are 1,2,......, М. 
The frequency of each being one. 


шши. 
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A 
м) ANSWERS 


CHECK YOUR PROGRESS 29.1 
jd 15 2.22 3. 94 


IALIA 6. 136 7. 5.01 


CHECK YOUR PROGRESS 29.2 
1. Variance=311, Standard deviation = 17.63 
2. Variance = 72.9, Standard deviation = 8.5 

3. — Variance = 42.6, Standard deviation = 6.53 

4. Standard deviation = 4 

5. Variance = 13.14, Standard deviation = 3.62 
6. Standard deviation = 17.6 

CHECK YOUR PROGRESS 29.3 

1. Variance = 734.96, Standard deviation = 271 
2. — Variance = 12.16, Standard deviation = 3.49 
3. Variance = 5489 ‚ Standard deviation = 74.09 
CHECK YOUR PROGRESS 29.4 

l. . Variance = 2194, Standard deviation = 46.84 
2. Variance — 86.5 , Standard deviation = 9.3 

3. — Variance = 67.08 , Standard deviation =8.19 
TERMINAL EXERCISE 


9.4 2. 124.48 

15.44 4. 52,19.8 

Variance = 74.8, Standard deviation = 8.6 
8.8 


Variance = 5581.25,Standard deviation 274.7 
Variance — 840, Standard deviation 728.9 


М? -1 
12 


Standard deviation = 


Measures of Dispersion 


4. 15.44 


8.144 


MATHEMATICS 


RANDOM EXPERIMENTS AND EVENTS 


In day-to-day life we see that before commencement of a cricket match two captains go for a 
toss. Tossing of a coin is an activity and getting either a 'Head' or а "Тан are two possible 
outcomes. (Assuming that the coin does not stand on the edge). If we throw a die (of course fair 
die) the possible outcomes of this activity could be any one of its faces having numerals, namely 
1,2,3,4,5 and 6..... at the top face. 


Anactivity that yields a result or an outcome is called an experiment. Normally there are variety оЁ 
outcomes of an experiment and it is a matter of chance as to which one of these occurs when an 


experiment is performed. In this lesson, we propose to study various experiments and their outcomes. 


© 


After studying this lesson, you will be able to : 

e explain the meaning ofa random experiments and cite examples thereof; 

° explain the role of chance in such random experiments; 

° define a sample space corresponding to ап experiment; 

write a sample space corresponding to a given experiment; and 

differentiate between various types of events such as equally likely, mutually exclusive, 
exhaustive, independent and dependent events. 


OBJECTIVES 


EXPECTED BACKGROUND KNOWLEDGE 
e Basic concepts of probability 


30.1 RANDOM EXPERIMENT 


Letus considerthe following activities : 
() Тоѕѕасоіп and note the outcomes. There are two possible outcomes, either a head (H) 


MODULE - VI 
Statistics 


or a tail (T). . 


MATHEMATICS 
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MODULE - VI |@ 1 throwing a fair die, there are six possible outcomes, that is, any one ofthe six faces 
Statistics 


1,2,...... 6.... may come on top. 


ii) Toss two coins simultaneously and note down the possible outcomes. There are four 
possible outcomes, HH,HT,TH,TT. 


(iv) Throw two dice and there are 36 possible outcomes which are represented as below ; 


- 


E 


> N 
ол & сом ээс 


о 


оло ь ою олы оғы 
о 
ona 2 © м 


oa ь Qn” a 


i.e. outcomes are (1,1), (1,2), (1,3), (1,4), (1,5), (1,6) 
(2,1),(2,2),...., (2,6) 


(6,1), (6,2)... (6,6) 
Each of the above mentioned activities fulfil the following two conditions. 


(a) The activity can be repeated number of times under identical conditions. 

(b) Outcome of an activity is not predictable beforehand, since the chance play arole and 
each outcome has the same chance of being selection. Thus, due to the chance playing a 
role, an activity is 
(i) ^ repeated under identical conditions, and 
(i) whose outcome is not predictable beforehand is called a random experiment. 

|Example30.1 - drawing a card from well shuffled deck of cards, a random experiment ? 

Solution : 


(a)  Theexperimentcan be repeated, as the deck of cards can be shuffled every time before 
drawing a card. ^ 


(b) Any of the 52 cards can be drawn and hence the outcome is not predictable beforehand. 
Hence, this is a random experiment. 

Ж ШШ Р Selecting a chair from 100 chairs without preference is a random experiment. 
Justify. 

Solution : 

(a The experiment can be repeated under identical conditions. 


| 516 | MATHEMATICS 


Random Experiments and Events 

(b) — Astheselection ofthe chairis without preference, every chair has equal chances of selection. | MODULE - VI 
Hence, the outcome is not predictable beforehand. Thus, it isa random experiment. Statistics 

Can you think of any other activities which аге not random in nature. 

Let us consider some activities which are not random experiments. 

() ^ BirthofManish: Obviously this activity, that is, the birth of an individual is not repeatable 
and hence is not a random experiment. 

Gi) Multiplying 4 and 8 ona calculator. 


Although this activity can be repeated under identical conditions, the outcome is always 32. 
Hence, the activity is not a random experiment. 


30.2 SAMPLE SPACE 


We throw a die once, what are possible outcomes ? Clearly, a die can fall with any ofits faces at 
the top. The number on each of the faces is, therefore, a possible outcome. We write the set S of 
all possible outcomes as 

S = {1, 2, 3, 4, 5, 6} 


Again, if we toss coin, the possible outcomes for this experiment are eithera head or a tail. We 
write the set S ofall possible outcomes as 
S = (H, T). 
The set S associatéd with an experiment satisfying the following properties : 
()  eachelement of S denotes apossible outcome of the experiment. 


G) any trial results in an outcome that corresponds to one and only one element of the set S 
is called the sample space of the experiment and the elements are called sample points. 
Sample space is generally denoted by S. 


Write the sample space in two tosses of a coin. 
Solution : Let H denote a head and T denote atail in the experiment of tossing ofa coin. 


Toss ІІ Sample Point 
(нн) 


(НТ) í 


(ТН) 


Toss | 


s= { H, H), (Н, T), (T, B). (T, T) J. 


Consider an experiment ofrollinga fair die and then tossingacoin. 


Write the sample space. ! à 
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MODULE - М Solution: Inrolling a die possible outcomes are 1, 2,3, 4, 5 and 6. On tossing a coin the possible 
Statistics 


outcomes are either a head ora tail. Let Н (head) = 0 and T (tail) = 1. 
0 (10) 
Throwing a 1 жш о: 
йе 1 (1,1) 
0 (20) 
2 EE 
1 (21) 
0 (30) 
3 кезекші 
(3,1) 


1 
0 (40) 


т 
——Àm 
n ies (6,1) 
5= {(1, 0), (1, 1), (2, 0), (2, 1),(3, 0), (3, 1),(4, 0), (4, 1), (5, 0), (5, 1), 
' (6,0), (6, 1)} 
2 n())-6x2-12 


Suppose we take all the different families with exactly 3 children. The 


experiment consists in asking them the sex (or genders) of the first, second and third chid. Write 
down the sample space. 


Solution : Let us write "В for boy and 'G' for girl and construct the following tree diagram. 


First Second Third 
child child child 


Boy (BBB) 
Boy есас » 
Girl (BBG) 
< Boy (BGB) 
Girl ко 
Girl (BGG) 
Boy (GBB) 
Boy жы 
Girl (GBG) 
Girl <a Boy (GGB) 
Gin ee 
Girl (GGG) 
The sample space is 


S = {BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG} 
Theadvantage of writing the sample space in the above form isthata question such as "Wasthe 
second child a girl" ? or " How many families have first child a boy ?" and so forth can be 
answered immediately. 
| n(S)-2x2x2-8 
ААШ Consider an experiment in which one die is green and the other is red. When 
these two dice are rolled, what will be the sample space ? 
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Solution : This experiment can be displayed in the form ofa tree diagram, as shown below : MODULE - VI 
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i 
$ 


^ ы- = 


Ж 


ю 


> 


Let g; and rj denote, the number that comes up on the green die and red die respectively. Then 


an out-come can be represented by an ordered pair( 81.1) ) , where i and j can assume any of 
the values 1, 2, 3,4, 5, 6. 
Thus, a sample space $ for this experiment is the set 

$-((g.rn):1sis615js9. 


Also, notice that the multiplication principle (principle of counting) shows that the number of 
elements in S is 36, since there are 6 choices for g and 6 choices for r, and 6 x 6-36 


-. n(S) = 36 
Ехатрїс 30.7: Write the sample space for each of the following experiments : 
@  Acoinistossed three times and the result at each toss is noted. 
(i) From five players A, B, C, D and E, two players are selected for a match. 
(ii) Six seeds are sown and the number of seeds germinating is noted. 
(v) Accoinis tossed twice. Ifthe second throw results in ahead, a die is thrown, otherwise a 
coin is tossed. 
Solution : 
Ф S-( TTT, TTH, THT, HTT, HHT, HTH, THH, HHH} 
number of elements in the sample space is 2 x 2 х 2-8 


ас шш 


2-1 


MODULE -VI |@ S= (AB, AC, AD, AE, BC, BD, BE, CD, CE, 


Statistics 
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DE}. Heren(S)-10 


G) S={0,1,2,3, 4,5, 6}. Here п ($)=7 
(v) This experiment can be displayed in the form ofa tree-diagram as shown below: 


4 


A 
/у 


| 


Thus S= (HHI, HE2, HH3, HH4, HHS, HH6, HTH, HTT, TH1, TH2,TH3,TH4, 
THS, TH6, TTH, TTT} 


i.e. there are 16 outcomes of this experiment. 


30.3. DEFINIFION OF VARIOUS FERMS 


Event: Letusconsider the example of tossing a coin. In this experiment, we may te interested 
in 'getting a head’. Then the outcome ‘head’ is an event. 


seen that an experiment which, though repeated 
ue results but may result in any one of the several 
constitute the sample space. 


Some outcomes ofthe sample space satisfy a specified description, which we call an ‘event. 
We often use the capital letters A, B, C etc. to represent the events. 

Ехашрс 30.8: et E denote the experiment of tossing three coins at a time. List all possi 
outcomes and the events that 

() — thenumber of heads exceeds the number of tails. 

(Gi ^ getting two heads. 


Solution: 


3rd coin 
ыны 
istcoin н y T —» HHT 
rwr 
T —> HTT 


7 Н--»ТНН 
S SN 
о ЛҮН 
C 
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The sample space 515 
5={ННН,ННТ, НТН, НТТ,ТНН, THT, TTH, TTT) 
= 22 W4 М5, W6, W7, Wg } (say) 


If Бү 15 the event that the number of heads exceeds the number of tails, and E 2 the event getting 
two heads. Then 
шалт 
and Ез ={ w , мз, ws | 
30.3.1 Equally Likely Events 
Outcomes ofa trial are said to be equally likely if taking into consideration all the relevant 
evidences there is no reason to expect one in preference to the other. 
Examples : 
() Intossinganunbiased coin, getting head or tail are equally likely events. 
(i) —Inthrowinga fair die, all the six faces are equally likely to come. 
(ii) Іп drawing а card from a well shuffled deck of 52 cards, alí the 52 cards are equally likely 
to come. 
30.3.2 Mutually Exclusive Events 


Events are said to be mutually exclusive if the happening of any one of the them preludes the 

happening of all others, i.e., if no two or more of them can happen simultaneously in the same 

trial. 

Examples : 

G) Inthrowingadieall the 6 faces numbered 1 to 6 are mutual ly exclusive. If any one of these 
faces comes at the top, the possibility of others, in the same trial is ruled out. 

(ii) | When two coins are tossed, the event that both should come up tails and the event that 
there must be at least one head are mutually exclusive. 

Mathematically events are said to be mutually exclusive if their intersection is a null set (i.e., 

empty) 

30.3.3 Exhaustive Events 


If we have a collection of events with the property that no matter what the outcome of the 
experiment, one ofthe events in the collection must occur, then we say that the events in the 


collection are exhaustive events. 
For example, when a die is rolled, the event of getting an even number and the event of getting an 
odd number are exhaustive events. Or when two coins are tossed the event that at least опе 
head will come up and the event that at least one tail will come up are exhaustive events. 


Mathematically a collection of events is said to be exhaustive if the union of these events is the 
complete sample space. 
30.3.4 Independent and Dependent Events 


is sai i i ing of any one of the events does not affect 
A set of events is said to be independent ifthe happening o 
the happening of others. If, on the other hand, the happening of any one of the events influence 
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Statistics | Examples: 


In tossing an unbiased coin the event of getting a head in the first toss is independent of 
getting a head in the second, third and subsequent throws. 

If we draw a card from a pack of well shuffled cards and replace it before drawing the 
second card, the result of the second draw is independent of the first draw. But, however, 
if the first card drawn is not replaced then the second card is dependent on the first draw 
(in the sense that it cannot be the card drawn the first time). 


CHECK YOUR PROGRESS . 30.1 


Д 
25 
3. 
4. 
5 


Selecting a student from a school without preference is a random experiment. Justify. 
Adding two numbers on a calculator is not a random experiment. Justify. 
Write the sample space of tossing three coins at a time. 


` Write the sample space of tossing a coin and a die. 


Two dice are thrown simultaneously, and we are interested to get six on top of each of 
the die. Are the two events mutually exclusive or not ? 


Two dice are thrown simultaneously. The events A, B, C, D are as below : 
A: Getting an even number on the first die. 

B : Getting an odd number on the first die. 

C : Getting the sum of the number on the dice <7. 

D : Getting the sum of the number on the dice > 7. 

State whether the following statements are True or False. 

(i) A and B are mutually exclusive. 

(ii) A and B are mutually exclusive and exhaustive. 

(iii) A and C are mutually exclusive. 

(iv) C and D are mutually exclusive and exhaustive. 


А ball is drawn at random from a box containing 6 red balls, 4 white balls and 5 blue 
balls. There will be how many sample points, in its sample space? 


Ina single rolling with two dice, write the sample space and its elements. 


Suppose we takeall the different families with exactly 2 children. The experiment consists 
in asking them the sex of the first and second child. 


Write down the sample space. , 


LET US SUM UP 


An activity that yields a result or an outcome is called an experiment. 


Anactivity repeated number of times under identical conditions and outcome ofactivity 
isnot predictable is called Random Experiment. 


1522: | MATHEMATICS 
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Random Experiments and Events 3) 


The set of possible outcomes ofa random experiment is called sample space and elements | MODULE - М 
ofthe setare called sample points. Statistics 


нан outcomes ofthe sample space satisfy a specified description, which is called ап 
vent. 


Ee are said to be Equally likely, when we have no preference for one rather than the A 
other. е 


If happening ofan event prevents the happening of another event, then they are called 
Mutually Exclusive Events. 
The total number of possible outcomes in any trial is known as Exhaustive Events. 


A set of events is said to be Independent events, if the happening of any one of the events 
does not effect the happening of other events, otherwise they are called dependent events. 


SUPPORTIVE WEB SITES 


http://www.wikipedia. org 
hitp://mathworld.wolfram.com 


TERMINAL EXERCISE 


A tea set has four cups and saucers. If the cups are placed at random on the saucers, 
write the sample space. | 
If four coins are tossed, write the sample space. 
Ifn coins are tossed simultaneously, there will be how many sample points ? 
[Hint : try for n = 1,2, 3,4, .....] 
Inasingle throw oftwo dice, how many sample points are there ? 


MATHEMATICS 


MODULE - VI 
Statistics 


andom Experiments and Events 


A 
(М) ANSWERS 


CHECK YOUR PROGRESS 30.1 
1.  Bothpropertiesaresatistied 2. Outcome is predictable 
3. S = (HHH, HHT, HTH, HTT, THH, THT, TTH, TTT} 
4. (ні, H2, H3, H4, H5, H6, T1, T2, 13, T4, T4, T6} 5. No. 
6. (ӘТше (ii) True (i)Fale ^ (vTue | 7.15 
8 (1,1), (1,2), (1,3),(1,4), (1,5), (1,6) 
(2,1), (2,2), (2,3), (2,4), (2,5), (2,6) 
(3,1), (3,2), (3,3), (3,4), (3,5), (3,6) 
(4,1), (4,2), (4,3), (4,4), (4,5), (4,6) 
(5,1), (5,2), (5,3), (5,4), (5,5), (5,6) 
(6,1),(6,2),(6,3),(6,4).(6,5),(6,6)) 
9. (ММ, МЕ FM, FF} 
TERMINAL EXERCISE 
{CS}, C1S2, С193, С18,, C58, C282, C283, С,8,, 
Сз), C382, C383, C384, C4S1, C485, C485, С,8, } 


2: 24 = 16, ( HHHH, HHHT, HHTH, HTHH, HHTT, HTHT, HTTH, HTTT, 
THHH, THHT, THTH, THTT, TTHH, TTHT, TTTH, гит} 


2n 4. 6? = 36 
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PROBABILITY 


In our daily life, we often used phrases such as ‘It may rain today’, or India may win the match' 
or'Imay be selected for this post.' These phrases involve an element ой uncertainty. How can 
we measure this uncertainty ? A measure of this uncertainty is provided by a branch of 
Mathematics, called the theory of probability. Probability Theory is designed to measure the 
degree of uncertainty regarding the happening ofa given event. The dictionary meaning of probability 
із" likely though not certain to occur. Thus, when a coin is tossed, ahead is likely to occur but may 
not occur, Similarly, when a die is thrown, it may or may not show the number 6. 

In this lesson, we shall discuss some basic concepts of probability, addition and multiplication 
theorem of probability and applications of probability in our day to day life. 


EN 
© OBJECTIVES 


After studying this lesson, you will be able to : 

ә define probability of occurance of an event; 

° cite through examples that probability of occurance of an event is a non-negative fraction, 
not greater than one; 

e. use permutation and combinations in solving problems in probability; 

state and establish the addition theorems on probability and the conditions under which 


each holds; 
generalize the addition theorem of probability for mutually exclusive events; 


state the multiplication theorem on probability for any two events; 
~ state and prove the multiplication theorem on compound probability for independent events; 
solve problems on probability using addition and multiplication theorems; 
define conditional probability ofan event; and 
solve problems involving conditional probability. 


EXPECTED BACKGROUND KNOWLEDGE 
e — Knowledge of random experiments and events. 
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ө The meaning of sample Space. 


MODULE - VI 
Statistics |» Astandarddeckof playing cards consists of 52 cards divided into 4 suits of 13 cards 
each : spades, hearts, diamonds, clubs and cards in each suit are - ace, king, queen, 
jack, 10, 9, 8, 7,6, 5, 4, 3 and 2. Kings, Queens and Jacks are called face cards and 


SS the other cards are called number cards. 

me 

ч... 

тт 31.1 EVENTS AND THEIR PROBABILITY 


In the previous lesson, we have learnt whether an activity is a random experiment or not. The 
study of probability always refers to random experiments. Hence, from now onwards, the 
word experiment will be used forarandom experiment only. In the preceeding lesson, we have 
defined different types of events such as equally likely, mutually exclusive, exhaustive, indepen- 
dent and dependent events and cited examples of the above mentioned events, 

Here we are interested in the chance that a particular event will occur, when an experiment is 
performed. Let us consider some examples, 

What are the chances of getting a' Head' in tossing an unbiased coin ? There are only two 
equally likely outcomes, namely head and tail. In our day to day language, we say that the coin 
has chance 1 in2 of. showing up a head. In technical language, we say that the probability of 


1 
getting a head is 5. 


Similarly, in the experiment ofrolling a die, there are six equally likely outcomes 1, 2,3 4,5 or6. 
The face with number 1! (say) has chance 1 in 6 of. appearing on the top. Thus, we say that the 


1 
probability of getting 1 is e 


In the above experiment, Suppose we are interested in finding the probability of getting even 

number on the top, when a die is rolled. Clearly, the numbers possible are 2, 4 and 6 and the 

chance of getting an even number is 3 in 6. Thus, we say that the probability of getting an even 
1 


MESA 
number is gie 2 


Theabove discussion suggests the following definition of; probability. 
Ifan experiment with 7 exhaustive, mutually exclusive and equally likely outcomes, т outcomes 
are favourable to the happening of an event A, the probability 'p' of happening of A is given by 
pep Number of favourable Outcomes _m @ 
Total number of possible outcomes n uc 


Since the number of cases favourable to the non-happening of the event A are n—m, the 
probability 'q' that'A' will not happen is given by 


q25-m um 
n n 
=1-р [Using (i)] 


йы? р+9=1. 
| ES MATHEMATICS 


Probability 
Obviously, p as well as 4 ate non-negative and cannot exceed unity. 
ie, 0<р<І, 0<9<1 

Thus, the probability of occurrence ofan event lies between 0 and 1 [including 0 and 1]. 


Remarks 


Let us consider some examples 


A die is rolled once. Find the probability of getting a 5. 


Solution : There are six possible ways in which a die can fall, out ofthese only one is favourable 
to the event. 


1 
Ps mu 


ШШЕН ^ coins tossed once. Whats the probability ofthe coin coming up with head? 


Solution : The coin can come up either 'head' (Н) or a tail (T). Thus, the total possible out- 
comes are two and one is favourable to the event. 


1 
So, PUT 


БОТОСУ КК A die is rolled once. What is the probability of getting a prime number ? 


Solution : There are six possible outcomes in a single throw ofa die. Out of these; 2, 3 and 5 


are the favourable cases. 
3o 
P (Prime Number) = 6 2 


|Exampie31.4 BS die is rolled once. What is the probability ofthe number '7 coming ир? 


What isthe probability of a number 'less than 7' coming up ? i 
Solution : There are six possible outcomes ina single throw of a die and there is no face of the 


die with mark 7. 


0 
P (number 7 ) ха 
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11: 


12: 


Probability 


Au Чита A 
Out ofthe above seven possibilities, two outcomes, 
e.g., (i) and (vii), are favourable to the event 


2 
P(53 Sundays) = 7 


CHECK YOUR PROGRESS 31.1 


A die is rolled once. Find the probability of getting 3. 

A coin is tossed once. What is the probability of getting the tail ? 

What is the probability of the die coming up with a number greater than 3 ? 

Ina simultaneous toss of two coins, find the probability of getting ' at least' one tail. 
From a bag containing 15 red and 10 blue balls, a ball is drawn 'at random’. What is the 
probability of drawing (i) a red ball ? (ii) a blue ball ? 

If two dice are thrown, what is the probability that the sum is (i) 6 ? (ii) 8? (iii) 10? 
(iv) 12? 

If two dice are thrown, what is the probability that the sum of the numbers on the two 
faces is divisible by 3 or by 4? 

If two dice are thrown, what is the probability that the sum of the numbers on the two 
faces is greater than 10 ? 


What is the probability of getting a red card from a well shuffled deck of 52 cards ? 
If'a card is selected from a well shuffled deck of 52 cards, what is the probability of 
drawing р 
(i) aspade ? (ii) a king ? (iii) aking of spade ? 
A pair of dice are thrown. Find the probability of getting 
(i) asum as a prime number 
(ii) a doublet, i.e., the same number on both dice 
(iii) a multiple of 2 on one die and a multiple of 3 on the other. 
Three coins are tossed simultaneously. Find the probability of getting 
(i) no head (11) at least one head (iii) all heads 


2. CALCULATION OF PROBABILITY USING COMBINATORICS 


(PERMUTATIONS AND COMBINATIONS) 


In the preceding section, we calculated the probability of an event by listing down all the possible 
outcomes and the outcomes favourable to the event. This is possible when the number of 
outcomes is small, otherwise it becomes difficult and time consuming process. In general, we 
do not require the actual listing of the outcomes, but require only the total number of possible 
outcomes and the number of outcomes favourable to the event. In many cases, these can be 
found by applying the knowledge of permutations and combinations, which you have already 


studied. 


EN MATHEMATICS 
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Letus consider the following examples : MODULE - V! 


bag contains 3 red, 6 white and 7 blue balls. What is the probability that | Statistics 


two balls drawn are white and blue ? 
Solution : Total number of balls =3+6+ 7 =16 


Now, out of 16 balls, 2 can be drawn in 16C, ways. 
» Exhaustive number of cases = léc = mee = 120 
Out of 6 white balls, 1 ball can be drawn in бб ways and out of 7 blue balls, one can be drawn 


187 C, Ways. Since each ofthe former case is associated with each ofthe later case, therefore 


total number of favourable cases are $C, x7 C, = 6x 7 = 42. 


Ч ин 42 9 
2. Required probability = 120 20 


Remarks 


СЕ the probability of getting both red balls, when from a bag containing 5 
red and 4 black balls, two balls are drawn, 

G) ^ withreplacement. 

(i) ^ withoutreplacement. 

Solution : (i) Total number of balls in the bag in both the draws = 5 +4=9 

Hence, by fundamental principle of counting, the total number of 

possible outcomes — 9 x 9-81. 

Similarly, the number of favourable cases = 5 x 5-25. 


25 
Hence, probability (both red balls) = ЗГ” 


TTT rmm 


77” 


m Probability 
(i1) Total number of possible outcomes is equal to the number of ways of selecting 2 balls out 
of 9 Баз = 2105 : 
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Number of favourable cases is equal to the number of ways of selecting 
2 balls out of 5 red balls=5¢, . 


А 5х4 

соты 

Hence, Р (both red balls ) = ye BEL. 
Qe I 


- 
х 
N 


(Example 31.12 S cards are drawn at random from a pack of 52 cards. What is the 
probability that 3 will be red and 3 black? 


Solution : Six cards can be drawn from the pack of 52 cards іп 2С, ways. 
i.e., Total number of possible outcomes = 52с, 

3 red cards can be drawn in ?6c, ways and 

3 black cards сап be drawn in 26с, ways. 


2. Total number of favourable cases = 26с, x 26с, 


es быы ШЕК 26C, 26 C, 13000 
ence, the required prol НУК да очаг 
req pr ty 36; 39151 


Four persons are chosen at random from a group of 3 men, 2 women and 
4 children. Show that the chance that exactly two ofthem will be children is 2 s 


Solution : Total number of persons in the group —3 +2+4=9, Four persons are chosen at 
random. Iftwo of the chosen persons are children, then the remaining two can be chosen from 
5 persons (3 men + 2 women). 


Number of ways in which 2 children can be selected from 4 


1 Я =—— = 

children “с; ЫЗ 6 
Number of ways in which remaining of the two persons can be selected 
; D Бәхет 
from 5 persons TR 10 


Total number of ways in which 4 persons can be selected out of 


9 9x8x7x6 
= "C4 = ——— = 126 
9 persons cay PET 
4С, x C 
3 A 2X Co 6х10 10 
Hence, the required probability = °С 06 21 


4 
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| Example 31.14 (tas cards are drawn from a well-shuffled pack of 52 cards. Find the MODULE 
Statistics 


probability that they are a king, a queen and a jack. 


Solution : From a pack of 52 cards, 3 cards can be drawn іп 52с, ways, all being equally 
likely. 
Exhaustive number of cases = ?? c, 


A pack of cards contains 4 kings, 4 queens and 4 jacks .A king, a queen and a Jack can each 
be drawn in ^c, ways and since each way of drawing a king can be associated with each of the 


ways of drawing a queen and a jack, the total number of favourable cases = ^c; x c, x*c, 
4 Ci x4 С, x4 Ci 


Required probability — = 
с; 


_ 4х4х4, 
——52x51x 50 
1x2x3 
_ 16 
5525 


From 25 tickets, marked with the first 25 numerals, one is drawn at 


random. Find the probability that it is a multiple of 5. 


Solution : Numbers (out ofthe first 25 numerals ) which are multiples of 5 аге 5, 10, 15,20 
and 25, i.e., 5 in all. Hence, required favourable cases are = 5. 


Бул, 1 
2. Required probability = 25 716 


If the letters of the word "REGULATIONS ' be arranged at random, what 
is the probability that there will be exactly 4 letters between R and E? | 
Solution : The word 'REGULATIONS' consists of 11 letters. The two letters R and E can 
occupy Пр, ‚1е., 11х10=110 positions. 

The number of ways in which there will be exactly 4 letters between R and E are enumerated 
below: 


Risin thefirstplace апа Е inthe 6th place. 
Risin the2nd place and Ein the 7th place 


Risin the 6th place and Eis inthe 11th place. 
Since R and E can interchange their positions, the required 
number of favourable cases is 2 x 6 — 12. 


ишини а R i 
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The required probability — 110 55 


Example 31.17 MB of (2n + 1) tickets consecutively numbered starting with 1, three are 


drawn at random. Find the chance that the numbers on them are in A.P. 


Solution : Since out of (2п + 1) tickets, 3 tickets сап be drawn іп 2071 С; ways, 
Therefore, exhaustive number of cases = 2011 С; 


. (Оп +1) 20 (2п – 1) 
1х2х3 

M n(4n? -1) 
3 


To find the favourable number of cases, we are to enumerate all the cases in which the number 
on the drawn tickets are in A.P. with common difference (say, d= 1, 2, 3, 


If d= 1, possible cases are as follows : 


1:1:21::3 


2, 3, 4 Д 
„іе, (21-1) cases іп all. 


20-1 2п, 20 +1 
If d=2, the possible cases are as follows : 


13915 


2, 4, 6 
T ‚ (21-3) cases in all. 


2n-3, 2n-1,2n +1 
and so on 


If d=n - 1, the possible cases are | 
| 
1, n, 2n -1 | 

2, п+1 2n ‚ Le., 3 cases in all. 


| 
3 042,5 D E | 
Ifd = п, there is only one case, viz., 1, п+1,21+1 
Hence, total number of favourable cases 
=(2n-1)+(2n-3) tint 5434] 
=1+3+5+...+(20-1) 


which is a series in A.P. with 4=2 and n terms. 


Probability 


n MODULE - Vi 
г, Number of favourable cases = 5 [2 + (n -1)2] Statistics 
- 2 01) =n? 
: md teal n? 3n E 
Hence, required probability — - Notes 
n(4n?~1) 402-1 
3 


CHECK YOUR PROGRESS 31.2 


1.  Abagcontains3 red, 6 white and 7 blue balls. What is the probability that two balls 
drawn at random are both white? 


2.  Abag contains 5 red and 8 blue balls. What is the probability that two bails drawn are 
red and blue ? 


3. A bagcontains 20 white and 30 black balls. Find the probability of getting 2 white balls, 
when two balls are drawn at random 


(a) withreplacement (b) without replacement 


4. Three cards are drawn from a well-shuffled pack of 52 cards. Find the probability that all 
the three cards are jacks. 


5. Two cards are drawn from a well-shuffled pack of 52 cards. Show that the chances of 


: d 
drawing both aces is 2217 


6.  Inagroup of 10 outstanding students in a school, there are 6 boys and 4 girls. Three 
students are to be selected out of these at random for a debate competition. Find the 


probability that 

(i) oneis boy and two are girls. 
(ii) all are boys. 

(iii) all are girls. 


7. . Qutof21 tickets marked with numbers from 1 to 21, three are drawn at random. Find 
the probability that the numbers on them are in A.P. 


8.  Twocardsare drawn at random from 8 cards numbered 1 to 8. What is the probability 
that the sum of the numbers is odd, if the cards are drawn together ? 


9. A team of 5 players is to be selected from a group of 6 boys and 8 girls. If the selection 
is made randomly, find the probability that there are 2 boys and 3 girls in the team. 


10. Aninteger is chosen at random from the first 200 positive integers.Find the probability 
that the integer is divisible by 6 or 8. 
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Let us consider the example of throwing a fair die. The sample space of this experiment is 
5—1, 2.3.450" 


If A be the event of getting an even number, then the sample points 2, 4 and 6 are favourable to 
the event A. 


The remaining sample points 1, 3 and 5 are not favourable tothe event A. Therefore, these will 
occur when the event A will not occur. 


Inan experiment, the outcomes which are not favourable to the event A are called complement 
of A and defined as follows : 


' The outcomes favourable to the complement ofan event A consists ofall those outcomes which are 
not favourable to the event A, and are denoted by то! A or by д. 
31.3.1 Event 'A or B' 


Let us consider the example of throwing a die. A is an event of. getting a multiple of2 and B be 
another event of getting a multiple of 3. 


The outcomes 2, 4 and 6 are favourable to the event A and the outcomes 3 and 6 are favourable 
to theevent B. 


Fig. 31.1 
The happening of event A or B is 


AUB={ 2, 3, 4, 6} 


Again, if A be the event of getting an even number and Bis another event of. getting an odd 
number, then 


A={ 2,4,6 }, B T3250 


5 А B 


Fig.31.2 
AUB={1, 2, 3, 45,6) ; 
Here, it may be observed that if A and B are two events, then the event'AorB'(A U B) will 


consist ofthe outcomes which are either favourable to the event A or to the event B orto both 
the events. 


Thus, the event'A or В" occurs, ifeither A or B or both occur. 
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31.3.2. Event "A and B' NEM 
Recall the example of throwing a die in which A is the event of getting a multiple of 2 and B is the 
event of getting a multiple of 3. The outcomes favourable to A are 2, 4, 6 and the outcomes 
favourable to B are 3 , 6. 


Statistics 


— AnB 


Fig. 31.3 
Here, we observe that the outcome 6 is favourable to both the events A arid B. 
Draw a card ‘rom a well shuffled deck of 52 cards. A and B are two events defined as 
А : ared card i 
p:aking 
We know that there are 26 red cards and 4 kings in a deck of cards. Out of these 4 kings, two 
are red. 


геа cards ! red kings 


Fig. 31.4 
Here, we see that the two red kings are favourable to both the events. 


Hence, the event ' A and В consists of all those outcomes which are favourable to both the 
events A and B. That is, the event 'A and B' occurs, when both the events A and B occur 


simultaneously. Symbolically, itis denoted as АПВ. 


31.4 ADDITIVE LAW OF PROBABILITY 
Let A be the event of getting an odd number and B be the event of getting a prime number in a 
single throw ofa die. What will be the probability that itis either an odd number or a prime 
number ? | 
In a single throw ofa die, the sample space would be 

S={1,2,3,4,5,6} 
The outcomes favourable to the events A and B are 

A={1,3,5} 


MATHEMATICS | 5378] 
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Fig.31.5 
The outcomes favourable to the event 'A or B' are 
AUB = (1,2, 3, 5 }. 
Thus, the probability of getting eitheran odd number ora prime number will be 
P(A or B)= 2-2 
To discover an alternate method, we can proceed as follows : 
The outcomes favourable to the event A are 1, 3 and 5. 


P(A)- 2 


3 
Similarly, Р (B)- Е 
The outcomes favourable to the event'A and B'are 3 and 5. 


P (A and тол 


=P(AorB) 


Thus, we state the following law, called additive tule, which provides atechnique for finding the 
probability of the union of two events, when they are not disjoint. 


For any two events A and B ofa sample space S, 
P(AorB)-P(A)*P(B)- P(AandB) 

or P(AUB)--P (A) FPB) P (АПУ? HOW aE To woki t (ii) 

RSL Cosa МЯА card is drawn from a well-shuffled deck of 52 cards. What is the prob 

ability that it is either a spade or a king ? | 

Solution : Ifa card is drawn at random from a well-shuffled deck of; cards, the likelyhood of 

any of the 52 cards being drawn is the same. Obviously, the sample space consists of 52 

sample points. 
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If A and B denote the events of drawing a 'spade card' and а 'king' respectively, then the event 
A consists of 13 sample points, whereas the event B consists of 4 sample points. Therefore, 


P(A)=— Т Р(В)-5 


The compound event ( А f B) consists of only one sample point, viz.; king of spade. So, 


Р(АПВ)-2 


Hence, the probability that the card drawn is either a spade or a king is given by 


Р( AUB )=P(A)+P(B)-P( ANB) 


ONCE 
БУЛЖ 524052 
16.4 
РЗ 


In an experiment with throwing 2 fair dice, consider the events 


A: The sum of numbers on the faces is 8 
B : Doubles are thrown. 
What is the probability of getting A or B ? 


Soluüon : In a throw oftwo dice, the sample space consists of 6 x 6 = 36 sample points. 
The favourable outcomes to the event A ( the sum ofthe numbers on the faces is 8 ) are 


А-((2,6),(3,5),(%4),(5,3),(6,2)) 


The favourable outcomes to the event B (Double means both dice have the same number) аге 


-4(1,1),(2,2),(3,5),(4,4),(5,5),(6,6)) 
АПВ-((4,4)). 


Now Р(А)- 2. P(B)==, РАВ 


Thus, the ахас! of AorBis 


6 1 

P(AUB)- x MCA 
210 25. 
36 18 


1.5 ADDITIVE LAW OF PROBABILITY FOR 
MUTUALLY EXCLUSIVE EVENTS 


3 


in common. That is, for mutually exclusive events, 
P (A and B) =0 


MATHEMATICS 


We know that the events A and B are mutually exclusive, if and d ifthey have no outcomes 


cer Probability 

Substituting this value in the additive law of probability, we get the following law: 
PCA Or B) PCa ТРЕ ТТР Машан EE loaer (iii) 

Ехатріе 31.20 In a single throw of two dice, find the probability ofa total of 9 or 11. 
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Solution : Clearly, the events - a total of 9 and a total of 11 are mutually exclusive. 


4 
Now P (a total of 9)- PIG, б), (4, 5), (5, 4), (6, D] = == 
2 
P(atotalof 11 )=Р [ (5, б), (6, 5)] = 36 
4 2 
Thus, P(e total of ord Dye ат к 
al 
276 


The probabilities that a student will receive an A,B,C or D grade are 0.30, 


0.35, 0.20 and 0.15 respectively. Whatis the probability that a student will receive at least a В 
grade ? ў 
Solution : The event at least a 'B' grade means that the student gets either a B grade oran A 
grade. 

P (at least B grade ) — P ( B grade) + P ( A grade ) 


70.35 + 0.30 
= 0.65 у 
[Example3122 ез thatthe probability ofthe non-occurrence ofanevent A is 1 — P(A). 
ie., P(notA)-1 -P(A) ог, P(A) =1-P(A). 


Solution : We know that the probability of the sample space S in any experiment is 1. 


Now, it is clear that if in an experiment an event A occurs, then the event (д ) cannot occur 
simultaneously, i.e., the two events are mutually exclusive. 


Also, the sample points of the two mutually exclusive events together constitute the sample 
space S. That is, 


AUA-S 
Thus, Р(АЦА) = Р($) 
=> P(A) + P(A) 21(. Aad A are mutually exclusive and S is sample space) 
= P(A) =1~- P(A), 
which proves the result. 
This is called the law of complementation. 


Law of complimentation : P(A) -1- P(A) 


EN MATHEMATICS 


WA © ы Ч 
Find the probability ofthe event getting at least 1 tail, if four coins are tossed 
once. 
Solution : In tossing of 4 coins once, the sample space has 16 samples points. 
P (at least one tail )=P ( lor 2 or3 or 4 tails ) 

-1-Р(01ай) (Bylaw of complimentation) 
-1-Р(НННН) 

The outcome favourable to the event four heads is 1. 


1 
Р(НИНИ)<%- 


Substituting this value іп the above equation, 
we get 


P(atleastonetail) 2 1- — = = 


In many instances, the probability of an event may be expressed as odds - either odds in favour 
of an event or odds against an event. { 


If Aisanevent: 


P(A) x 
The odds in favour of A= Р(А) or P (A) to P (A), 


where P (A) is the probability ofthe event A and P ( A) isthe probability of the event "ot A’, 
Similarly, the odds against A are 

Кы ры, (A) to P (A), 

P(A) 
Ехатре 31.24 The probability of the event that it will rain is 0.3. Find the odds in favour of 


rain and odds against rain. 

Solution : Let A be the event that it will rain. 
i РСА) 

By law of complementation, 


P (А)=1-.3= 7. 


0.3 
Now, ће odds in favour of rain are 07 or3 to 7 (or3 : 7). 


The odds against rain are 


2 or 7 to 3. 
0.3 


When either the odds in favour of A or the odds against A are given, we can obtain the probability 
of that event by using the following formulae 


MODULE - VI 
Statistics 


2 


Notes 
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Probability 


MODULE - МІ | Ifthe odds in favour of A are ato b, then 
Statistics 
t РА) 
а+ b: 
Ifthe odds against A are ato b, then 


b 
Р (A ) = — 
Notes (A) а+ь` 


This can be proved very easily. 
Suppose the odds in favour of A are ato b. Then, by the definition of odds, 


23 
P(A) b' 
From the law of complimentation, 
P(A) =1-Р (A) 


P(A) а 
Therefore, 1-Р(А) b ог b P (А)=а-а P (A) 
PAHs 
or (a+b)P(A)=a or m. 
Similarly, we can prove that 
b 
Р(А) == 
(4) a+b 


when the odds against A are b to a. 


Determine the probability of A for the given odds 
(a)3tolinfavourofA (b)7to 5 against A. 


3 3 5 5 
юв:(4) Р (А)------ Р(А)- == 
Solution: (а) P (A) een A (b) (A) 745712 
| Example 31.26 [RES dice are thrown, what is the probability that the sum is 
(a) greater than 8 ? (b) neither 7 nor 11 ? 


Solution : (a) If S denotes the sum on two dice, then we want P(S > 8). The required event 
can happen in the following mutually exclusive ways : 

(і)58-9 (ii) S- 10, (iii) S- 11, and (iv) S7 12. 
Hence, by addition probability theorem for mutually exclusive events, we get 

P(S > 8) = P (S = 9) + P (S = 10) +P (S =11) + P (S = 12) ss) 


Ina throw of two dice, the sample space contains 6 x 6 =36 points. The number of favourable 
cases can be enumerated as shown below : 


5-9: (3,6), (4,5), (5,4), (6,3), i.e., 4 sample points. 


5 |512 | , MATHEMATICS 


Probability 


(4,6), (5,5), (6,4), , i.e., 3 sample points. 


3 
Р(8-10)- ==. 
8-11: (5,6), (6,5), i.e., 2 sample points. 
РР 
36 
$=12 (6,6), - i.e., 1 sample point. 
1 
P(S=12 "26. 


Substituting these values in equation (1), we get 
3: 2501. 10 52) 


рога нЗ 0 а T 
36 36 36 36 36. 18 


(b) Let A and B denote the events of getting the sum 7 and 11 respectively on a pair of dice. 
$=7: (1,6), (2,5), (3,4), (4,3) (5,2), (6, 1), i.e., 6 sample points. 
P(S-7)- T or P(A)= б 
36 36 
$=1: (5,6), (6, 5), i.e., 2 sample points. 
2 2 
POSU) or P (B) = =. 


Since A and B are disjoint events, therefore 
P (either A or B) = P(A) + P (B) 


6 2 
=—+— 

36 36 
ied. 

36 


Hence, by law of complementation, 
Р (neither 7 nor 11) - 1 —P (either 7 or 11) 
8 


-1--- 


36 


[Example 31.27 149 the following probability assignments consistent ? Justify your answer. 


<= ЖШ 


MATHEMATICS 
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1 


Notes 


Probability 


(a) P(A) = P (B) = 06, P(Aand B) = 0.05 
(b) Р(А)=0.5, Р(В)-04, Р (Aand B)=0.1 
(c) Р(А)-02, P(B)= 07, P(A and В)=0.4 
Solution : (a) P(A orB)=P(A)+P(B) - P(AandB) 

= 0.6+ 0.6 — 0.05 

= 1.5 
Since P (A or B) 1 is not possible, hence the given probabilities are not consistent. 
(b) P(AorB)- P(A)*P(B)-P(AandB) 

= 0.5 + 0.4 —0.1 

= 0.8 
which is less than 1. 


Asthe number of outcomes favourable to event'A and B' should always be less than or equal 
to those favourable to the event А, 


Therefore, P(A and B) < P (A) 
andsimilarly = P(A and B) < P (B) 


In this case, P (А and B) — 0.1, which is less than both P (A) — 0.5 and P (В)= 0.4. Hence, the 
assigned probabilities are consistent. 


(c) Tn this case, P ( A and B) = 0.4, which is more than P (A )= 0.2. 
Гг P(A and B) < P (A)] 
Hence, the assigned probabilities are not consistent. 


[Ехатрїез1.28 № urn contains 8 white balls and 2 green balls. A sample of three balls is 


selected at random. What is the probability that the sample contains at least one green ball ? 
Solution : Urn contains 8 white balls and 2 green balls. 

2. Total number of balls in the urn = 10 

Three balls can be drawn in !0C5 ways = 120 ways. 

Let A be the event " at least one green ball is selected". 


Let us determine the number of different outcomes in A. These outcomes contain either one 
green ball ortwo green balls. 


There аге 2С1 waysto selecta green ball from 2 green balls and for this remaining two white 
balls can be selected in #С2 ways. 
Hence, the number of outcomes favourable to one green ball 
eise 6 
-2 x 28-56 
Similarly, the number of outcomes Я totwo green balls 
= 20) x C, =1х8 =8 


EN MATHEMATICS 
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Hence, the probability of at least one green ball is 

P (at least one green ball ) 

= P (one green ball) + P (two green balls) 
56 8 

=—— +— 
120. 120 

E CR 

120° 15 


Ехатріс 31.29: Two balls are drawn at random with replacement from a bag containing 5 
blue and 10 red balls. Find the probability that both the balls are either blue or red. 


Solution : Let the event A consists of getting both blue balls and the event B is getting both red 
balls. Evidently A and B are mutually exclusive events. 


By fundamental principle of counting, the number of outcomes favourableto A = 5x 5 = 25. 
Similarly, the number of outcomes favourable to B= 10 x 10 — 100. 


Total number of possible outcomes = 15 x 15 = 225. 
100 
225 


Since the events A and B are mutually exclusive, therefore 
P(AorB)-P(A) +P (B) 


25 1 4 
Р(А)= 55575 and P(B)= = 9: 


1 
= + 
9 


орь 


хо | са 


5 
Thus, P ( both blue or both red balls )= 9 


| Acard is drawn from a well-shuffled pack of cards. Find the probability that itis a queen 
ora card of heart. 

2. шаш throw of two dice, find the probability of a total of 7 or 12. 

3. The oddsin favour of winning of Indian cricket team in 2010 world cup are 9 to 7. What 
is the probability that Indian team wins? Jos ӨМ 

| The odds against the team A winning ће league match are 5 to 7. Whatis the probability 
that the team A wins the league match. 

i^ Two dice are thrown. Getting two numbers whose sum is divisible by 4 or 5 is consid- 
ereda success. Find the probability of success. 
Two cards are drawn at random from awell-shufiled deck of 52 cards with replacement. 
What is the probability that both the cards are either black or red ? З 


ТАТНЕМАТ1С5 
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31.6 SOME RESULTS ON PROBABILITY OF EVENTS 


Result 1 : Probability of impossible event is zero. 


А card is drawn at random from a well-shuffled deck of 52 cards. Find the probability 
that the card is an ace or a black card. 


Two dice are thrown once. Find the probability of getting a multiple of 3 on the first die 
oratotal of 8. 


(a) Inasingle throw of two dice, find the probability ofa total of 5 or 7. 


(b) AandBaretwo mutually exclusive events such that P (A )=0.3 and P ( B) - 0.4. 
Calculate P ( A or B ). 


A box contains 12 light bulbs of which 5 are defective. All the bulbs look alike and have 
equal probability of being chosen. Three bulbs are picked up at random. What is the 
probability that at least 2 are defective ? 


Two dice are rolled once. Find the probability 
(a) that the numbers on the two dice are different, 
(b) that the total is at least 3. 


A couple have three children. What is the probability that among the children, there will 
be at least one boy or at least one girl ? 


Find the odds in favour and against each event for the given probability 
(à .Р(А)-.7 (b Р(А)- : 

Determine the probability of A for the given odds 

(а) 7to2infavourofA (b) 10 to 7 against A. 

Iftwo dice are thrown, what is the probability that the sum is 

(a) greater than 4 and less than 9 ? 

(b) neither 5 nor 8 ? 

Which ofthe following probability assignments are inconsistent ? Give reasons. 

(a) P(A)=0.5 , Р(В)=0.3, P(AandB)-04 

(b) Р(А)-Р(В)-04, P(A and B)=0.2 

(c) Р(А)=0.85, Р(В)-058, P (A and B) = 0.61 


Two balls are drawn at random from a bag containing 5 white and 10 green balls. Find 
the probability that the sample contains at least one white ball. à 


` Two cards are drawn at random from а well-shuffled deck of 52 cards with replacement. 


What is the probability that both cards are ofthe same suit ? 


Solution : Impossible event contains no sample points. Therefore, the certain event S and the 
impossible event ф are mutually exclusive. 


.|Henee SU$ sS 


Р (SU$) =P (S) 
MATHEMATICS 


Probability 
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or Р (S)+P (9) =P (5) 
= P (0)-0. 
Result 2 : Probability ofthe complementary event A of A is given by 


P(A) =1-Р(А) 


Solution: Aand A are disjoint events. Also, 
AUA=S > P(AUA) =P ($) 
Using additive laws (ii) and (iii) , we get 
P(A)+P(A)=1 =  P(A)-I-P(A) 
Result 3 : Prove that 0 < P(A) < 1, for any A in S. 
Solution : We know that 
Acs ә  P(A)SP(S) 
> P(A) <1. [Using additive law] 
Weknowthat P(A) 2 0. 
Hence, 0 < P(A) S1. 
Result 4 : If A and B are any two events, then 
P(AUB)- P (A) * (B) -P (ANB). 


Solution : 


AnB 
Fig. 31.6 

From the above figure, we can write 

AUB=AU(ANB) 
= Р (AUB) = P[AU(ANB)]. 4.1) 
Since the events А and (А N B) are disjoint, therefore law (iii) gives 

P[AU(AnB)]- P) +Р(АПВ) 
Substituting this value in (1) , we get 

P(A UB) = P(A) +P (АПВ) 


о P(AUB)=P(A)+[P (ANB)+PANB)-PANB) ^; 7 Q) 
MATHEMATICS 


Probability 
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From Fig. 31.6, we see that 
(ANB) U(ANB)=B 
Р(АПВ) Ц (АПВ) =P (B). 
Further, the events (A (| B)and (А ПВ) are disjoint, so from additive law, we get 


P (АПВ) +P (ANB) =P (B) 
Substituting this value in (2), we get 

P(A UB) = P(A) + P (B)- P (A N B 
Result 5 : If A and B are mutually exclusive events, then 

P(A UB) = P (A) + P (B) 


Solution : From additive law, we have 


P(AUB)=P(A)+P(B)-P(ANB)» .... (1) 
Since A and B are mutually exclusive events, 
Therefore АПВ-ф 
= Р(АПВ)-Р(0)- 0 


Substituting this value in equation (1), we get 
P(A UB) = P(A) + P(B), 


which is additive law for mutually exclusive events. 


{ LAW OF PROBABILITY FOR 


Let us recall the definition of independent events. 


Two events A and B are said to be independent, if the occurrence or non-occurrence of onc 
does not affect the probability of the occurrence (and hence non-occurrence) of the other. 


Can you think of some examples of independent events ? 


The event of getting 'H' on first coin and the event of getting 'T on the second coin ina simultaneous 
toss of two coins are independent events. 


; What about the event of getting 'H' on the first toss and event of getting "Г on the second toss 
in two successive tosses ofa coin ? They are also independent events. 


Let us consider the event of ‘drawing an ace' and the event of drawing a king' in two successive 
draws of a card from a well-shuffled deck of cards without replacement. 

Are these independent events ? 

No, these are not independent events, because we draw ait ace in the first draw with probability 


4 
52° Now, we do not replace the card and draw а king from the remaining 51 cards and this 


affect the probability of getting a king in the second draw, i.e., the probability of getting a king in 


ЕТЕ MATHEMATICS 


Probability 


the second draw without replacement will be сха 


P (A and В) = P(A) . P (B) 


or 


F(ATIBIA FOU. PB) 


independent events, i.e., 
oe 


Ss ses 

225 354 

derunt ifthe probabili ofthe vent ‘A’ and "Bis equal to the product of "n { 
S of the events A а vut Син events A and B а ire independent, | 


A die is tossed twice. Find the probability of anumber greater than 4 
each throw. 

Solution : Let us denote by A, the event ‘2 number greater than 4' on first throw. В be the event 
'a number greater than 4' in the second throw. Clearly A and B are independent events. 

In the first throw, there are two outcomes, namely, 5 and 6 favourable to the event A. 


3 
P(A) === 
6 


„өө 


Зишийу РВ) =5 
Hence, P(A and В) = Р (A). P (В) 


Arun and Tarun appear for an interview for two vacancies. The probability 
1 ые p: 
of Arun's selection is 3 and that of Tarun's selection is 5. Find the probability that 


(a)  bothofthem will be selected. 
(b) noneofthemis selected. 

(c) atleast one of them is selected. 
(d) onlyone ofthem is selected. 


Solution : Probability of Arun's selection = P (A) = > 


MATHEMATICS 
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: E Probability 
MODULE - VI 1 
Statistics Probability of Tarun's selection = P (T) = H 
P (both of them will be selected ) = P (A) P (T) 


- P(A)P(T) 


(c) P (atleast one of them is selected ) 
= 1— P (None of them is selected ) 


=1-P(A)P(T) 


(d) P (only one of of them is selected ) 
= P(A)P(T)+P(A) РТ) 


ТЭД 
=—х—+—х=— 

Shale езШ 
226.22 

15 5 


ШІЛЕРІ 4 problem in statistics is given to three students, whose chances of solving it 
IFS 1 1 

аге z3 апа respectively. What is the probability that problem will be solved ? 

Solution : Let ру, ро and ру be the probabilities of three persons of solving the problem. 

1 m dw 

2 P2 3 and Рз 4 

The problem will be solved, ifat least one ofthem solves the problem. 


|550 | MATHEMATICS 


Here, р = 


P (atleast one ofthem solves the problem ) 
= ] — P (None of them solves the problem) | en (1) 
Now, the probability that none of them solves the problem will be 

P (none of them solves the problem) = (1— p; )(1- p2 )(1- p3) 

аа М)! 


=—х—х— = — 


ОЗ АА 
Putting this value in (1), we get 


1 
P (at least one of them solves the problem) -1- 5 
2 
4 


3 
Hence, the probability that the problem will be solved is 4* 


10801111 31.33 Two balls are drawn at random with replacement from a box containing 15 


red and 10 white balls. Calculate the probability that 
(a) both balls are red. 

(b) first ball is red and the second is white. 

(c)  oneofthemis white and the other is red. 


Solution : 
(a) Let A be the event that first drawn ball is red and B be the event that the second ball drawn 
is red. Thenas the balls drawn are with replacement, 


15253 B 
Р: СА)225:3:--252Р (В) == 
therefore (A) 2275 (В) 5 
As A and B are independent events | 
therefore P ( both red ) - P ( Aand B) 
= P(A) x P (B) 
BS eae) 
=—х—=— 
5119510 225 
(b) Let A : First ball drawn is red. 
B : Second ball drawn is white. 
P(A and B) = P (A) x P (B) : 
Зоб 
х==—. 
5415-9 23 


(c) If WR denotes the event of getting a white ball in the first draw and a red ball in the second 
draw and the event RW of getting a red ball in the first draw and a white ball in the second draw. 
Then аз 'RW' and WR‘ аге mutually exclusive events, therefore ' 


MATHEMATICS 


vhite and a red ball ) 
РОМБ ог КА ) 
=P (WR) +P (RW) 
=P (W)P (R) +P R) P (W) 


ZRN 2 
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Ере EA The odds against Manage: X settling the wage dispute with the workers are 
8:6and odds in favour of manager Y settling the same dispute are 14 : 16. 


(i) — Whatis the chance that neither settles t! dispute, if they both try independently of cach 
other ? 

(ii) — Whatis the probability that the dispute will be settled ? 

Solution : Т ct A be the event that the manager X will settle the dispute and B be the event that 


the manager Y will settle the dispute. Then, clearly 

6.8 - 3 
i P(A) = — ==,P(A)=1-P(A)=1-== 
(i) 20751193 (А) (А) 7 


14.802 t 
"O= 74, 808) ee - 
The required probability that neither settles the dispute is given by 
Р(АПВ) = P(A)P(B) 
di RS 232. 
715 105 
(Since A, B are independent, therefore, A, B also independent) 


(i) Тһе dispute will be settled, if at least one ofthe managers X and Y settles the dispute. 
Hence, the required probability is given by 


P (A UB) = P [At least one of X and Y settles the dispute] 
=1 - P [None settles the dispute] 


=1-Р (АПВ) 
ORES xn 
MENU TOS 105 


Example 31 


КАШ A dice is thrown 3 times. Getting a number 5 or 6' is a success. Find ће 
probability of getting 
(a) 3 successes (b) exactly 2 successes (c) at most 2 successes ( d) at least 2 successes. 


Solution : Let S denote the success in a trial and F denote 
Therefore, 


[ 554 т MATHEMATICS 


the ' not success' i.e. failure. 


Probability 


о ә pu 
Piss эн 
i^ 
Ре 
(Е) 273 


(a) As the trials are independent, by multiplication theorem for independent events, 
P(SSS)-P(S) P(S) P(S) 


135832]. 727 
P(SSF) =P(S)P(S)P(F) 
pote iat 


х х ЕЕ: 
4 3 1 ^7 
i 3 3 


Since the two successes can occur in 363 ways 


3 УЙИ 
P (exactly two successes) = "Сох 27 E 9 
(c) P (at most two successes) = 1 — P(3 successes) 
2 12 20 
27:27 


(d) P (atleast two successes) = P ( exactly 2 successes) + Р.( 3 successes) 
2274 7 


A card is drawn from a pack of 52 cards so that each card is equally likely 


to be selected. Which ofthe following events are independent ? 


(i) А the card drawn is a spade 
B: the card drawn is an ace 
(ii) А : the card drawn is black 
B : the card drawn is a king 
(іі) ^ A: the card drawn is aking ога queen 
B : the card drawn is a queen or a jack 
Solution : (i) There are 13 cards of spade in a pack. 
13:53 
POS i 
There are four aces in the pack. 
4 1 
NATAT 


АПВ = ( anace of spade j 
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ҮП 1 

Р (А) Р(В)--х----- 

Now (А) P (B) 25875 
Since P (АПВ) = P(A). P(B) 
Hence, the events A and B are independent. 


(ii) There are 26 black cards in a pack. 


267] 
Р (А) =—=— 
(A) 522 
There are four kings in the pack. 
4 1 
P(B-—-— 
(8) 32. 13 


2 56 
Now P(A) xP (В) - 15 T 
d 2 Ste 26 
Since P (Af1B) - P(A) P (B) 


Hence, the events A and B are independent. 
(iii) There are 4 kings and 4 queens in a pack of cards. 
2. Total number of outcomes favourable to the event A is 8. 


eras 
2 
Similarly, Eris 
A ПВ = (4 queens } 
мМАПВ)-2-1 
P(A)xP (в)- 22.4 
Неге, P (АПВ) + P(A).P (B) 


Hence, the events A and B are not independent. 
Considera group of 36 students. Suppose that A and B are two properties 
that each student either has or does not have. The events are 

А : Student has blue eyes 

B : Student is a male 


EE MATHEMATICS 


Example 31.37 


Probability E 
Out of 36, there are 12 male and 24 female students and half of them in each has blue eyes. Are | MODULE - VI 
these events independent ? Statistics 


Solution : With regard to the given two properties, i.e., either has or does not have, the 36 
students arc distributed as follows : 


mL NT 
Male (В) 
Female тып 


18 1 
P(A)= 1-1 
12 
Р(В)-3<53 
6 1 
Р (АПВ) = === < 
m P (A): P(B) = 5х M 
2“ 6 
Here, Ре, +, 


Hence, the events А and B are independent. 


Example 31.38 Suppose that we toss a coin three times and record the sequence of heads 


and tails. Let A be the event' at most one head occurs' and B the event ' both heads and tails 
occur’. Are these event independent ? 


Solution : The sample space in tossing a coin three times will be 
S- (HHH, HHT, HTH, HTT, THH, TTH, THT, TTT} 


Also, A(\B={TTH, THT, HTT } . : 
4 1 6 3 3 
A) == ==, Р (В): ора АВ) == 
а edu DB) е 
1: 3» 
Moreover, Р (Ах (В) = 4-3 


Which equals Р (A N В). Hence, А and B are independent. ( 
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The probability of husband's selection is d: and that of wife's selection is T What is the 
probability that { 

(a) Only one ofthem will be selected ? 

(b) Both ofthem will be selected ? 

(c) None of them will be selected ? 

(d) Atleast one ofthem will be selected ? 


1 
2. Probabilities of solving a specific problem independently by Raju and Soma are 2 and 


1 
T respectively. If both try to solve the problem independently, find the probability that 


(a) the problem is solved. 

(b) exactly one ofthem solves the problem. 

A dieis rolled twice. Find the probability of a number greater than 3 on cach throw, 
Sita appears in the interview for two posts A and B, selection for which are in lependent. 


1 
The probability of her selection for post A is 5 and for post B is "E Find the probability 
that she is selected for 


(a) both the posts 
Lue 
(b) at least one of the posts. 
122 3 

5.  Theprobabilities of A, B and C solving a problem are 377 and 8 respectively. If all 
the three try to solve the problem simultaneously, find the probability that exactly one of 
them will solve it. 

6. — Adrawstwo cards with replacement from a well-shuffled deck of cards and at the same 
time B throws а pair of dice. What is the probability that 
(a) А gets both cards of the same suit and B gets a total of 6 2 
(b) A gets two jacks and B gets a doublet ? 
Suppose it is 9 to 7 against a person A who is now 35 years of age living till he is 65 and 
3:2 against a person B now 45 living till he is 75. Find the chance that at least one of these 
persons will be alive 30 years hence. 
A bag contains 13 balls numbered from 1 to 13. Suppose an even number is considered 
a'success'. Two balls are drawn with replacement, from the bag. Find the probability of 


getting 
(a) Two successes (b) exactly one success 
(c) at least one success (d) no success 


One card is drawn ftom a well-shuffled deck of 52 cards so that each card is equally 
likely to be selected. Which of the following events are independent? 
(a) A: The drawn card is red B : The drawn card is a queen 


(b) А: The drawn card is a heart B: The drawn card is a face card 
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Suppose that a fair die is thrown and the score noted. Let A be the event, the score is 'even'. 
Then 


А = {2,4,6} 

Stunt 
P(A) ===— 
МӘРТ. 


Now suppose we are told thai the score is greater than 3. With this additional information what 
will be P(A)? 

Let B be the event; Фе score is greater than 3'. Then B is (4, 5, 6 }. When we say that B һаз 
occurred, the event ‘the score is less than or equal to 3' is no longer possible. Hence the sample 
space has changed from 6 to 3 points only. Out of these three points 4, 5 and 6; 4 and 6 are 
even scores. 


2 
Thus, given that B has occurred, P (A) must be 3 5 


Let us denote the probability of A given that B has already occurred by P (A | B). 


A B 


ў 


Fig. 31.7 

Again, consider the experiment of drawing a single card from a deck of 52 cards. We are 
interested in the event A consisting of the outcome that a black ace is drawn. 

Since we may assume that there are 52 equally likely possible outcomes and there are two | 
black aces in the deck, so we have 


However, suppose a card is drawn and we are informed that it is a spade. How should this 
information be used to reappraise the likelihood of the event А ? 

Clearly, since the event B "A spade has been drawn "Ваз occurred, the event "not spade" is no 
longer possible. Hence, the sample space has changed fro: 52 playing cards to 13 spade 
cards. The ber of black aces tha: can be drawn has now been reduced to 1. 


Therefore, we must compute the provability of еу: A relative to the new sample space B. 
Letusanalyze the situation more carefully. 

The event A is "а black ace is drawn’. We have computed the probability of the event A 
knowing that B has occurred. This means that we are comp. ting a probability relative to a new 
sample space B. That is, B is treated as the universal set. We should consider only that part ог 
A whichis included in B. 
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Fig.31.8 


Hence, we consider A f) B (see figure 31.8). 
Thus, the probability of A. given B, is the ratio of the number of entries in A ПВ to the 
number of entries in B. Since п( АПВ) = 1and n( B) = 13. 


then P(A|B) = 


1 
Noticethat п(АПВ)=1 = РАВ = 


13 

dm РСВ) === 

n(B) 513 => FCB) 52 
1 


.1 52 _ РАПВ) 
ов |. РВ) 
52 


This leads to the definition of conditional probability as given below : 
Let А ап B be two events defined on a sample space S. Let P(B) > 0, then the conditional 
probability of A, provided B has already occurred, is denoted by P(A|B) and mathematically 
written as : 
P(A f) B) 
Р(А1В) = "pg . Р(В)>0 


Similarly, P(B|A) = 018), Р(А)»0 


The symbol P(A | B) is usually read as "the probability of A given B": 


onsider all families "with two children (not twins). Assume that all the 


elements of the sample space {BB, BG, GB,GG} are equally likely. (Here, for instance, BG 
denotes the birth sequence "boy girls"). Let A be the event {BB} and B be the event that аг 
least one boy’. Calculate P (A | В). 


Solution : Here, A= {BB} 
B={ BB, BG, GB} 
АПВ= (BB) 


Example 31.39 


Р(АПВ) = i 
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Р(А(1В) 


Hence, Р(А|В)- PB) 


ssume that a certain school contains equal number of female and male 
students, 5 % of the male population is football players. Find the probability that a randomly 
selected student is a football player male. 
Solution : Let M - Male 
Е = Football player 
We wish to calculate P (M (1 Е). From the given data, 


D 


| 
Р (М) = > (e; School contains equal number of male and female students) 


P (FIM ) = 0.05 
But from definition of conditional probability, we have 
Е 
Р(Е|М)= Р(МПЕ) 
P(M) 
= P(MNF)=P(M)xP(F|M) 


= 5005 = 0025 
ЕО ГА and B are two events, such that P (A) = 0.8, 
P(B)- 0.6, P (A ПВ) = 0.5, find the value of 
@ P(A UB) Gi) Р(В|А) (Ші) PCAIB). 
Solution :(i) p(AUB) =Р(А)+Р(В)-Р(АПВ) 


= 0.8 + 0.6 — 0.5 = 0.9 


(i) РОВА) = =н 


Ч Р(А | 
(iii) P(A В) = E зе. А U EHETE 
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Example 31.42 Find the chance of drawing 2 white balls in succession from a bag containing 
5 red and 7 white balls, the balls drawn not being replaced. 

Solution : Let A be the event that ball drawn is white in the first draw. B. be the event that ball 
drawn is white in the second draw. 

Р(АПВ) = P(A)P(BIA) 
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P(A) s ШР В. |! Aya 

Here, (4) D (В| A) 11 
7558 .7 
BA) B) us S 2. 7. 
ANT 5 


Ехатр/е 31.43 A coin is tossed until a head appears or until it has been tossed three times. 
Given that head does not occur on the first toss, what is the probability that coin is tossed three 
times? 

Solution : Here, it is given that head does not occur on the first toss. That is, we may get the 
head on the second toss or on the third toss or even no head. 


Let B be the event, " no heads on first toss". 


Then B= (TH, TTH, TIT} 
These events are mutually exclusive. 
P(B)EPU(TH)PBOBBNEP(TIT) | . — —— (1) 
1 
Now P(TH) = 4 (С... This event has the sample space of four outcomes) 


1 
and P(TTH) = P( ТТТ) = 3 (-.- This event has the sample space of. eight outcomes) 


Putting these values in (1), we get 
15:51:14 
Р(В)--ы------ 
(в) 27% 8 8 
Let A be the event "coin is tossed three times". 
Then А ={ITH,TTT} 
2. We have to find P (A | B). 
P(A |B) = (АПВ) 
P(B) 


Ч 
2 
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A sequence of two сс: ds is drawn at random (without replacement) from a well-shuffled 


deck of 52 cards. What is the probability that the first card is red and the second card is 
black ? 


2. Consider a three child family for which the sample space is 
{ BBB, BBG, BGB, GBB, BGG, GBG, GGB, GGG } 
Let A be the event " the family has exactly 2 boys" and B be the event" the first child is 
aboy". Whatis the probability that the family has 2 boys, given that first child is a boy ? 
3. Two cards are drawn at random without replacement from a deck of 52 cards. What is 


the probability that the first card is a diamond and the second card is red? 
4. If A and B are events with P (A) 70.4, P (B) - 0.2, P (A ПВ) = 0.1, find the prob- 
ability of A given B. Also find P ( BJA ). 


5.  Fromabox containing 4 white balls, 3 yellow balls and 1 green ball, two balls are drawn 
one at a time without replacement. Find the probability that one white and one yellow ball 
is drawn. 


1.9 THEOREMS ON MULTIPLICATION LAW OF 


PROBABILITY AND CONDITIONAL PROBABILITY. 


Theorem 1: For two events А and В 
меш Di (АуУР(ВГА), 
and Р(АПВ) = P(B).P(A |B), 


where P ( BJA ) represents the conditional probability of occurrence of B, when the event A has 
already occurred and P ( А10 ) is the conditional probability of "happening of A, given that B has 
already happened. 

Proof : Let n (S) denote the total number of equally likely cases, n (A) denote the cases 
favourable to the event A, n (B) denote the cases favourable to B and n (A П B) denote the 
cases favourable to both A and B. 


n(A) 
де n(S)* 
Е n(B) 
cupi n(S) 
Р(АПВ) "ала ee (1) 


For the conditional event АВ , the favourable outcomes must be one of the sample points of B, 
i.e; for the event A B, the samplespace is. B and out of the n (B) sample points, n (A ПВ) 
pertain to the occurrence of the event A Hence, 
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n(ANB) 
n(B) 


_ЩВ) n АПВ) 


Р(А|В)- 


Rewriting (1), we get В.АПВ) mS цв -ҢВ.ҢАВ 


Similarly, we сап prove 
Р(АПВ)-Р(А)Р(В|А) 


Note : If A and B are independent events, then 


P(A|B)=P(A) and P(B| A)  P(B) 
P(Af1B) =Р(А)Р(В) 

Theorem 2 : Two events A and B of the sample space S are independent, if and only if 
Р(АПВ)-Р(А)Р(В) 

Proof : If A and B are independent events, 


then Р(А|В)-Р(А) 
We know that чунан 
=. ` P(ANB)=P(A)P(B) 


Hence, if A and B are independent events, then the probability of'A and В is equal to the 
product of the probability of A and probability of B. 
Conversely, if P(A N B) = P(A).P(B), then 


Р(АПВ) 


P(AIB) = (в) gives 
161588 e 


That is, A and B are independent events. 


yz 


1220 LET US SUM UP 


. Events Relation : The complement of an event A consists of all those outcomes which 
are not favourable to the event A, and is denoted by'notA'orby д, 


e Event'A or B' : The event 'A or B' occurs if either A or B or both occur. 


e Event'A and B' : Theevent'A and В consists ofall those outcomes which are favourable 
to both the events A and В, 


e Addition Law of Probability : For any two events A and B ofa sample space S 
P(AorB)=P(A)+P(B) — P(A and B) 
° Additive Law of Probability for Mutually Exclusive Events : If A and Bare twi 
mutually exclusive events, then 


MATHEMATIC: 


P(AorB)= P(AUB)-P(A)*P(B). 
° Odds TAI of an Event : If the odds for A are ato b, then 


Р(А) = 

а+ ч 

If odds against A are a to b, then 
A = 

some a+ E 


e  Twoeventsare mutually exclusive, if occurrence of one precludes the possibility of 
simultaneous occurrence of the other. 

e Two events A and B are said to be independent, і the occurrence or non-occurrence of 
one does riot affect the probability of the occurrence (and hence non-occurrence) of the 
other. 

e  IfAandB are independent events, then 

P(AandB)-P(A).P(B) 
or P(A ПВ) = P(A). P(B) 
e Fortwo events A and B, 7 
Р(АПВ)-Р(А)Р(В|А), Р(А)>0 


ог Р(АПВ)-Р(В)Р(А |В), Р(В)>0 
where P (BJA) represents the conditional probability of occurrence of B, when the event 
A has already happened and P (A[B) represents the conditional probability of happening 
of A, given that B has already happened. 


SUPPORTIVE WEB SITES 


e hitp://www.wikipedia.org 
e http://mathworld.wolfram.com 


e 
TERMINAL EXERCISE 


1. Inasimultaneous toss of four coins, what is the probability of getting 
(a) exactly three heads ? (b) atleast three heads ? 
(c) atmost three heads ? 

2:  Twodiceare thrown once: Find the probability of getting an odd number on the first die 
orasum of seven. 

3.  Anintegeris chosen at random from first two hundred integers. What is the probability 
that the integer chosen is divisible by or 8 ? 


4. A bag contains 13 balls beri iio 13: “ардаас What is the 
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16. 


17. 


probability that бий гор itis divisible by either? or3? 

Find the probability of getting 2 or 3 heads, when a coin is tossed four times. 

Are the following probability assignmenis consistent ? J ustify your answer. 

(а) Р(А)=0.6, P(B)=0.5 , P(Aund B) 70.4 

(b Р(А)-02, P(B)=0.3, P (Aand B)=0.4 

(с) P(A)=P(B)=0.7,P(Aand B)=0.2 

A box contains 25 tickets numbered 1 25. Two tickets are drawn at random. What is 
the probability that the product or tlie numbers is even ? 


A drawer contains 50 bolts and 150 nuts. Half ofthe bolts and half of the nuts are rusted, 
Ifone item is chosen at random, What is the probability that itis rusted or is a bolt ? 


A lady buys a dozen eggs, of which two turn out to be bad. She chose four eggs to 
scramble for breakfast. Find the chances that she chooses 

(a) allgoodeggs (b) three good and one bad eggs 

(с) two good and two bad eggs (d) at least one bad egg. 

Two cards are drawn at random without replacement from a well-shuffled deck of 52 
cards. Find the probability that the cards are both red or both kings. 


Three groups of children contain respectively 3 girls and 1 boy, 2 girls and 2 boys, 1 girl 
and 3 boys. One child is selected at random from each group. Show the chances that 


13 
three selected children consist or 1 girl and 2 boysis 32: 
A die is thrown twice. Find the probability ofa prime number on each throw. 
Kamal and Monika appears for an interview for two vacancies. The probability of Kamal's 


[VIEN 


1 
selection is 3 and that of Monika's rejection is — . Find the probability that only one of 
them will be selected. 


A bag contains 7 white, 5 black and $ red balls. Four balls are drawn without replacement. 
Find the probability that ail the balls are black. 


For two events A and B, it is given that 
Р (А) = 0.4, P(B)=pandP (AU В)= 0.6 
(à) Findpsothat A and Bare independent events. 
(b) Forwhatvalue of p, of A and B are mutually exclusive ? 


The odds against A speaking the truth are 3 : 2 and the odds against B speaking the truth 
are 5 : 3, In what percentage of cases are they likely to contradict each other on a 
identical issue ? 
LetA and B be the events such that 
> 1 = 2 1 
РА) = (В) ЕЕ РАВ ab 
(А) 5 (в) 3 Р(АПВ) пч 
Compute P ( АВ) and P (ВА). 
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4 1 7 
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5 4 
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13, 
13, 


(a) The odds for А are 740 3 . The odds against A are 3 107 
(b) The odds for A are 4 to 1 and The odds against A are 1 to 4 
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1 11 1 
4. (a) 35 (b) 35 5. 2 
5 1 53 
6. (а) 144 (b) 1014 7. 80 
36 84 б 120 49 
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TERMINAL EXERCISE 


1 5 15 7 
ит: ТЕКСІ © 2. 5 
1 8 5 
E 45 жет 
6. Only (a) is consistent 
456 5 14 16 
EN. 8-8 9. (4; ( 35 
2041 19 
(© т 0) 33 | 
55 1 2 1 | 
10. m 2- ee 
221 4 ert 14. 969 
bv 19 3:1 
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Questions For Practice - Statistics 


rr ee гэ: 1 и 


Maximum Marks : 50 | Time: ы Hours 


Instructions : 


E ETC Tas 


Answer all questions on a separate sheet of paper. 
Give the following information on your answer sheet : 


° Name 

° Enrolment number 
e Subject 

e Assignment number 
° Address 


Get your assignment checked by the subject teacher at your study centre so that you get positive 
feedback about your performance. 


Do not send your assignment to the National Institute of Open Schooling 


The weights (іп Kg.) of 12 girls of class XII аге as follows : 
38 41 37 50 49 45 36 40 


53 39 44 52 (2) 
What is the range? 
The mean ofthe following data is 64. (2) 
45 55 63 76 67 84 75 
48 62 65 
Find the mean deviation from the mean. 
Write the sample space of tossing a coin and a die. s (2) 
A die is rolled once. Find the probability of getting a number divisible by 2 and 3. (2) 
If four coins are tossed once, write the sample space. : (3) 


A team of 5 players is to be selected from a group of 6 boys and 8 girls. If the 
selection is made randomly, find the probability that there are 2 boys and 3 girlsintheteam. (3) 


A die is thrown twice. Find the probability ofa number greater than 3 on each throw. (3) 
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Questions For Practice-Statistics 
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10. 


IL 


12. 


13. 


14. 


IfA and B are the events with p(A) = 0.4, Р(В)=0.2› P(Af1B)- 0.1, 

find the probability ofA given B. Also find P (B/A). 

The marks of 50 students in a particular test are : 

Marks 20-30 30-40 40-50 50-60 60-70 70-80 80-90 90-100 
No. of Students 4 6 9 12 8 6: 024 1 
Find the mean deviation for the above data. 


12 3 
The probabilities of A,B and C for solving a problem are 37 and 8 respectively. 
Ifall of them try to solve the problem simultaneously, find the probability that 
exactly one ofthem will solve it. 


Two cards are drawn at random without replacement from a well shuffled deck of 
52 cards, Find the probability that the cards are both red or both Kings. 


A lady buys a dozen oranges of which two turn out to be rotten. She chooses four oranges 
for lunch. Find the probability that she chooses 

(a) all good oranges 

(b) two good oranges 

(c) atleast one bad orange 

Find the variance and standard deviation for the following data: 

Class : 0-20 20-40 40-60 60-80 80-100 

Frequency; 7 8 225 15 45 


Three person A, B and C throw a die turn by turn. Whoever throws ‘six’ first wins. 


Find their respective chances of winning if A starts. 


(3) 


(4) 


(4) 


(4) 


(6) 


(6) 


(6) 
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First Fold --------------------- quere 4 


You must have enjoyed going through your course material 


in Mathematics. It was our endeavor to make the study 


material relevant, interactive and interesting. Production о] 


course material is a two way process. Your feedback would 
help us improve the study material. Do take a few minutes of 


your time and fill-up the feedback form so that an interesting 


Complete and P 


and useful study material can be made. 


Thank you 


Course designer and developer 
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No Enclosures allowed 


FUNDAMENTAL DUTIES 
Part IVA (Article 51 A) 


It shall be the duty of every citizen of India- 


to abide by the Constitution and respect its ideals and institutions, the National Flag the 
National Anthem; 


to cherish and follow the noble ideals which inspired our national struggle for freedom; 
to uphold and protect the sovereignty, unity and integrity of India; 
to defend the country and render national service when called upon to do so; 


to promote harmony and the spirit of common brotherhood amongst all the people of 
India transcending religious, linguistic and regional or sectional diversities; to renounce 
practices derogatory to the dignity of women; 


to' value and preserve the rich heritage of our composite culture; 


to protect and improve the natural environment including forest, lake, rivers and wild life, 
and to have compassion for living creatures; 


to develop the scientific temper, humanism and the spirit of inquiry and reform; 
to safeguard public property and to abjure violence; 


to strive towards excellence in all spheres of individual and collective activity so that 
nation constantly rises to higher levels of endeavour and achievement. 


A brief Guide to NIOS web site 


The success of open learning and distance education very much depends upon the harnessing of the 
new and latest technology. The emerging Internet and.Web technology help in effective dissemination of 
knowledge breaking all geographical boundaries. The web-site is a dynamic source of latest information 
and is also electronic information guide. The contents іп the NIOS web site are open to-all. 


The learners can have an access to NIOS web-site at the following address: 


http:/www.nos.org & nios.ac.in 


Clicking the site address will bring the user to NIOS home page that will further guide them to visit 
different information pages.of NIOS. NIOS is also developing a school network through Internet known 
as Indian Open Schooling Network (1051), The network will provide а common communication 
platform for learners and edücators. NIOS is offering Certificate in Computer Applications (CCA) through 
selected AVI. This course is also offered through Internet on NIOS Web-Site. 
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